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1 Solutions of M3-4A16 Assessed Problems # 1

Exercise 1.1

1. Define the sphere S™ ' and its tangent space T'S" ! in R™. What is the dimension of TS™" 12

Answer

TS = {(X,)'() eR" x R"| [x|> = 1 and x-)'(:()}

The dimension of 75"~ ! is 2n — 2, since two relations are imposed in R” x R™, whose
dimension is 2n. A

2. Prove that the two sets of planar coordinates arising from the stereographic projections of the

sphere S% = {(z,y, 2)| 2% + y* + 22 = 1} from its North and South poles z = +1

(1) (valid everywhere except z =1): v = =%, 1IN = 125,
(2) (valid everywhere evcept z = —1): s = 75, Ns = 145 -
are diffeomorphic. That is, construct the mapping from ({nx,nn) — (€s,ms) and verify that it is

a diffeomorphism. Hint: (1 +2)(1 —2) =1 — 2% = 2% +42.

Answer

1—-2=2 1
(€s:ms) = 155 (En,nn) = ZR (€n,nn)
Hence, the map ({n,mn) — (£5,7ms) is smooth and invertible everywhere except at
(&n,nmn) = (0,0) (the North Pole). A

3. If 0 is co-latitude, ¢ is azimuth (longitude), of the stereographic projection of the sphere S? from
its North pole, show that each latitude on the sphere projects to a circle given in the complex
plane by ¢ = cot geid’.

At a fixed azimuth, e.g., ¢ = 0 (in the &, z—plane) a point on the sphere

at co-latitude 6 from the North Pole has coordinates

£ =sinf 2z = cosb

Its projection strikes the én—plane at radius r» and angle ¥, given by

cotp = 1 = r—sind
cos 6
Thus ¥ = 6/2, since,
cotp =r= % = cot(0/2)
The stereographic projection of the circle at polar angle 8 thus describes a circle in
the complex plane at { = & 4+ in = cot gem. A

4. Let ¢y : S? — S? rotate points on S% about a fized axis through an angle ¥(t). Show that ¢ is
the flow of a certain vector field on S?.

When the axis of rotation is taken as the diameter Z connecting the North
and South poles, then in R? the corresponding vector field is

.9
ox

X = (2 x x)

In spherical polar coordinates (6, ¢) this is

0
X_%'

The points on the sphere then follow latitudes. A
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5. Let f:S? — R be defined by f(x,y,2) = z, for (x,y,2) € R3. Compute the differential df using
spherical coordinates (0, ¢).

The map to spherical coordinates is (z + iy) = sinfe®, z = cosd. The
differential of f is

af = fxd$+fydy+fzdz
= fodf + fedo

For the case f = z = cos#, we have df = dz = d(cos ) = — sin 0d6.
A

6. Compute the tangent lifts for the two stereographic projections of S?> — R? above. That is,
assuming (x,y, z) depend smoothly on t, find

(a) How (én,7n) depend on (&,7,%). Likewise, for (€s,7g).
Write &4 = ¥4 (2!, 2%, 23) for i = 1,2. Then

g 0PN A
= oA "
Likewise, when N — S. A

(b) How (SN,ﬁN) depend on (55,1'75).

Hint: Recall (14 2)(1 —2) =1 — 2% =22 + 42 and use zi + yy + 22 = 0 when (i,9,2) is
tangent to S? at (z,y, 2).

Answer

o Oy
=G0

A

7. Consider two sets of local coordinates ¢ and s' on a manifold Q, related by s* = 1 (ql, e ,q") .
Check that tangent lifted coordinates ¢* and 5 are related by

5 Ot 4 i A
=540 = (D)4 q”,

and thus show that the corresponding

0 A 0
- = D -1 . A .
Ost (( w) )7, an
Vector field components will be related by
; 0 a0 O 4
e = XY — Y'=—"-X
o ogh ™ oA "
in which the quantity called the tangent lift
o
Tf=—
f 8q Y

of the function f arises from the chain rule and is equal to the Jacobian matrix for
the transformation T'f : TQ — TQ. A
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8. Perform the corresponding calculations on the cotangent bundle side.

The cotangent lift of the function f,

. Oq
T f = @7
arises from N
Bidi' = axdg®, so fBi= OCA%
) oy
and T*f : T*Q — T7Q. A

Exercise 1.2
1. Ezplain why one can conclude that the zero locus map for
S ={U € GL(n,R)|UKUT — K = 0}

is a submersion for K = KT € GL(n,R). (Pay close attention to establishing the constant rank
condition for the linearization of this map.)

Answer

First, S is the zero locus of the mapping

U—UTKU - K, (locus map)

Let U € S, and let dU be an arbitrary element of R™"*™. Then linearize to find
(U+sU)TK(U +6U) - K =UTKU - K + UTKU + UTK§U + O(3U)?.

We may conclude that S is a submanifold of R™"*™ if we can show that the linearization
of the locus map, namely the linear mapping defined by

L=6U— U'KU +UTKSU , R, R0
has constant rank for all U € S.

Lemma 1.3 The linearization map L is onto the space of n X n of symmetric matri-
ces. Hence, it has constant rank and the original map is a submersion.

Proof that L is onto.

e Both the original locus map and the image of L lie in the subspace of n x n
symmetric matrices.

e Indeed, given U and any symmetric matrix S we can find U such that
SUTKU +UTKsU = S.

Namel
’ SU=K U 1s)/2.

e Thus, the linearization map L is onto the space of n x n of symmetric matrices.
That is, it has constant rank. This means the original locus map U — UKUT — K
to the space of symmetric matrices is a submersion.

A

2. Write the defining relation for the tangent space to S at the identity, T1.S.

The tangent space 175 at the identity of the matrix Lie group S defined
by S ={U € GL(n,R)|UKUT — K = 0} is the linear space of matrices A satisfying

ATK + KA=0
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Proof. Near the identity the defining condition for S expands to
(I+eAT + O())K(I +eA+0(?) =K, for e<1.
At linear order O(e) one finds,
ATK + KA=0.
This relation defines the linear space of matrices A € T}S. A
3. Show that for any pair of matrices A, B € TS, the matriz commutator satisfies

[A,B] = AB— BA € T;S.

Using [A, B]T =[BT, AT], we check closure by a direct computation,
(BT, AT|K + K[A,B] = BTATK — ATBTK + KAB — KBA
= BTATK - ATBTK - ATKB + BTKA
BT(ATK + KA) - AT(BTK + KB) =0.

Hence, the tangent space of S at the identity 775 is closed under the matrix commu-

tator [, -].
A
4. Suppose the n x n matrices A and M satisfy
AM + MAT =0.
Show that exp(At)M exp(ATt) = M for all t.
%(exp(At)M exp(ATt)) = exp(At)(AM + MAT) exp(ATt) = 0
A

Exercise 1.4

1. Gauge invariance Show that the Fuler-Lagrange equations are unchanged under

Lla(t).a() — I' = L+ o (a(e), a().

for any function ~ : RON = {(q,9) |a,q € RsN} — R.

Hamilton’s principle for the difference is

to

0=5 [ (L(a(t),a®) - L'(a(t),a4(1)) dt = 5 [wq(t), q@))]

t1

to

t1

However, this vanishes for variations dq(¢) that vanish at the endpoints in time. A

2. Generalized coordinate theorem Show that the Fuler-Lagrange equations are unchanged in
form under any smooth invertible mapping f : {q — s}. That is, with

L(q(t), a(t)) = L(s(t),5(1)) ,

dt \ 094 oq dt \ 08 Js

show that



D. D. Holm Solutions to M3-4A16 Assessed Problems # 1 27 Nov 2010 5

This amounts just to a change of notation, so it clearly holds. A

3. How do the Euler-Lagrange equations transform under q(t) = r(t) +s(t), when r(t) and s(t) are
independent of each other?

A sum of two separate Euler-Lagrange equations is obtained. A

4. State and prove Noether’s theorem that each smooth symmetry of Hamilton’s principle implies a
conservation law for the corresponding Euler-Lagrange equations on the tangent space TM of a
smooth manifold M.

In the family of smoothly deformed curves ¢s(t) = Q(q,t,s) with gy =

Q(q,t,0) = ¢(t) during the time interval ¢ € [t1, t2], the action S = fttf L(q,q,t)dt
transforms to

to
S = . L (Q(q,t, s), W,T(t,s)) dr(t,s).
We denote
Salt) = | QUats) =€lat) 1), St = | 7(ts) = 0(1),
ds|—g ds|,—g
so that at linear order in s we have
Qatos) =ay+stlant). e =erso(t), D) s(Eq.0-4d)

Here the dot-notation as in § (g,t) = 0/ + ¢O,4¢ represents the total time derivative.
We could allow ¢-dependence in 7, but the result of the calculation would be morally
the same, after keeping track of total time derivatives.

The variations in Hamilton’s principle proceed as follows,

= = d " dQ(Q7t7S)
O_5S B % =0 /t1 L (Q(q7t7 S)?W,T(t, S)) dT(t, 8)
to oL oL . y oL o
-, {5y o) + (G éa —dd) + oo+ a0

2 /9L d OL oL oL r2

= —— = t) —qf) )dt — —({==,9q)—L )0
/. (30 ~aiop (cl00-d0) Jars [(G.6) = ((57-4) )L
2 /9L d oL oL oL b2

= — — ———, (0g — ¢ot) )dt —,0q) — (==, ¢)— L |6t
/t1 <aq dt&g’(q 1 )> +[<aq’ q> <<aq’q> ) L
with a few algebraic manipulations and integrations by parts in between the lines. (Of

course, these should be checked!)
Thus, stationarity 6.5 = 0 by symmetry and the Euler-Lagrange equations

T dtag  dq

imply that the quantity

C(t,q,q) = <g§, 5q> - <<g§, d> - L>5t (1)
= (p,dq)—Edt, (2)

has the same value at every time along the solution path. That is, C(¢,q,q) is a
constant of the motion. This is Noether’s theorem.
A
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5. Show that conservation of energy results from Noether’s theorem if, in Hamilton’s prin-
ciple, the variations of L(q(t),q(t)) are chosen as

_ 4
_dS s=0

dq(t) q(t,s),

corresponding to symmetry of the Lagrangian under reparametrisations of time t — 7(t,s) so
that q(t) — q(7(t,s)) along a given curve q(t).

For reparametrisations of time, dq vanishes and 6t is a function of time

in the previous part; so stationarity of the action 45 = 0 in the presence of time-
reparametrisation symmetry implies that the quantity

Cltad) = ({55 )L )dt = Elt.a.d o). 0

is a constant of motion along solutions of the Euler-Lagrange equations. This does
not yet imply conservation of the energy E. For that, d¢t must be a constant.

For simple translations in time, g again vanishes and dt is a constant; so stationarity
of the action S = 0 in the presence of time-translation symmetry implies that the
energy

E(t,q.q) = <g§,q>—L, (4)

is a constant of motion along solutions of the Euler-Lagrange equations.

This energy is also the expression for the Legendre transform of the Lagrangian
L(t, q,q). A

Exercise 1.5 (Example Lagrangians)

(i) For the following Lagrangians, determine which of them are hyperregular. (A Lagrangian is
hyperregular if its fibre derivative is invertible, so that the velocity may be expressed in terms of
the position and canonical momentum.)

(i) Write the Euler-Lagrange for these equations.

(iii) For the hyperregular Lagrangians apply the Legendre transformation to determine the Hamilto-
nian and Hamilton’s canonical equations.

1. The kinetic energy Lagrangian K(q,q) = %gij(q)qiqj with 1,7 = 1,2,..., N, for a Riemannian
manifold Q with metric g, written as (Q, g).

Answer

(i) The fibre derivative in this case is FK (vq) = g(q)(vg, ), for v, € T,Q. In coordi-
nates, this is

FK(q,q) = <q gf) — (¢, g (@@) = (¢, p2).

This Lagrangian is hyperregular for invertible g(q); that is, when the metric is
nondegenerate. In that case, one may solve for the velocity in terms of position

and canonical momentum as

i' = (97" (0)"p;
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(ii) The Euler-Lagrange equations for this Lagrangian produce the geodesic equa-
tions for the metric g, and are given (for finite dimensional @ in a local chart)
by

§+ T =0, i=1,...n,

where the three-index quantities

1 dgji O 0g;
F?k = 7-ghl < It + gk'l - gjk) ,  with gihghl = 557

2 ogk  Oq¢J dq!

are the Christoffel symbols of the Levi-Civita connection on (Q,g) and g™ is
called the co-metric.

The calculation of these Euler-Lagrange equations, done in class, involves a step of
symmetrising by using vanishing trace Tr(SA) = 0 for the product of a symmetric
matrix with an antisymmetric one.

(iii) The Legendre transform of this Lagrangian yields the corresponding Hamiltonian

1 .
H = Spig” (a)p;
whose canonical equations are
. O0H . 0H 99" (q)
5 = = v - ) — — - = — - .
=5, =9 (@pj, Di o7 Pk g P

CoN1/2
2. L(q,q) = (gij(q)qlq]> (Is it possible to assume that L(q,q) =12 Why?)

Answer

(i) Fibre derivative
This Lagrangian is not hyperregular. Its fibre derivative begins well enough

oL 1 g
W = 0 954
¢ au(a)d*q
The difficulty is that this Lagrangian is homogeneous of degree one in the veloci-
ties. Such functions satisfy Euler’s relation,

oL i _
2!

L=0.

This already spells trouble, because its Legendre transform produces a Hamilto-
nian that vanishes identically

H=p¢d—-L=0
Taking another derivative of the Euler’s relation yields

L
T q =
¢ 0¢?

so the Hessian of this Lagrangian L with respect to the tangent vectors is sin-
gular (has zero determinant). This means the Legendre transformation for this
Lagrangian is not invertible.

A singular Lagrangian might become problematic in some situations. However,
there is a simple way of obtaining a regular Lagrangian from it whose trajectories,
as we shall see, are the same as those for the singular Lagrangian.
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The Lagrangian function in this part of the problem is related to the Lagrangian
for geodesics in the previous part by

. 1 i d .
K(q.9) = 59i(0)d'¢’ = 1L%(q,q).

Computing the Hessian with respect to the tangent vector yields the Riemannian
metric,
1 9%L?
2 0¢' 07
The emergence of a Riemannian metric from the Hessian of the square of a ho-
mogenous function of degree 1 is the hallmark of Finsler geometry, of which
Riemannian geometry is a special case. Finsler geometry, however, is beyond our

= gij(Q) .

present scope.
(ii) Euler-Lagrange equations

On setting /gki(q)¢*¢* =: ||q||, the Euler-Lagrange equations become

d (1 dqﬂ) _ 1 (qu@gmdql)
dt \ Nl %7"ar ) ~ 2[4 \dt oq' dt

On dividing by ||¢|| and setting d7 := ||¢||d¢t, this becomes

d o dg’\ _ 1 (dg* dgy dg'
dr \Y5ar ) T2 \ar oqt dr )’

which is again the geodesic equation, but now with a reparameterised time.

Assuming that L = ||¢|| = 1 is not possible, because the value of ||¢|| is not
preserved by the flow.
(iii) Hamiltonian and canonical equations
Hamilton’s canonical equations are problematic for a Hamiltonian that vanishes
identically.
A

. .\ 12 .
3. L(q):—(l—q~q) for q € R3.

Answer

(i) Fibre derivative

p= or___4___ 7q L
04 Vi-a-q vI+p-p
so this Lagrangian is hyperregular, after making a choice of sign convention, that
p-q >0, for example; so that y = I+p-p=1//1—-q-q.
(ii) Euler-Lagrange equations

— §g=+

d(v4)
dt
(iii) Hamiltonian and canonical equations
The Hamiltonian for this system is

=0

H=p-q-L=v1+[pP=1
and its canonical equations are
da_0H _ do_ o _

dt — 9p L\ Ji+|pP’  dt  Oq

This is geodesic motion in R? for a relativistic particle of unit mass.
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A
4. The Lagrangian for a free particle of unit mass relative to a moving frame is obtained by setting
. L.
L& a,t) = 5[4+ R(@)|

for a function R(q,t) which governs the space and time dependence of the moving frame velocity.
For example, a frame rotating with time-dependent frequency Q(t) about the vertical axis Z is
obtained by choosing R(q,t) = q x Q(t)z.

Answer

(i) Fibre derivative
The fibre derivative gives a linear relation

p=£=q+R(q)

so this Lagrangian is hyperregular.
(ii) Euler-Lagrange equations

d . ) ORI
&(%’ + Ri(q)) = (¢ + Rj(‘l))aiqi
or a
Gi = (Rji — Rij)d + = (3R

oq’
In vector form, this is

. 0 : 0
4g=q4qx2Q+ £<%’R’2) with 2Q := 7q x R(q)

and the terms on the right comprise the sum of the Coriolis and centrifugal forces.

(iii) Hamiltonian and canonical equations
The Hamiltonian for this system is

H=p-q-L=3p-p-R(q)
and its canonical equations are
dp  OH 0

dq OH . j
i~ op P R(q), i~ 9q —pyaqR(q)

5. The Lagrangian for a charged particle of mass m in a magnetic field B = curlA is
m

. .. €.
L{g.d) = 5 4-a+_4-A(a),
for constants m, e, ¢ and prescribed function A(q).

How do the FEuler-Lagrange equations for this Lagrangian differ from those of the previous part
for free motion in a moving frame with velocity —= A(q)?
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Answer

(i) Fibre derivative

The fibre derivative gives a linear relation
oL e
= —— = A —A
P=5g = md + (q)

so this Lagrangian is hyperregular.
(ii) Euler-Lagrange equations
In vector form, this is

e, . _ 0
—-axB(q) with B(q):= 9 - A(q)

and the terms on the right comprise the Lorentz force.

d:

(iii) Hamiltonian and canonical equations
The Hamiltonian for this system is

Hep-4q—L=—|p—CA( )‘2
=P-q =~ 9m p S q
and its canonical equations are
dq OH 1 e dp OH e e 0
A T (p_ ZA oY SAL Y
dt  Op m (p c (q)) ’ dt dq mc <p] c J(q)> dq (a)

These are the same equations as in the previous part, modulo the relation R =
eA /mc and neglect of centrifugal force.

A

6. Let Q be the manifold R3 x S' with variables (q,0). Introduce the Lagrangian L : TQ ~
TR3 x TS' — R as )

e .

“lq-A 9) .

5 (q (q) +

The Lagrangian L is positive definite in (q, 0), so it may be regarded as the kinetic energy of a

metric.

(i) Interpret the motion as geodesic.

(ii) Identify how the Euler-Lagrange equations for this Lagrangian differ from those of the
previous part for a charged particle with mass moving in a magnetic field?

Answer

(i) Fibre derivative
in this example, we have two fibre derivatives that each give a linear relation

oL . ey, ; e

p = ﬁzqurg(q-A(q)Jrﬂ)A(q)—WQ+P0A(‘1)
oL ey, ]

mo= 55 =@ A@+d)

so this Lagrangian is hyperregular.
(ii) Euler-Lagrange equations

= %q x B(q) with B(q):= — X A(q)

dpy
dt

This is the same as the previous part, on setting pg = e/c.

0
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(iii) Hamiltonian and canonical equations
The Hamiltonian H associated to L by the Legendre transformation for this La-
grangian is

H(q797p7p9) =p- q+p90_ L(qvc‘beve)

1 .
ZP'E(P—WA)+P9(P0—A'Q)
1 . 1
- omlal* - 5pj

1 1
=p-—(p—pyA)+ =p?
P — (P —poA)+ 50

1 1
—pgA - — (p — poA) — —|p — peA?
m 2m
1 1
= —|p—pgA|> + =p2.
51— oA + 55} 5)
Remarks

(i) This example provides an easy but fundamental illustration of the geome-
try of (Lagrangian) reduction by symmetry. The canonical equations for the
Hamiltonian H now reproduce Newton’s equations for the Lorentz force law,
reinterpreted as geodesic motion with respect to the metric defined by the
Lagrangian on the tangent bundle 7Q ~ TR3 x T'S'.

(ii) On the constant level set pg = e/c, this Hamiltonian H is a function of
only the variables (q,p) and is equal to the Hamiltonian for charged particle
motion under the Lorentz force up to an additive constant.

A

7. Consider the Lagrangian

N 1 o
Le(q,q) = §|\qll2 —ge-ra— (- lall*)? + —n(a-q)

for a particle with coordinates q € R3, constants g, € and vertical unit vector e,. Let v(t) be the
curve in R3 obtained by solving the Euler-Lagrange equations for L. with the initial conditions

do = 7e(0), qo = 7(0).
Show that

(a) In the limit

li t
gaéfiio%( )

the motion is along is a great circle on the two-sphere S?, provided that the initial conditions
satisfy [|qoll* = 1 and qo - Go = 0.
(b) For constant g > 0 the limit
lim ¢ (¢)

e—0

recovers the dynamics of a spherical pendulum.

Answer

(i) Fibre derivative
The fibre derivative gives a linear relation
oL

p

so this Lagrangian is hyperregular.
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(ii) Euler-Lagrange equations

. . 1. .
G=—gés + (T +1- lall*)a.- (6)

Imposing %(q -q) = 0 yields

1 . X
—(F+1—[al*) = lla]* - 985 - a

which determines 7(¢) once the motion for q(¢) is known.
(iii) Hamiltonian and canonical equations
The corresponding Hamiltonian is obtained by the Legendre transformation as,

T R 1
H(a,p) = gllp — —al* + g8 - a+ (1 [al*)?, (7)

in which the variable p is the momentum canonically conjugate to the radial
position q. The canonical equations on (1 — ||q||?) = 0, are

OH T
) = H = — = —_
q {a,H} ap P4

O0H T .m 1
® = H = - - — P —— _— _— 1 —_— 2 .
p {p, 1} a4 983+ (P~ —a)— +-(1—lall%)q
These equations seem to be equivalent to the spherical pendulum equations for any
value of e. Hence, items (a) and (b) above seem to be answered by the spherical

pendulum solution. A

8. How does the motion in the previous part differ from that obtained via Hamilton’s principle for
the following Lagrangian?

) 1.
Le(q,q) = §Hq\|2 —ge.-q—pu(l—|al?)

where 1 is called a Lagrange multiplier and must be determined as part of the solution.

See Exercise 1.9 about the spherical pendulum. A

Exercise 1.6 (Poisson brackets)

1. Show that the canonical Poisson bracket is bilinear, skew symmetric, satisfies the Jacobi identity
and acts as a deriwation on products of functions in phase space.

This is easy for all but the last property, which is a bit tedious. A

2. Given two constants of motion, what does the Jacobi identity imply about additional constants
of motion associated with their Poisson bracket?

The Poisson bracket of two constants of motion is another one. A

3. Compute the Poisson brackets among the R3-valued functions
Ji = €ijkDjk

for (q,p) € T*R3.
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Answer

{Ji, Ji} = €ijrd

4. Verify that Hamilton’s equations for the function
J8(@,p) = (J(2),6) = € (a x p)

with z := (q,p) € T*R3 and € € R3 give infinitesimal rotations of q and p about the &-axis.

The Hamiltonian vector field for J¢ is

oJ¢ 9 9J¢ 0

Xpe={,J) = — —-2—. =
0 0
= 5XQ'%+EXP'%7
whose coefficients are the infinitesimal rotations of q and p about the &-axis. A

5. Show that for smooth functions c, f,h : R3 — R, the R3-bracket defined by
{f,h} =—=Ve-VfxVh

satisfies the defining properties of a Poisson bracket. Is it also a derivation satisfying the Leibnitz
relation for a product of functions on R3? If so, why?

Answer|| The R3-bracket is plainly a skew-symmetric bilinear Leibniz operator. Its

Hamiltonian vector fields are divergence free vector fields in R®. These vector fields in
R3 satisfy the Jacobi identity under commutation. The identification of the R3-bracket
with its Hamiltonian vector fields shows that it satisfies Jacobi. This will be made
clearer below. A

6. How is the R3-bracket related to the canonical Poisson bracket in the plane?

The canonical Poisson bracket in the (z, y)-plane is given by the particular
choice of the R3-bracket

{f.h} =—Vz VfxVh
A

7. The Casimirs (or distinguished functions, as Lie called them) of a Poisson bracket satisfy
{¢,h}(x) =0, forall h(x)

Part 5 verifies that the R3-bracket satisfies the defining properties of a Poisson bracket. What
are the Casimirs for the R3 bracket?

Smooth functions of ¢ are Casimirs for the R3-bracket given by

{f.h} = —Vc-Vf x Vh.
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8. Write the motion equation for the R3-bracket
x = {x,h}

in vector form wusing gradients and cross products. Show that the corresponding Hamiltonian
vector field X, = {-,h} has zero divergence.

Answer

x ={x,h} =Vex Vh

The corresponding Hamiltonian vector field X; = { -, h} has zero divergence because
the vector Ve x Vh has zero divergence. (It’s a curl.) A

9. Show that under the R3-bracket, the Hamiltonian vector fields Xy = { -, f}, Xn = {-,h} satisfy
the following anti-homomorphism that relates the commutation of vector fields to the R3-bracket
operation between smooth functions on R3,

(X, Xn] = =X¢rm)-

Hint: commutation of divergenceless vector fields does satisfy the Jacobi identity.

Answer

Lemma 1.7 The R3-bracket defined on smooth functions (C,F, H) by
(F,H}=—VC-VF x VH
may be identified with the divergenceless vector fields by
(X Xul = —Xa,my (8)
where [Xq, Xg) is the Jacobi-Lie bracket of vector fields X and Xp.
Proof. Equation (8) may be verified by a direct calculation,

(Xe, Xu] = XXy —XpXe
= {G,-HH, -} —{H, -HG, -}
= {G {H, - }} - {H {G, }}
= {{G, H}, -} = —Xiom -

Remark 1.8 The last step in the proof of Lemma 1.7 uses the Jacobi identity for
the R3-bracket, which follows from the Jacobi identity for divergenceless vector fields,
since

XrpXeXyg = _{F7 {G7 {H7 }}}
A

10. Show that the motion equation for the R3-bracket is invariant under a certain linear combination
of the functions ¢ and h. Interpret this invariance geometrically.

Answer

V(ac+ ph) x V(yc+ eh) = Ve x Vh  for constants satisfying ae — vy = 1.

Under such a (volume-preserving) transformation, the level sets change, but their
intersections remain invariant.

A
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Figure 1: Spherical pendulum: & = Rsinfcos ¢, y = Rsinfsinf, z = — Rcos.

Exercise 1.9 (Spherical pendulum)

A spherical pendulum of length L swings from a fixed point of support under the constant downward
force of gravity mg.

Use spherical coordinates with azimuthal angle 0 < ¢ < 2w and polar angle 0 < 0 < m measured
from the downward vertical defined in terms of Cartesian coordinates by (note minus sign in z)

1. Find its equations of motion according to the approaches of
(a) Newton,
(b) Lagrange and
(c) Hamilton.

This is the content of Appendix A, Section A.1.2 of the text. The remain-
der of the problem was solved in class, as follows. A

2. Write the constrained Lagrangian for the L(x,%) : TR® — R as
L(x,%) = 3|%> — g&3 - x — 5u(1 — [x]?), (9)

in which the Lagrange multiplier yu constrains the motion to remain on the sphere S? by enforcing
(1 — |x|?) = 0 when it is varied in Hamilton’s principle.

(a) Compute the variations in Hamilton’s principle and write the Euler-Lagrange equations for
the spherical pendulum on TR3.

(b) Solve for the Lagrange multiplier by requiring that T'S? is preserved by this motion on TR3.

Answer

(a) The corresponding Euler-Lagrange equations are

X = —gés+ px. (10)

(b) This equation preserves both of the T'S? defining relations 1—|x|? = 0 and x-%x = 0,
provided the Lagrange multiplier is given by

p=gés-x—[%|°. (11)
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A
3. Find the Hamiltonian and its canonical equations.
The fibre derivative of the constrained Lagrangian L in (9) is
y = zfz =x. (12)
The corresponding Hamiltonian is obtained by the Legendre transformation as,
H(x,y) = 3ly[* + g&; - x + (983 - x — [y[*) (1 — [x[*) (13)

in which the variable y is the momentum canonically conjugate to the radial position
x. The canonical equations on (1 — |x|?) = 0, are

) 0H . oH . A
= H) =gy =y and Y=y Y=o = —otat (8 x—lyPhx (14

A

4. A convenient choice of basis for the algebra of polynomials in (x,y) that are S'-invariant under
rotations about the 3-axis is given by

2, .2, .2

o1 = 3 03 = Y| +Y; +Yy3 05 = T1Y1 + T2y
_ _ 2.9 _

o2 = Y3 o4 = x|+ T3, 06 = T1Y2 — T2Y1

(a) Find the cubic relation that these S'-invariants satisfy and express the defining relations
for T'S? in terms of them.

(b) Use these relations to eliminate o4 and o5 in favour of {o1,02,03,06} and find the cubic
relation satisfied among {o1,02,03,06}.

Answer

(a) These six Sl-invariants satisfy the cubic algebraic relation

a§+a§ = o4(0o3 —a%). (15)

Hence, they also satisfy the positivity conditions

In these variables, the defining relations for 7.S? become

os+02=1 and o5+ 0100=0. (17)

(b) Using the relations in (17) to eliminate o4 and o5 from (15) yields the cubic
relation

C(o1,02,03,06) = 05 + 02 —03(1 —0}) =0 (18)

A

5. (a) Find the Poisson bracket relations among the remaining quadratic invariant variables {01, 02, 03,06}

(b) Ezplain how this Poisson bracket is related to the R3-bracket.

Answer
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(a) The Poisson bracket relations among the remaining quadratic invariant variables
{01,02,03,06} may be computed from their definitions in terms of the canonically
conjugate variables (x,y), as

{'7 } 01 g2 o3 06
o 0 1-0f 200 O
09 —1—|—0’% 0 — 20103 0
g3 *20’2 20‘10’3 0 0
06 0 0 0 0

(b) The Poisson bracket amongst {01, 02,03} defines an R3-bracket, given by

oC
{O’i7 O'j} = —Eijka . (19)

6. Write their dynamics on T'S? in Hamiltonian form.

In Hamiltonian form the dynamics on T'S? (which is preserved by the

motion) simplifies because the spherical pendulum Hamiltonian in (13) becomes linear
in the S'-invariants

Hl|rg2 = 303+ goy . (20)

Hence the dynamics becomes

. oC oH
6;={oi, H} = Gijkaf‘jaf‘k
or explicitly,
é’1={0'1,H}=—02, (5’2:{0'2,H}20'10'3+g(1—0_]2_)7 (532{03,H}:2902,

and ¢ = {0¢, H} = 0 because the Poisson bracket with o vanishes with all the other
Sl invariants.

A



