D. D. Holm Assessed Coursework 1 Solutions M3/4A16 Geom Mech Part 1 1

M3/4A16 Assessed Coursework 1 Solutions Darryl Holm
Due in class Tuesday November 10, 2009

FExercise.

1. Show that the canonical bracket operation

satisfies the conditions to be a Poisson bracket.

Answer. By direct computation, the canonical bracket operation is
skew symmetric, bilinear and satisfies Leibnitz and Jacobi. A

2. Show that the following transformations of coordinates are each canonical.
(a) T*R? {0} — T*Ry x T*SY, given by x +iy =re® |  p,+ip, = (pr +ipe/r)e?.
(b) T*R* — C?, given by a, = qi + ipx, a} = q — ipy, with k=1,2.

(¢) T*R* {0} — R3 x 1%, given by I = %(q,% +p2), o = tan Y(pp/qr), with
k=12

Answer.

(a) Evaluating Re((p, + ipy)(dz — idy)) = Re((p, + ipe/r)(dr — irdf))
yields

Pzdx + pydy = pdr + pedf.

Taking exterior derivative gives
dpy A dzx + dpy N\ dy = dp, N\ dr + dpg N d6.

(b) da A da* = (dgy + idpy) A (dgy — idpy) = —2idg A dp
(c) For each k define

ar = qp +ipp, Th=lax| = (¢ +p2)?, b = tan(pr/qx) (no sum)

Then for each k (no sum) with I, = $r{ and

dIy Adgyp = Ldr2 Addy = (quda + prdpr) A w
qi + i
qrday N dpy — prdpe N dgy,
ap + p;,
= dqi N dpy

Ezxercise: Write the canonical transformation (I, ¢) — (a,a*)!
A

3. Write the Hamiltonian equations for PISHO using each of the canonical coordinate
systems of the previous exercise.
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Answer. ,
(a) H=1(p2+ % +1),

ro= aH/apr:pr7 pr:_aH/ar:_

0 = OH/dpy = pe/r*, po=—0H/00=0.
(b) H = 5(Ja1|* + |az|?) and {a, a*} = =24, so

ar = {ag, H} = —iap and ag(t) = a,(0)e ™.

In these variables, PISHO dynamics is just a linear phase shift at
frequency -1.
(C) H =1+ 1, and {[k, gbl} = 0y, SO

jk = {]k,H}SZ 0,
by = {¢k,H}——a—H:—1 and  ¢(t) = ¢(0) —t.

This is no surprise for us, since in the previous part a; = v/2 I,e'*.
A

4. Write the Hamiltonian forms of the PISHO equations in terms of S'-invariant
quantities, for the following cases:

(a) (X1, X2, X3) = (la/* |pl%, a-p) and p; = |p x q* with (q,p) € R* x R2.

(b) R = |a1|*+|az|?, Y1+iYs = 2ajay and Y3 = |a1|*—|as|?, with a := q,+ipy € C!
fork=1,2.

Answer.
(a) Set pj =Ip x q* = |qP|pl* — (p~ q)* = X1.Xp — X = S*(X) and
write the flow on X € R? with H(X) = 1(X; + X,) for PISHO as

Xl . i Q 3 2X3
Xo| =X =VSX)x VH(X) =det | X, X; —2X3| = |—-2X3
XB X1 XQ O 0

(b) In this case, H = R for PISHO and R? = |[Y]? = Y? + Y + Y3

Y 0
Yol =Y =VR)(Y)x VH(Y)=VR?xVR=0= |0
Y, 0

Substituting ay(t) = ax(0)e” shows that indeed each of the S'-
invariant quantities in the vector Y are invariant under the dynam-

ics of PISHO.
A
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FExercise.

1. Use the canonical Poisson brackets in (1) to compute ({X1, X2}, etc.) among the
three rotationally invariant quadratic phase space functions

(XlaXQaX?)) = (|q’27 |p|2aq . p) ) (q7 p) € RQ X RQ : (2)

Answer. The canonical Poisson brackets among the axisymmetric
variables X7, X5 and X3 in (2) close among themselves,

{X1, X} =4X5, {Xo, X3} =-2Xy, {X3 Xi}=-2X,.

A
2. Show that these Poisson brackets may be expressed as a closed system
{Xi, X;} = Xu, i, k=1,2,3, (3)

. . . . . k
in terms of these invariants, by computing the coefficients ci;.
Answer. The constants cfjare immediately read off as

0?2 =4= _cgl ) 0%3 = 032 =2= _033 = _Cilﬂ ’ (4)

and all the other cfj’s vanish. A

3. Write the Poisson brackets among the invariants { X;, X;} as a 3x3 skew-symmetric
table.

Answer. In tabular form, the Poisson brackets among the invariants

{Xi,Xj} are
{ o } X4 Xo X3
e | X 0 4X; 2X,
X=X, | caxy 0 —2x, (5)
Xs | —2X, 2X, 0

A

4. Write the Poisson brackets for functions of these three invariants (X1, X, X3) as
a vector cross product of gradients of functions of X € R3.

Answer. The Poisson bracket among the wvariables X =
(X1, Xs, X3) € R® may be expressed by using the chain rule as,

dF OF OH
E:{RH}:E)—&{X“XAW. (6)

J
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This may be expressed for 5% = X; X, — X2 as

C;—];—{F,H} = —VS?.VFxVH
__08*  OF 9H )
T T OX, “MoX; ax,

This is a direct verification using formula (6). For example,

05?2 052 052
61238_)(3 = —4X3, 61328_)(2 = 2Xy, 62318_)(1 = —-2X5.

The quantity V.S? with %SQ = X1 X5 — X2 defines the symmetric matrix

X, 02 o0]1[Xx;
VS?2=1| X; | =12 0 0] |Xy| =KX
—2X, 00 —4| |X;

The R? bracket in vector form (7) may be written equivalently in several
forms by using the matrix K as a Riemannian metric,

{F,H}x = —VS*.VFxVH
OF OH
0X; 0X;,

oF oOH
= _X'K(a_xxa_x)

)

This is the Lie-Poisson bracket for the Lie algebra structure represented
on R? by the vector product,

li
= = XK €

[u,vlk =K(uxv) for u,veR?. (9)
One may verify that the bracket
{X;, Xtk = = XKy, = . X1, (10)

matches the ¢, constants in (4).

Exercise. What is the hat map for this bracket? *
A

5. Take the Poisson brackets of the three invariants (X1, X, X3) with the function,
187 =X X, — Xj. (11)

Explain your answers geometrically in terms of vectors in R3.
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Answer.

{S?,X;} = —VS2VS?xVX; =0, i=1,2,3, since VS*xVS*=0

6. Write the results of applying the Poisson brackets in the form
{ z, Xk} = miz,

for z = (q,p)T € R? x R? and 2 x 2 matrices my, with k = 1,2,3. Identify the
type of matriz that results (symmetric, skew symmetric, etc.) Write a 3 X 3 skew-
symmetric table of their matriz commutation relations [m;, m;], etc. Compare it

with the table in Part 3.

Answer. The traceless constant matrices

m= () m (8 2) (4 5).

satisfy a commutator table that corresponds to the Poisson bracket
table (5). In particular,

[m1,mo] = 4ms, [ma,ms] = —2my,  [mz,mq] = —2m, .

7. Show that the flows

00 1
. _ m t
(bk : Z(t) k E_O —n‘ mkt

of the Hamiltonian vector fields {-, Xy} arising from the three rotationally in-
variant quadratic phase space functions in (2) acting on the phase space vector
= (q,p)” may be written as symplectic matriz transformations z(t) = S(t)z(0),

with STJS = J.

Answer. Taking the derivative of the definition of symplectic matrix
transformations z(t) = S(¢)z(0), with ST(¢)JS(t) = J, yields

Jm; +mlJ =0, where J:<(1) _01) (13)

That is, if (Jm;) = (Jm;)T is a symmetric matrix, then its flow ¢y, :
z(t) = emkt (0) is a symplectic matrix transformation. This is easily
verified, as

2 0 00 01
Jm1:(0 O),ngz(o 2),Jm3:<1 0),

are all symmetric. A
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FExercise.

1. Use the canonical Poisson brackets in (1) to compute ({Y1,Ya}, etc.) among the
three S*-invariant quadratic phase space functions

Y1 +iYs =2dlay and Yz = |a1]* — |as|?, (14)

with ay, == qx + ipr, € Ct for k =1,2.

Answer. Denote z4 = (aa,a%), with A = 1,2,3, and use the chain

rule for Poisson brackets twice; first as {ax, a;} = —2idy; and second as
Y; oY

}/“Y:_Z ) _j:4zya 15

{Vv;, Y;} azA{ZA ZB}azB €ijk Y (15)

for the invariant bilinear functions Y; in (15). A

2. Show that these Poisson brackets may be expressed as a closed system
Y.V} =iV, i, k=123 (16)

in terms of these invariants, by computing the coefficients Cij-

Answer.
k — fe..

A

3. Write the Poisson brackets {Y;,Y;} among these invariants as a 3x3 skew-symmetric
table.

Answer. This is also expressed in tabular form as

| 0 4y, —4v,
{Ka Y3}_ Y2 _4}/3 0 4}/1
Y3 4Y, —4Y; 0

A

4. Write the Poisson brackets for functions of these three invariants (Y1,Ys,Y3) as a
vector cross product of gradients of functions of Y € R3.

Answer.

oF OH
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5. Take the Poisson brackets of the three invariants (Y1, Ys,Y3) with the function,
= |ar[* + |az]*. (17)

Ezxplain your answers geometrically in terms of vectors in R3.

Answer. The R3-bracket for functions of the vector Y on the sphere
R%* = |Y|? = const is

_9C OF oH )
and
oc  oC | )
{C,Y} = ¥ <oy =0, with C(Y)=2]Y|".

6. Write the results of applying the Poisson brackets in the form
{a, Yk} = Cra k= 1,2,3,

for a = (a1,as)" € C? and 2 x 2 matrices ¢, with k = 1,2,3. Identify the type of
matriz that results (symmetric, skew symmetric, etc.) Write a 3x 3 skew-symmetric

table of their matriz commutation relations [c;, ¢;|, etc. Compare it with the table
in Part 3.

Answer. One writes
Y = CL]CO'klaZK .

where o = (01, 09, 03) is the ‘vector’ of Pauli Spin Matrices, given by

R i A PR R

Then {ag, aj} = —2idy, implies
{a, Yy} = —2icra=ca k=1,23. (19)

A

7. Show that the flows

1
¢kZZ()_€ckt ZE th
n=0
of the Hamiltonian vector fields {-, Yy} arising from the three S' phase invari-
ant quadratic phase space functions in (15) acting on the phase space vector a =
(a1,a9)" € C* may be written as SU(2) matriz transformations a(t) = U(t)a(0),
with UTU = 1d.
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Answer. Taking the derivative of the definition of unitary matrix
transformations a(t) = U(t)a(0), with U(t)'U(t) = Id, yields

Cr + C;i =0
where superscript dagger (1) denotes Hermitian conjugate. In fact,
the matrices ¢, = —2ioy in (20) satisfy cz = —cj. The flows of such
matrices, ¢, : a(t) = e“**a(0) are unitary matrix transformations. A
*
Ezercise.

1. Compute the canonical Poisson brackets ({Li, Lo}, etc.) among the three compo-
nents of the vector L = q x p for (q,p) € R? x R? so that L € R? also.

Answer.

{L1, Lo} = L3, {Lo,Ls} =Ly, {Ls, L1} =L,.

A
2. Show that these Poisson brackets may be expressed as a closed system
{Li, L;} = Ly, i,j,k=1,2,3, (20)
in terms of these invariants, by computing the coefficients cf;
Answer.
{Li, LJ} = EijkLk; i,j, k? = 1, 2, 3
A

3. Write the Poisson brackets {L;, L;} among the (L1, Lo, L3) as a 3x3 skew-symmetric
table.

Answer.

{ Ty } Ly Lo Lj
N 0 Ly —L
Lo Lib=1 7, | ‘I, o L
L L, —L; 0

A

4. Write the Poisson brackets for functions of the three components (L1, Lo, L3) as a
vector cross product of gradients of functions of L € R3.
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Answer.

OF 9OH 1012 OF 0OH

{7, B L) =L o X or = 550 9L < oL

A

5. Take the Poisson brackets of the three components (L1, Lo, L3) with the function,
=L+ L5+ L3. (21)

Ezxplain your answers geometrically in terms of vectors in R3.

Answer.

{L, [*}=-LxL=0.

6. Write the results of applying the Poisson brackets in the form
{ z, Lk} =Trz,

for z = (q,p)7 € R® x R® and 3 x 3 matrices ry,, with k = 1,2,3. Identify the
type of matriz that results (symmetric, skew symmetric, etc.) Write a 3 x 3 skew-

symmetric table of their matriz commutation relations [r;, r;|, etc. Compare it with
the table in Part 3.

Answer. N
{z, 6 L} =¢&Exz=¢&z,
with
. 0 & —&
E=1-& 0 & | =&
& —& 0
where
0 0 0 00 -1 0 10
rn=10 0 1|, m=100 0], rg=1|—1 0 0|, (22)
0 -1 0 10 O 0 00
whose matrix commutators satisfy
[Tiarj] = €ijkTk, Z'7.j7k = 17273'
A
7. Show that the flows
T - ]' n
Gn : 2(t) = e*'a(0) = ) —1(rt)"2(0)

3
Il
=)
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of the Hamiltonian vector fields { -, Ly} arising from the three components of the
vector L = q X p acting on the phase space vector z = (q, p)T may be written as
SO(3) orthogonal matriz transformations z(t) = O(t)z(0), with OTO = 1d.

10

Answer. The matrices ry in (23) are skew symmetric; that is, they
satisfy 71 = —ry. The flows of such matrices, ¢y, : z(t) = e™'z(0) are
orthogonal matrix transformations, as one may see by taking the time
derivative of the relation O (¢)O(t) = Id with O(t) = €™ to find

0=00" 4+ 00" = 00" + (00")" =r, +r[ .




