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M3/4A16 Assessed Coursework 1 Solutions Darryl Holm
Due in class Tuesday November 10, 2009

Exercise.

1. Show that the canonical bracket operation{
F, H

}
:=

∂F

∂q
· ∂H
∂p
− ∂F

∂p
· ∂H
∂q

, (1)

satisfies the conditions to be a Poisson bracket.

Answer. By direct computation, the canonical bracket operation is
skew symmetric, bilinear and satisfies Leibnitz and Jacobi. N

2. Show that the following transformations of coordinates are each canonical.

(a) T ∗R2 {0} → T ∗R+×T ∗S1, given by x+ iy = reiθ , px + ipy = (pr + ipθ/r)e
iθ.

(b) T ∗R2 → C2, given by ak = qk + ipk , a∗k = qk − ipk, with k = 1, 2.

(c) T ∗R2 {0} → R2
+ × T 2, given by Ik = 1

2
(q2
k + p2

k) , φk = tan−1(pk/qk), with
k = 1, 2.

Answer.

(a) Evaluating Re
(
(px + ipy)(dx− idy)

)
= Re

(
(pr + ipθ/r)(dr − irdθ)

)
yields

pxdx+ pydy = prdr + pθdθ.

Taking exterior derivative gives

dpx ∧ dx+ dpy ∧ dy = dpr ∧ dr + dpθ ∧ dθ.

(b) da ∧ da∗ = (dqk + idpk) ∧ (dqk − idpk) = −2idq ∧ dp
(c) For each k define

ak = qk + ipk , rk = |ak| = (q2
k + p2

k)
1/2 , φk = tan(pk/qk) (no sum)

Then for each k (no sum) with Ik = 1
2
r2
k and

dIk ∧ dφk = 1
2
dr2

k ∧ dφk = (qkdqk + pkdpk) ∧
qkdpk − pkdqk

q2
k + p2

k

=
q2
kdqk ∧ dpk − p2

kdpk ∧ dqk
q2
k + p2

k

= dqk ∧ dpk

Exercise: Write the canonical transformation (I, φ)→ (a, a∗)!

N

3. Write the Hamiltonian equations for PISHO using each of the canonical coordinate
systems of the previous exercise.
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Answer.

(a) H = 1
2

(
p2
r +

p2θ
r2

+ r2
)

,

ṙ = ∂H/∂pr = pr , ṗr = −∂H/∂r = −r
θ̇ = ∂H/∂pθ = pθ/r

2 , ṗθ = −∂H/∂θ = 0 .

(b) H = 1
2
(|a1|2 + |a2|2) and {a, a∗} = −2i, so

ȧk = {ak, H} = −iak and ak(t) = ak(0)e−it .

In these variables, PISHO dynamics is just a linear phase shift at
frequency -1.

(c) H = I1 + I2 and {Ik, φl} = δkl, so

İk = {Ik, H} =
∂H

∂φk
= 0 ,

φ̇k = {φk, H} = − ∂H
∂Ik

= −1 and φ(t) = φ(0)− t .

This is no surprise for us, since in the previous part ak =
√

2 Ike
iφk .

N

4. Write the Hamiltonian forms of the PISHO equations in terms of S1-invariant
quantities, for the following cases:

(a) (X1, X2, X3) = (|q|2, |p|2,q · p) and p2
θ = |p× q|2 with (q,p) ∈ R2 × R2.

(b) R = |a1|2+|a2|2, Y1+iY2 = 2a∗1a2 and Y3 = |a1|2−|a2|2, with ak := qk+ipk ∈ C1

for k = 1, 2.

Answer.

(a) Set p2
θ = |p× q|2 = |q|2|p|2 − (p · q)2 = X1X2 −X2

3 =: S2(X) and
write the flow on X ∈ R3 with H(X) = 1

2
(X1 +X2) for PISHO asẊ1

Ẋ2

Ẋ3

 = Ẋ = ∇S2(X)×∇H(X) = det

 1̂ 2̂ 3̂
X2 X1 −2X3

X1 X2 0

 =

 2X3

−2X3

0


(b) In this case, H = R for PISHO and R2 = |Y|2 = Y 2

1 + Y 2
2 + Y 2

3Ẏ1

Ẏ2

Ẏ3

 = Ẏ = ∇R2(Y)×∇H(Y) = ∇R2 ×∇R = 0 =

0
0
0

 .

Substituting ak(t) = ak(0)e−it shows that indeed each of the S1-
invariant quantities in the vector Y are invariant under the dynam-
ics of PISHO.

N
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F

Exercise.

1. Use the canonical Poisson brackets in (1) to compute ({X1, X2}, etc.) among the
three rotationally invariant quadratic phase space functions

(X1, X2, X3) = (|q|2, |p|2,q · p) , (q,p) ∈ R2 × R2 . (2)

Answer. The canonical Poisson brackets among the axisymmetric
variables X1, X2 and X3 in (2) close among themselves,

{X1, X2} = 4X3 , {X2, X3} = − 2X2 , {X3, X1} = − 2X1 .

N

2. Show that these Poisson brackets may be expressed as a closed system

{Xi, Xj} = ckijXk, i, j, k = 1, 2, 3, (3)

in terms of these invariants, by computing the coefficients ckij.

Answer. The constants ckijare immediately read off as

c312 = 4 = −c321 , c113 = c232 = 2 = −c223 = −c131 , (4)

and all the other ckij’s vanish. N

3. Write the Poisson brackets among the invariants {Xi, Xj} as a 3×3 skew-symmetric
table.

Answer. In tabular form, the Poisson brackets among the invariants
{Xi, Xj} are

{Xi, Xj} =

{ · , · } X1 X2 X3

X1

X2

X3

0 4X3 2X1

−4X3 0 −2X2

−2X1 2X2 0

(5)

N

4. Write the Poisson brackets for functions of these three invariants (X1, X2, X3) as
a vector cross product of gradients of functions of X ∈ R3.

Answer. The Poisson bracket among the variables X =
(X1, X2, X3) ∈ R3 may be expressed by using the chain rule as,

dF

dt
= {F,H} =

∂F

∂Xi

{Xi, Xj}
∂H

∂Xj

. (6)
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This may be expressed for 1
2
S2 = X1X2 −X2

3 as

dF

dt
= {F,H} = −∇S2 · ∇F ×∇H

= − ∂S2

∂Xl

εljk
∂F

∂Xj

∂H

∂Xk

. (7)

This is a direct verification using formula (6). For example,

ε123
∂S2

∂X3

= −4X3, ε132
∂S2

∂X2

= 2X1, ε231
∂S2

∂X1

= −2X2 .

The quantity∇S2 with 1
2
S2 = X1X2−X2

3 defines the symmetric matrix

∇S2 =

 X2

X1

−2X3

 =

0 2 0
2 0 0
0 0 −4

X1

X2

X3

 =: KX .

The R3 bracket in vector form (7) may be written equivalently in several
forms by using the matrix K as a Riemannian metric,

{F, H}K = −∇S2 · ∇F ×∇H

= −XlK
liεijk

∂F

∂Xj

∂H

∂Xk

= −X · K
(
∂F

∂X
× ∂H

∂X

)
=: −

〈
X ,

[
∂F

∂X
,
∂H

∂X

]
K

〉
. (8)

This is the Lie-Poisson bracket for the Lie algebra structure represented
on R3 by the vector product,

[u,v]K = K(u× v) for u,v ∈ R3 . (9)

One may verify that the bracket

{Xj, Xk}K := −XlK
liεijk = cljkXl , (10)

matches the cljk constants in (4).

Exercise. What is the hat map for this bracket? F
N

5. Take the Poisson brackets of the three invariants (X1, X2, X3) with the function,

1
2
S2 = X1X2 −X2

3 . (11)

Explain your answers geometrically in terms of vectors in R3.
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Answer.

{S2, Xi} = −∇S2·∇S2×∇Xi = 0 , i = 1, 2, 3, since ∇S2×∇S2 = 0 .

N

6. Write the results of applying the Poisson brackets in the form

{ z , Xk} = mkz ,

for z = (q,p)T ∈ R2 × R2 and 2 × 2 matrices mk, with k = 1, 2, 3. Identify the
type of matrix that results (symmetric, skew symmetric, etc.) Write a 3× 3 skew-
symmetric table of their matrix commutation relations [mi, mj], etc. Compare it
with the table in Part 3.

Answer. The traceless constant matrices

m1 =

(
0 0
−2 0

)
, m2 =

(
0 2
0 0

)
, m3 =

(
1 0
0 −1

)
, (12)

satisfy a commutator table that corresponds to the Poisson bracket
table (5). In particular,

[m1,m2] = 4m3, [m2,m3] = −2m2, [m3,m1] = −2m1 .

N

7. Show that the flows

φk : z(t) = emktz(0) =
∞∑
n=0

1

n!
(mkt)

nz(0)

of the Hamiltonian vector fields { · , Xk} arising from the three rotationally in-
variant quadratic phase space functions in (2) acting on the phase space vector
z = (q,p)T may be written as symplectic matrix transformations z(t) = S(t)z(0),
with STJS = J .

Answer. Taking the derivative of the definition of symplectic matrix
transformations z(t) = S(t)z(0), with ST (t)JS(t) = J , yields

Jmi +mT
i J = 0 , where J =

(
0 −1
1 0

)
. (13)

That is, if (Jmi) = (Jmi)
T is a symmetric matrix, then its flow φk :

z(t) = emktz(0) is a symplectic matrix transformation. This is easily
verified, as

Jm1 =

(
2 0
0 0

)
, Jm2 =

(
0 0
0 2

)
, Jm3 =

(
0 1
1 0

)
,

are all symmetric. N
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F

Exercise.

1. Use the canonical Poisson brackets in (1) to compute ({Y1, Y2}, etc.) among the
three S1-invariant quadratic phase space functions

Y1 + iY2 = 2a∗1a2 and Y3 = |a1|2 − |a2|2 , (14)

with ak := qk + ipk ∈ C1 for k = 1, 2.

Answer. Denote zA = (aA, a
∗
A), with A = 1, 2, 3, and use the chain

rule for Poisson brackets twice; first as {ak, a∗l } = −2iδkl and second as

{Yi, Yj} =
∂Yi
∂zA
{zA, zB}

∂Yj
∂zB

= 4εijkYk , (15)

for the invariant bilinear functions Yi in (15). N

2. Show that these Poisson brackets may be expressed as a closed system

{Yi, Yj} = ckijYk, i, j, k = 1, 2, 3, (16)

in terms of these invariants, by computing the coefficients ckij.

Answer.
ckij = 4εijk

N

3. Write the Poisson brackets {Yi, Yj} among these invariants as a 3×3 skew-symmetric
table.

Answer. This is also expressed in tabular form as

{Yi, Yj} =

{ · , · } Y1 Y2 Y3

Y1

Y2

Y3

0 4Y3 −4Y2

−4Y3 0 4Y1

4Y2 −4Y1 0

N

4. Write the Poisson brackets for functions of these three invariants (Y1, Y2, Y3) as a
vector cross product of gradients of functions of Y ∈ R3.

Answer.

{F , H}(Y) = 4Y · ∂F
∂Y
× ∂H

∂Y
,

N
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5. Take the Poisson brackets of the three invariants (Y1, Y2, Y3) with the function,

R = |a1|2 + |a2|2 . (17)

Explain your answers geometrically in terms of vectors in R3.

Answer. The R3-bracket for functions of the vector Y on the sphere
R2 = |Y|2 = const is

{F, H}(Y) =
∂C

∂Y
· ∂F
∂Y
× ∂H

∂Y
with C(Y) = 2|Y|2 ,

and

{C, Y} =
∂C

∂Y
× ∂C

∂Y
= 0, with C(Y) = 2|Y|2 .

N

6. Write the results of applying the Poisson brackets in the form

{ a , Yk} = cka k = 1, 2, 3 ,

for a = (a1, a2)
T ∈ C2 and 2× 2 matrices ck, with k = 1, 2, 3. Identify the type of

matrix that results (symmetric, skew symmetric, etc.) Write a 3×3 skew-symmetric
table of their matrix commutation relations [ci, cj], etc. Compare it with the table
in Part 3.

Answer. One writes

Y = akσkla
∗
l .

where σ = (σ1, σ2, σ3) is the ‘vector’ of Pauli Spin Matrices, given by

σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
. (18)

Then {ak, a∗l } = −2iδkl implies

{ a , Yk} = −2iσka = cka k = 1, 2, 3. (19)

N

7. Show that the flows

φk : z(t) = ecktz(0) =
∞∑
n=0

1

n!
(ckt)

nz(0)

of the Hamiltonian vector fields { · , Yk} arising from the three S1 phase invari-
ant quadratic phase space functions in (15) acting on the phase space vector a =
(a1, a2)

T ∈ C2 may be written as SU(2) matrix transformations a(t) = U(t)a(0),
with U †U = Id.
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Answer. Taking the derivative of the definition of unitary matrix
transformations a(t) = U(t)a(0), with U(t)†U(t) = Id, yields

ck + c†k = 0

where superscript dagger (†) denotes Hermitian conjugate. In fact,

the matrices ck = −2iσk in (20) satisfy c†k = −ck. The flows of such
matrices, φk : a(t) = eckta(0) are unitary matrix transformations. N

F

Exercise.

1. Compute the canonical Poisson brackets ({L1, L2}, etc.) among the three compo-
nents of the vector L = q× p for (q,p) ∈ R3 × R3 so that L ∈ R3 also.

Answer.

{L1, L2} = L3, {L2, L3} = L1, {L3, L1} = L2 .

N

2. Show that these Poisson brackets may be expressed as a closed system

{Li, Lj} = ckijLk, i, j, k = 1, 2, 3, (20)

in terms of these invariants, by computing the coefficients ckij.

Answer.
{Li, Lj} = εijkLk, i, j, k = 1, 2, 3.

N

3. Write the Poisson brackets {Li, Lj} among the (L1, L2, L3) as a 3×3 skew-symmetric
table.

Answer.

{Li, Lj} =

{ · , · } L1 L2 L3

L1

L2

L3

0 L3 −L2

−L3 0 L1

L2 −L1 0

N

4. Write the Poisson brackets for functions of the three components (L1, L2, L3) as a
vector cross product of gradients of functions of L ∈ R3.
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Answer.

{F , H}(L) = L · ∂F
∂L
× ∂H

∂L
=

1

2

∂L2

∂L
· ∂F
∂L
× ∂H

∂L
.

N

5. Take the Poisson brackets of the three components (L1, L2, L3) with the function,

L2 = L2
1 + L2

2 + L2
3 . (21)

Explain your answers geometrically in terms of vectors in R3.

Answer.

{L , L2} = −L× L = 0 .

N

6. Write the results of applying the Poisson brackets in the form

{ z , Lk} = rkz ,

for z = (q,p)T ∈ R3 × R3 and 3 × 3 matrices rk, with k = 1, 2, 3. Identify the
type of matrix that results (symmetric, skew symmetric, etc.) Write a 3× 3 skew-
symmetric table of their matrix commutation relations [ri, rj], etc. Compare it with
the table in Part 3.

Answer.
{ z , ξ · L} = ξ × z = ξ̂ z ,

with

ξ̂ =

 0 ξ3 −ξ2
−ξ3 0 ξ1
ξ2 −ξ1 0

 = ξkrk

where

r1 =

0 0 0
0 0 1
0 −1 0

 , r2 =

0 0 −1
0 0 0
1 0 0

 , r3 =

 0 1 0
−1 0 0
0 0 0

 , (22)

whose matrix commutators satisfy

[ri, rj] = εijkrk, i, j, k = 1, 2, 3.

N

7. Show that the flows

φk : z(t) = erktz(0) =
∞∑
n=0

1

n!
(rkt)

nz(0)
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of the Hamiltonian vector fields { · , Lk} arising from the three components of the
vector L = q × p acting on the phase space vector z = (q,p)T may be written as
SO(3) orthogonal matrix transformations z(t) = O(t)z(0), with OTO = Id.

Answer. The matrices rk in (23) are skew symmetric; that is, they
satisfy rTk = −rk. The flows of such matrices, φk : z(t) = erktz(0) are
orthogonal matrix transformations, as one may see by taking the time
derivative of the relation OT (t)O(t) = Id with O(t) = erkt to find

0 = ȮOT +OȮT = ȮOT + (ȮOT )T = rk + rTk .

N

F


