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Solutions to Assessed Homework 3 Darryl Holm

(#1) Euler-Lagrange equations for geodesics on SO(3)

#1a The skew symmetry of Q(t) — O7'O(t) follows by taking the time derivative
of the defining relation for orthogonal matrices.

The time derivative of O ()IO(t) = I yields (O~1(¢+)IO(t))" = 0. This means
0=[0T0 "I +1[0'0] .
Consequently, if Q = [00~1] and I” = I, the quantity I{ is skew. That is,
(1) = —10.
When I is the identity, this is the expected condition for the angular velocity.
#1b The variational formula is
Q=2 +0Z—EQ, inwhich ==0%0. (1)

This formula follows by subtracting the time derivative = = (O~160)" from
the variational derivative 6Q = §(O~'0) in the relations

= 5(07'0) = = (07160)(070) + 60 = —ZQ + 60,
= (07'50) = — (07'0)(07160) + (50)" = — Q= + (50) ",

>,
(h =,

and using equality of cross derivatives 60 = (60)".

#1c Hamilton’s principle for this problem is

R 1 o~ -~
L(@) = —5tr(240),

in which A is a symmetric, positive-definite 3 x 3 matrix. Taking matrix

variations yields
b
/ <5Q 5—£> dt
a o€

b
/ tr (0QAQ + 0Q0A) dt

>
N
I
|
+
=

b
/ tr (00 (AQ + QA)) dt

b
/ tr (6QIT) dt .

N~ N~ NI~ N
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The first step defines the variational derivative of S in terms of the matrix
pairing. The second step applies the variational derivative. After cyclically
permuting the order of matrix multiplication under the trace in the third
step, the fourth step substitutes

oL

M=AQ+0A=—=.
6Q

Next, substituting formula (1) for 6Q from part (#1b) into the variation of

the action (2) leads to

b b
65:—%/ tr (§011) dt:—%/ tr (" + Q= — EQ)II) dt .

Permuting cyclically under the trace again yields tr(ﬁéﬁ) = tr(gﬁﬁ) Inte-
grating by parts (dropping endpoint terms) then yields the equation

L[ =
55:_5[1 tr (2(—1I1" +1IQ — QIL)) dt .

Finally, invoking stationarity 0S5 = 0 for an arbitrary variation = =010
yields geodesic dynamics on SO(3) with respect to the metric A in the matrix
commutator form

I g fi B /A
d—z—[Q,H] with H:AQ—I—QA:é—A:_HT‘
dt 50

#1d ’Fourth year, MSc and MSci students

Identify vector components 2, k = 1,2, 3, with the components of the skew-
symmetric matrix €5, 4,7 = 1,2,3, as

~

Qij = — €l .

This relation implies the Euler-Lagrange equations from (#1c) may be writ-
ten in R3 vector form as

fI:—QxH,

whose vector components are expressed as

(&2 + ag)Q1 = —(az — as)QzQs,
(as + a1)92 = —(az — a1)238)

(CLl + CLQ)Qg = —(CLl - ag)Qng .
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(#2) Modulation equations
The real 3-wave modulation equations on R? are

X1 - —X2X3, XQ = —X3X1 y X3 = +X1X2 .

#2a These equations may be written in the R? bracket form as,
) 1 1
X =VC xVH = VE(XIQ + X3) x vi(xg + X3),

where level sets of C' and H are circular cylinders, oriented along the X, and
X axes, respectively.

Characterise the equilibrium points geometrically in terms of the gradients
of C'and H. How many are there? Which are stable?

Equilibria occur at points where the cross product of gradients VC' x VH
vanishes. In the orthogonal intersection of two circular cylinders as above,
this may occur at points where the circular cylinders are tangent, and at
points where the axis of one cylinder punctures normally through the surface
of the other. The elliptic cylinders are tangent at one Zs-symmetric pair
of points along the X3 axis, and the elliptic cylinders have normal axial
punctures at two other Zs-symmetric pairs of points along the X; and X,
axes. There is a total of 6 equilibrium points. 4 are stable and 2 are unstable.

#2b Cylindrical polar coordinates are chosen along the axis of the circular cylin-
der level set of C' by writing (X, X3) = (—rcos@, rsinf). Thus,

X7+ X7 =r*(cos® 0 + sin® ) = 2C

Thus,

2

d3X:—dX2/\dX1/\dX3:dXQ/\d%/\dﬁde’/\dQ/\ng

Restricting the R3 Poisson bracket to a level set of C' yields
{F, H}d*X = dC A {F, H}cdf A dX,
where on a level set of C|

OF O0H O0H OF
{F, H}C—%a—)@—%a—)@ so that {6, X2}C—1.

#2c The Hamiltonian H on a level set of C' is given by

1
H:§X22—1—20$in29.
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The equations of motion on a level set of C' are given by
do  OH dX, OH

B —— =——=—2(Csinfcosb
it~ 0xX, % dt a0 S Teos
These reduce to the pendulum equation,
d*0
ﬁ = —(Csin26.

#2d ’Fourth year, MSc and MSci students‘
The geometric phase for any closed orbit on the level set of C' is the integral
1 1
Abgeom = = | dINdAXy = —— Xodb

by Stokes theorem. Here A is the area enclosed by the solution orbit A on
a level set of C'. Then

1 . 1 OH
Adpoom = —= ¢ XpbB()dt = ——= ¢ Xoorb gt
%s C Jou ° () C Jou 20X,
1 L, oT
= =G § 2H—4Csn Hdt_—F<H—20<V>>,

where

<V> = %f 2C sin? 0(t) dt
0A

is the average of the potential energy over the orbit.

The dynamic phase is given by the formula,

Abuy = ~ <X29+O¢3>dt

C Joa

1 OH OH
= = Xy=— 4+ C==)dt

C aA( 2%, oc)
_ 1L X3 +2Csin® § dt

C Joa

1
=G 2H — 2C'sin® 0 dt

0A

- Z(a-c{v)

where ¢ is the angle conjugate to C' and T' is the period of the orbit around
which the integration is performed. Thus, the total phase change around the
orbit is

Adior = Adgyn + Adgeom = 2T<V> .
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The 2D oscillator Hamiltonian H : C?> — R, with complex 2-vector a =
(a1,as) € C* and constant frequencies w,

2
1 1 1
H = 5 ij]aj]2 = Z(wl +CU2)(‘CL1‘2 -+ ]a2\2) + Z(wl —wg)(]a1]2 — \a2|2) .
j=1

#3a The canonical Hamiltonian dynamics with {a;, a;} = —2id;; is

4

2
1 1 1
H = 5 ;wj|aj|2 = Z(wl—HUQ) (|a1|2 + |a2|2) + —(wl—WQ) (|a1|2 — |CL2|2>

1: 1 resonance 1: —1 resonance

This is the linear combination of Hamiltonians for a 1 : 1 resonant oscillator
and a 1: —1 oscillator.

#3b The infinitesimal transformations generated by X,Y, Z, R on ay, as, are

XR(lj

Xzaq
Xxa;
Xya;

. OR .
{a;, R} = —2i oa’ =—2iaq,,
{al,Z}:—Qial, XZaQZ{GQ,Z}:QiCLQ,
{al,X}:—27:CL2, XXaQZ{CLQ,X}:—2ia1,

{Cll, Y} = —2CL2 s Xyag = {ag, Y} = 2@1 .

These infinitesimal transformations may be expressed as matrix operations,

Xz

Xx

Xy

ax
a2
ai
a2
a1
a2

o . 1 0 aq . .
= —22(0 —1)[@} or Xza=—2103a,

o . 01 aq o
= —22(1 O>[a2} or Xyxya=—2i0a,

. . 0 —2 aq . .
= —22(@. 0 ><a2) or Xya= —2i05a.

From these expressions, one recognises that the finite transformations, or
flows, of the Hamiltonian vector fields for (X,Y, Z) are rotations about the
(X,Y, Z) axes, respectively.

#3c For the Hamiltonian,

H:%(R+Z>+%(R—Z)

1 1
= 5(001 +wy)R + 5(001 —wy)Z,
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the equations X, Y, Z, R for the S* invariants X, Y, Z, R of the 1 : 1 resonance
may be written as

F={F H}
which produces

. . .1 . 1
R=0=17, X:§(w1—w2)Y and Y:—§(w1—w2)X.

In vector form, with X = (XY, Z)T, this is

. 1 ~
XZE(wl—WQ)XXZ,

where Z is the unit vector in the Z-direction (cos@ = 0). This motion is

uniform rotation in the positive direction along a latitude of the Poincaré
sphere R = const.

This azimuthal rotation on a latitude at fixed polar angle on the sphere occurs
along the intersections of level sets of the Poincaré sphere R = const and the
planes Z = const, which are level sets of the Hamiltonian for a fixed value of
R.

#3d ’Fourth year, MSc and MSci students‘

The following are quadratic 1 : —1 invariants: |a|?, |as|?, a1a9, ajas.
Then the following linear combinations of these are also invariant

S = lai|* — |azf,

Yi = |ai|* + [aqf?, (3)

YVQ + 'lYEg = 2&1&2 .
Thus,
Yy + Y5 = dfanlasf’ = Y7 - §%,
and the level sets of the orbital manifold are the hyperboloids of revolution
around the Yj-axis parameterised by S. That is,
R i G ) (4)

We remark that:
S = |a1|* — |ag|? = const is an hyperboloid in both C? and R3.
Y) = |a1]? + |ag|* = const is a sphere S? € C?, and it is a plane in R?.

One may write the starting Hamiltonian as,

1 1
H = §(w1~|—w2)Y1+§(w1—w2)S,
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in terms of the 1 : —1 invariants and thereby write the equations of motion
in vector form, with Y = (Y1, Y5, Y3)T.

For the 1 : —1 resonance Hamiltonian H = Y7, the evolution of S, Y5, Y3 is
described by R R
Y:VSQXY1:2Y1XY (5)
S={S,H} =0,
Yi={,H}={","1} =0,
Yo ={Ys, H} = {¥2, Y1} = -2V,
Yy = {Ys, H} = {3, Y1} = 2Y5.

Thus, Y5 and Y; rotate clockwise around the Yj-axis in a plane at Y; = const.

(6)

This is the same motion as for the paraxial harmonic guide. Looking more
closely, one sees that the Lie-Poisson bracket for the paraxial rays is identical
to that for the 1 : —1 resonance. This is a coincidence that occurs because
the Lie algebras sp(2,R) and su(1,1) happen to be identical.



