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1.  The Planar Isotropic Simple Harmonic Oscillator (PISHO) satisfies Hamilton's canonical
equations for (q,p) € T*R? ~ R? x R?,

OH OH
1= H} = — d p= H} = ——
q={aq, H} op 24P {p, H} 9q

with Hamiltonian function H : T*R? — R given by

H=1(Ip] + la/*).

(a) Show that the following transformations of coordinates are each canonical.
1. T*R* {0} — T*R, x T*S*, given by x+iy = e, p,+ip, = (p.+ipe/r)e”.
2. T*R?* — C?, given by ay = qx + ipx, a} = q, — ipy, with k = 1,2.

3. T"R? {0} — RZ x 7%, given by I;, = (¢} +pi), ¢ = tan*(p/qx), with
k=12

(b)  Write the Hamiltonian equations for PISHO using each of the canonical coordinate
systems of the previous part.

(c) Use Stokes Law to compute the phase space area [[(dp, Adr+dps Adf) of a periodic
orbit in terms of the Hamiltonian, orbital period and the time average over the orbit
of the squared radius given by the integral fOT r2dt = T{(r?).
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2. This is more about Simple Harmonic Oscillators.

(a) Write the Poisson brackets among the variables for PISHO in the following two S*-
invariant cases

1. (Xy,X5,X3) = (la* |p|*,q-p) and pj = |p x q|* with (q,p) € R? x R?.

2. R = |a1)?+|az|?, Yi+1Ys = 2atas and Y3 = |a1|*—|as|?, with ay, := qx+ipp € C
for k=1,2.

(b)  Write the Hamiltonian forms of the PISHO equations in terms of the Poisson brackets
for the two sets of S'-invariant quantities in the previous part.

(c) The Hamiltonian for the Planar Anisotropic Simple Harmonic Oscillator (PASHO) is,
w w
H = 71(R+Y3)+72(R—Y3)

1 1
= 5(&)1 + wg)R + 5((4.)1 — wg)YEJ, .

1. Write Hamilton's equations for Y7, Y5, Y3, R in terms of the Poisson brackets for
the St invariants Y}, Y5, Vs, R.
2. Write these equations equivalently in R? vector form, with Y = (Y7, Y3, Y3)7.

3. Describe this motion in terms of intersections in R3 of level sets of the Poincaré
sphere and the PASHO Hamiltonian H above.
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3. Newton's equation for the reduced Kepler problem for planetary motion is

ur

5 =0, (1)

in which p is a constant and 7 = |r| with r € R3.

(a) Show that Newton's equation (1) conserves the quantities,

1 %
E = —|ff-F
5IE" = (energy),

L = rxrt (specific angular momentum).

Since, r - L = 0, the planetary motion in R? takes place in a plane to which vector L
is perpendicular. This is the orbital plane. Constancy of magnitude L = |L| means
the orbit sweeps out equal areas in equal times. This is Kepler’s Second Law.

(b)  The unit vectors for polar coordinates in the orbital plane are & and 6. Show that
these vectors satisfy

A& . 4 db . . L
E—HO and E——Qr, where Q_ﬁ‘

Show that Newton's equation (1) also conserves the following two vector quantities,

K = i‘—%é (Hamilton’s vector),

J = rxL—pur/r (Laplace-Runge-Lenz vector, or LRL vector) ,
which both lie in the orbital plane, since J-L=0=K - L.

(c) From their definitions, show that these conserved quantities are related by

L? + S and J-K xL=K?[?=J? (2)
(—2E) (—2E) ’

where J% := |J|?, etc. and —2F > 0 for bounded orbits.

(d) Choose the conserved LRL vector J in the orbital plane to point along the reference
line for the measurement of the polar angle 6, say from the center of the orbit (Sun)
to the perihelion (point of nearest approach), so that

r-J=rJcosf=r-(txL—pur/r).

Use this relation to write the Kepler orbit r(#) in plane polar coordinates. Show that
the orbit r(0) is a conic section. This is Kepler’s First Law.
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4.  The real-valued Maxwell-Bloch system for x = (1, 7o, 23)7 € R? is given by
T, =Ty, To=T1T3, 3= —T1T2.
(a) Write this system in three-dimensional vector R3-bracket notation as
X =VH xVH,,

where H, and H, are two conserved functions. Show that the level sets of one of
these (let it be H;) are circular cylinders oriented along the x;-direction and that
the level sets of the other (let it be Hs) are parabolic cylinders oriented along the
To-direction.

(b) Restrict the equations and their R® Poisson bracket to a level set of H,. Show that
the Poisson bracket on the parabolic cylinder Hy = const is symplectic.

(c) Derive the equation of motion on a level set of Hy and express them in the form of
Newton's Law. Do they reduce to something familiar?

(d) Identify steady solutions and determine which are unstable (saddle points) and which
are stable (centers).
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