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1. Hamilton-Pontryagin metamorphosis
Consider the left-invariant action .S for Hamilton’s principle §5 = 0 given by

1 2
S:/L(Q,w,g)dt:/l(ﬂ)+M!w—Adgm dt

where g € G and w = gg~! € g, for a matrix Lie group G and matrix Lie algebra g. Here
0? € R is a positive constant and | - | is a Riemannian metric which defines a symmetric
non-degenerate pairing g* x g — R between Lie algebra g and its dual g*. (You may
assume that g** ~ g.)

(1.a) Show that
(AdyQ) = AdyQY —adaa,on with n=g'g"!

(1.b) Write ' in terms of 7, 1 and ad,, using cross-derivatives of § = wg and ¢’ = ng.

(1.c) Derive the Euler-Poincaré equation for 9l/0€2 from 45 = 0.
(You may ignore endpoint terms when integrating by parts.)

(1.d) Interpret this Euler-Poincaré equation as a conservation law.
1. Solution

(1.a) One computes

(AdgQ) = (999"

= ¢g'AdQ+ Ad, QY — (Ad,Q)g'g !

= Ade, — adAdeU with 7= 9/9_1

(1.b) The cross-derivative identities for ¢ = wg and ¢’ = ng yield
J=uwgtwg =ng+ng = ' =n—adn.

(1.c) The variation of the action integral S is

0=65 — /<§é, Q’>+<7r,w’—(Ade)’>dt
= /<§é, Q’> + <7r, ﬁ—adwn+adAde77—Ade/> dt
_ /<§é — Adir, Q’> - <7i'+ adfm — adig o, n> dt

where endpoint terms are being ignored and we have introduced the conjugate
momentum for spatial angular velocity, 7, given by
oL 1

T = 0 g(w—Ade).
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The pairing (-, -) : g* X g — R is induced by the variational-derivative operation.
Requiring independent variations to vanish yields,

ol .
IT:= 0 - Adgm
T+adim = adjgor. (1)

In terms of IT = 01/0) the two stationarity relations in (1) imply

(o) = g (agm.n)
taking dAd* = (Ad, (7 +adlm) , >
Ad (adiq Qw) 17>
7, adad,0 Adgn)>

<
<
<
rearranging = <7r adm7>
<
<

using m-eqn (1) =

using Ad & ad definitions =

taking duals = (adpAdym, 77>

substituting the definition of Il = (adgII n>

This recovers the Euler-Poincaré equation,

da_ o
o o0’
for coadjoint motion on the dual of the left-invariant Lie-algebra of G.

(1.d) The definition of Ad* gives

dao ., ol

*

730 = 2azg; is equivalent to j (Ad*_1 o ) 0,

[3)9]

which is a conservation law (for 7).
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2. Momentum map for unitary transformations

Consider the matrix Lie group Q of n x n Hermitian matrices, so that QT = Q for Q € Q.
The Poisson (symplectic) manifold is 7*Q, whose elements are pairs (@, P) of Hermitian
matrices. The corresponding Poisson bracket is

(FLH) = tr(aF OH OH aF>

2Q dP  0Q dP

Let G be the group U(n) of n x n unitary matrices: G' acts on 7*Q through
(Q,P)— (UQUY, UPUTY, UU'=1Id

(2.a) What is the linearization of this group action?

(2.b) What is its momentum map?

(2.c) Is this momentum map equivariant? Explain why, or why not.

(2.d) Is the momentum map conserved by the Hamiltonian H = Str P?? Prove it.

2. Solution

(2.a.i) The linearization of this group action with U = exp(t£), with skew-Hermitian
¢f = —¢ yields the vector field

Xe = (1Q.€.[P.¢))
(2.a.ii) This is the Hamiltonian vector field for
He = tr ([Q, P§)
thus yielding the momentum map J(Q, P) = [Q, P].

(2.a.iii) Being defined by a cotangent lift, this momentum map is equivariant.

(2.b) For H = tr P2,

{l@.ra) = (D) = (P2 ) =0

so the momentum map J(Q, P) = [@, P] is conserved by this Hamiltonian.

Alternatively, one may simply observe that the map
(Q,P) — (UQUY, UPUY), UU'=1Id
preserves tr(P2), since it takes

tr(P?) — tr(UPUTUPUT) = tr(P?)
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3. GL(n,R)-invariant motions
Consider the Lagrangian

1 fa—1 & a—1 . o
L—2tr<SS $s >+2q 5714,

where S is an n X n symmetric matrix and q € R" is an n—component column vector.

(3.a) Legendre transform to construct the corresponding Hamiltonian and canonical
equations.

(3.b) Show that the Lagrangian and Hamiltonian are invariant under the group action
q— Gq and S — GSGT
for any constant invertible n x n matrix, G.

(3.c) Compute the infinitesimal generator for this group action and construct its corre-
sponding momentum map. Is this momentum map equivariant? Prove it.

(3.d) Verify directly that this momentum map is a conserved n X n matrix quantity by
using the equations of motion.

3. Solution

(3.a) Legendre transform as

L . oL
P="=5"199"1 and p= - =95"1¢
PR P T 9 4

Thus, the Hamiltonian H(Q, P) and its canonical equations are:
1 1
H(q,p, S, P) = St (PS-PS)+ 5P 5P,

_OH

- oP

. OH 1
SPS, P_—g_—(PSPﬂLip@P)’
L _0H _ o _9H _

S
0.

(3.b) Under the group action q — Gq and S — GSGT for any constant invertible
n X n matrix, G, one finds SS™! — GSS G and - S'q — ¢ - S'¢4. Hence,
L — L. Likewise, P — G~TPG~ ' so PS — G~TPSG"T and p — G~ Tp so that
Sp — GSp. Hence, H — H, as well; so both L and H for the system are invariant.
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(3.c) The infinitesimal actions for G(€) = Id + €A + O(e?), where A € gl(n) are

G(e)g = Aq

e=0

d
Xaq=—
Ad = o

and

— d T) _ T
X4S = %LZO (GG (OT) = A5 + 54
The defining relation for the corresponding momentum map yields

(J,A) =((Q,P),Xa) = tr(PXaS)+p-Xaq
= tr(P(AS+SA")) +p- Aq

Hence, (J, A) := tr (JAT) = tr ((ZSP +g® p)A), SO
J=02PS+p®q)
This momentum map is a cotangent lift, so it is equivariant.
(3.d) Conservation of the momentum map is verified directly by:
J=02PS+2PS+p®d) =0
4. Euler-Poincaré equation EPDiff in one dimension

The EPDiff(H!) equation is obtained from the Euler-Poincaré reduction theorem for a
right-invariant Lagrangian, when one defines this Lagrangian to be half the H! norm on

the real line of the vector field of velocity u = gg~!, namely,
1 1 [
() = a2 = / W+l d.
2 2/ .

(Assume u vanishes as |z| — c0.)

(4.a) Derive the EPDiff(H') equation on the real line in terms of its velocity u and its
momentum m = 6l/du = u — Uy, in one spatial dimension.

(4.b) Use the Clebsch approach (hard constraint) to derive the peakon singular solution
m(z,t) of EPDiff(H!) as a momentum map in terms of canonically conjugate
variables ¢;(t) and p;(t), with i = 1,2,..., N.

4. Solution

(4.a) The EPDiff(H') equation is written on the real line in terms of its velocity u and
its momentum m = 6l/Ju in one spatial dimension as

me +umg + 2mu, =0, where m =u — Uy,
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where subscripts denote partial derivatives in x and ¢. This equation is derived
from the variational principle with (u) = 3|ul|%, as follows.

gﬂmwzivyﬁ+@Wﬁ
:/ﬁwmmmwﬁ:/TMWMt
— //m(gt—adué)dxdt

= [[mie+ e - guarar
= —//(mt—i—(um)m—i-mux)fdwdt
= —//(mt—l—ad;;m)ﬁdﬂvdt,

0=2465

1 1

where v = gg~" implies du = & — ad,& with & = dgg™".

(4.b) The constrained Clebsch action integral is

S(u,p,q) = / 1(us) dt + / p(t) (4(1) — ulq(t), 1) dt

whose variation in u is gotten by inserting a delta function, so that

ol

0=05 = Su p(t)o(x —q(t)) ) Sudxdt
u
. du :
- [ (50 + e w0) b0 =00 at0) - utaton)) .

The singular momentum solution m(x,t) of EPDiff(H!) is written as m(z,t) =
dl/du = p(t)d(x — ¢(t)) with canonical equations for (g, p),

_ Oh . du oh

Q(t) = U(Q(t)7t) - %7 p(t) - _%p(t) = _87q7

with Hamiltonian h(p, q) = $p*G(q) and u(q(t), t) = p(t)G(q(t)).



