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Note: Throughout this paper {¢;} is a sequence of uncorrelated random variables

having zero mean and variance o2, unless stated otherwise.

1. a) What is meant by saying that a stochastic process is second-order

stationary?

b) Consider the following ARMA(1,1) model,
Xt = OéXt_l + € — 2aet_1.

i) Express the model using the backward shift operator B.

it) Determine constraints on « which ensure that the model is both

stationary and invertible.

i11) Assuming stationarity express the model in an infinite MA

representation.

iv) Determine var{X;}.

2. a) Let {&} and {n} be zero-mean white noise processes with variances 1
and 62 respectively, |0] < 1, 6 # 0.
Show that the MA(1) processes,

1
Xy =¢e+0g1 and Yi=n+ 57715—17

have the same autocovariance function.
Are either {X;} or {Y;} invertible?
b) Consider the process defined by

X, = e+ (1) e

i) Determine E{X;} and cov{X;, X; .} for 7 =0,£1,£2,....

ii) Giving full justification, determine whether the process is second

order stationary.
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3.

a)
b)

What are the three properties of a linear time-invariant (LTI) filter?

i) Determine the spectral density function of the white noise process

{e}-

it) Find the frequency response functions associated with the following

LTI filters

Li{{e:}} = e —0.2¢q,
L{{X:}} = Xi—2X; 1+ X 0.

iii) By determining their gain functions, describe the nature of L;{-} and

Ly{-}.

iv) Determine the spectral density function for the ARMA(2,1) process,

Xt = 2Xt—1 — Xt—2 + €t — 0'2615—1'

Assume that X, X,,..., Xy is a sample from a zero mean AR(2) process,

with defining equation,

b)

d)

Xt = Q12X 1 + P22Xi 2+ 6.

Show that

N—|7|
- 1
o = N ; XtXt+|T‘ T:07:t17:t27"'7j:(N_1)7

is a biased estimator of s, = cov{X;, X;,,}.
By multiplying the defining equation by X; j and taking expectations
for k = 1,2, derive the Yule-Walker estimators of ¢; 2 and ¢g .

Show that the corresponding Yule-Walker estimator of o2 is given by

52 _ S0~ 25057 + 25752 — 5055
[ ~9 ~2 N

Describe the relationship between Yule-Walker estimators and least-

squares estimators of the AR parameters.



5. Consider the following periodogram estimator of the spectral density function

k=0,1,.... %

of {X;} at the Fourier frequencies fj = o

E
N

N 2

Z(Xt o C)e—i27rfkt

t=1

1

SO (f) = N

Y

where ¢ is some constant.

a) Show that

where X = (1/N) SN, X;.

b) Show that the periodogram does not depend on ¢ for all non-zero Fourier
frequencies.

What are the implications of this result?

You may use the fact that for any complex number z # 1, then,

N t __ z—zN -1
thl = 11—z °

c¢) What type of processes are likely to produce a periodogram which is a

biased estimator of the true spectrum due to sidelobe leakage?

d) Describe a method to reduce leakage bias in the periodogram, and explain

why it is effective.
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