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Abstract

In this paper we discuss a general multidimensional linear convex stochastic control problem
with nondifferentiable objective function, control constraints, and random coefficients. We formu-
late an equivalent dual problem, prove the dual stochastic maximum principle and the relation of
the optimal control, optimal state, and adjoint processes between primal and dual problems, and
illustrate the usefulness of the dual approach with some examples.
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1 Introduction

There has been extensive research in both stochastic control and convex optimization, see, for
example, books [9, 16, 24] for stochastic control and [2, 8, 19] for convex optimization for excellent
exposition in theory, computation, and application. Linear convex (LC) stochastic control has the
state process satisfying a controlled linear stochastic differential equation (SDE) and the objective
function being convex in state and control variables. Due to the nature of convexity, any optimal
solution is a global solution. LC stochastic control covers many applications, for example, aggregate
production and work-force planning [13], stochastic inventory control [3], consumption-investment
problem [5], reinforcement learning [10], etc.

If the objective function is a quadratic function and the control set is the whole space, then
the optimal control is an affine function of the state variable and its form can be determined by the
solution of some fully-coupled linear forward backward SDE (FBSDE) and stochastic Riccati equation
(SRE), see [21, 24]. There are many extensions with additional constraints and other conditions, for
example, [11] introduces the extended SRE and provides the explicit characterization of the optimal
control of a stochastic linear quadratic (LQ) control problem with random coefficients and cone control
constraints and scalar state variable. [12] derives the stochastic maximum principle (SMP) for LQ
problem with nonconvex control domain.

There are many references in the literature on solving LC problems. For example, [3] identifies some
specific LC problems whose solution can be obtained by solving appropriate equivalent deterministic
optimal control. [4] uses conjugate functions for LC problem. [5] derives the SMP for LC problem
with multidimensional state process and control constraints. [7] studies a discrete-time LC problem
with scalar control and describes explicit solutions for suitable Bellman equations.

The standard methods for stochastic control can be used to characterize the optimal control and
state processes for LC problems, in the form of the Hamilton-Jacobi-Bellman (HJB) equation for
models with deterministic coefficients or the FBSDE and the maximum condition, but it is in general
difficult to solve these equations in the presence of control constraints and non-quadratic objective
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functions. The HJB equation is a fully-nonlinear multidimensional partial differential equation (PDE)
and the FBSDE is a fully-coupled nonlinear FBSDE. Since LC problems are convex, one may use the
ideas and methodologies developed for convex optimization to solve them. One approach is to convert
the dynamic model into a static convex optimization in some abstract space, then derive the dual
problem and establish the relations of primal and dual optimal solutions, and finally convert the results
back to the dynamic model. The main advantage of solving a static convex optimization problem is
that all known results for conjugate duality in [19] can be applied, but it is highly difficult to solve
an infinite-dimensional constrained convex optimization problem, see [14] for details.

The model setting of this paper is largely the same as that of [5] without the condition that the
running objective function is continuously differentiable in control variables, whereas [5] includes an
additional state constraint. The SMP in [5] still holds and can be proved essentially in the same way.
[14, 20] are close to our paper in the sense of dual control formulation and relation of primal and
dual optimal solutions. [14] discusses the quadratic risk minimization of a controlled wealth process
(a scalar stochastic process in mathematical finance), formulates the dual problem, and proves the
existence of dual solution for a mean-variance problem. [20] studies a deterministic LC control problem
without control constraints in the framework of duality for calculus of variations problems and proves
some regularity properties of value function and optimal control.

The main contribution of this paper is to solve the LC stochastic control problem via the convex
duality theory and derive the relation of the primal and dual optimal solutions, which has not been
discussed in [5, 14, 20] nor anywhere else in the literature, to the best knowledge of the authors.
Instead of converting the LC problem into an abstract convex optimization as in [14], we use the
supermartingale approach as in [15] that gives the necessary and sufficient optimality conditions for
a scalar LQ problem with control constraints. One complication is that the dual running objective
function may be nondifferentiable and the resulting backward SDE (BSDE) for the dual adjoint
process is not well defined in the usual BSDE sense. We need to transform the dual problem with
some new dual control variable to resolve the issue.

The usefulness of the dual formulation is highlighted with some examples, including ones with non-
smooth running cost and bounded/unbounded control constraint set and random coefficients, where
the primal problem is difficult to solve using the standard well-known methods such as maximizing
the Hamiltonian function and solving the FBSDE or finding the value function via the HJB equation.
The presence of nondifferentiability or control constraint makes the standard methods difficult and
ineffective. In contrast the dual problem of these examples can be solved and the primal optimal
solution can be constructed via the primal-dual relation.

The paper is organized as follows: Section 2 states the model, the SMP (Theorem 1), and the
dual problem. Section 3 discusses the transformed dual problem, the dual SMP (Theorem 2), and
the primal-dual relation (Theorems 3 and 4). Section 4 solves some examples. Section 5 concludes.
Appendix gives the proof of Theorem 2.

2 Primal and Dual Problems

We assume a complete probability space (22, F,F, P), where F := {F };c[o,7 is the P-augmentation
of the natural filtration {FV }tefo,7) generated by d-dimensional independent standard Brownian mo-
tions {(Wi(t),..., Wa(t))}iejo,r)- Denote by R™ ™ the space of n x m matrices, R" the space of
n-dimensional vectors, M T the transpose of matrix M, tr(M) the trace of a square matrix M, |M| =

/tr(M T M) the Frobenius norm of matrix M, P(0,T;R") the set of R"-valued progressively measur-
able processes on [0, 7] xQ, H (0, T;R™) the set of processes x in P (0, T;R™) such that E[fOT |z(t)2dt] <
00, and S(0,T;R™) the set of processes = in P(0,T;R™) such that E[supg<,<r [#(t)[?] < oo.

Define the set of admissible controls by
A:={ueHO,T;R™) :u(t) € K for t € [0,7T], a.e.},

where K C R™ is a nonempty closed convex set.



Given any u € A, consider the state process X satisfying the following SDE:

dX(t) =[A)X () + B(t)u(t)]dt + Z;i:l [Ci(t) X (t) + D;(t)u(t)] dW;(t), (1)
X(0) =uz9eR",
where processes A,C; : Q x [0,T] — R™™ and B,D; : Q x [0,T] — R™™™ 4 = 1,...,d, are F-
progressively measurable and uniformly bounded. The pair (X, u) is admissible if X is a solution to
SDE (1) with control u € A.
Consider the functional J : 4 — R, defined by

—E[/ £t X (), u(t))dt + g(X(T))] | 2)

where f: Qx[0,T] xR" xR™ — R and g : Q x R"™ — R are measurable functions, f is F-progressively

measurable for fixed (z,u), convex in (z,u), C! in x, continuous in u, and g is Fr-measurable for

fixed z, convex and C! in x. f,g are sufficiently general to cover many common objective functions

such as quadratic functions, discounted cost functions with f(t,z,u) = e " f(x,u), etc. We denote by

fa(t, z,u) the partial derivative of f with respect to x and use similar notations for other derivatives.
The optimization problem is the following;:

Minimize J(u) subject to (X, u) admissible. (3)

An admissible pair (X, @) is optimal if J(@) < J(u) for all u € A. To shorten notations, we will omit
time variable ¢ in expressmns in the rest of the paper if no confusion may be caused, for example,
write A instead of A(t fo f(t, X, u)dt instead of fo f(t, X (t), u(t))dt.

The problem (3) is studled in [5] which proves the SMP and applies the results to the consumption-
investment problem and the square-integrable controls.

We need the following assumption:

Assumption 1. Let (X, 4) be an admissible pair satisfying E[fOT |fo(t, X, 0)|2dt] < oo and E|g.(X (T))|?] <
00. There exist Z € P(0,T;R) and an Fr-measurable random variable Z satisfying E[fOT |Z(t)|dt] <
00, E[|Z|] < 0o such that for any admissible pair (X,u) and € € (0,1],

70 > ft, X +eX, 0+ eu) — f(t,X,0)

= )
€

9(X(T) + eX(T)) — 9(X(T))

€

Z>
for (P ® Leb)-a.e. (w,t) € Qx[0,T].
A sufficient condition for Assumption 1 to hold is that f,g are C! in x,u and their derivatives
have linear growth, that is, |f; (¢, z,w)| + | fu(t,z,u)] < C(1 + |z| + |u|) and |gz(x)| < C(1 + |z|) for
all t,z,u and some constant C', which covers quadratic functions.
The Hamiltonian H : Q x [0,T] x R® x R™ x R” x R™ — R is defined by

d d
H(ta x)uvpl)ql) = xTATpl + UTBTPI + Zx—rci—rql,i + ZUT-Diqu,i - f(tuxa U), (4)
i=1 i=1
where p; € R™ and ¢1 := (¢1,1,--.,¢1,4) and ¢1; € R".
The next theorem states the SMP for problem (3), see [5, Theorem 1.5].

TheoremAl. Let 4 € A and Assumption 1 hold. Then G is optimal for problem (3) if and only if the
solution (X, p1,q1) of the FBSDE

dX  =[AX + Bajdt+ Y% [CiX + Dia]dW;,

X(0) =,

dpy = —[ATp + XL O G — fo(t, X, @)dt + L G dWi, (5)
P(T) = —g(X(T)),



satisfies the condition

H(tv X(t)’ a(t)aﬁl(t)v qu(t)) = IJleaf)((H(t, X(t)v uaﬁl(t)v qu(t))7 (6)

for (P ® Leb)-a.e. (w,t) € Q x[0,T]. Moreover, if f, exists, then (6) is equivalent to

d
[ —u]"[B"p1+ > Dl qri— fut. X, @) >0, YueK.
=1

The processes p1 € S(0,T;R") and ¢1; € H(0,T;R"), i = 1,...,d, satisfy a BSDE, called the
adjoint equation associated with the admissible pair (X, ). The proof of Theorem 1 is standard and
therefore omitted.

Remrk 1. In [5] f is assumed to be C in u as well as in x, which simplifies Assumption 1 with partial
derivatives instead of difference quotient, but they are all used in the proofs to ensure the monotone
convergence theorem can be applied, while the key ideas and proofs are largely the same, see [5] and
[15] for details. Since f is continuous, but not necessarily Ct in u, we need to use subdifferential in
convex analysis to characterize the optimal solution, instead of simple gradient if f is C' in u, see
examples in Section 4. In [5] there is a state constraint X (t) € V' as well as control constraint u(t) € U
for allt € [0, T). For X satisfying a linear SDE (1), one cannot in general ensure X (t) € V' for all t,
additional conditions are needed for admissible controls u, see (77), (79) etc. in [5]. In contrast,
we assume f,g are well-defined on the whole space and there is no constraint on state process X,
so we do not need additional conditions. One drawback of our model is that we cannot deal with the
investment-consumption model discussed in [5] as utility functions are only defined on the positive real
line, not the whole space, and do not satisfy our assumptions. However, the key objective of our paper
is different from that of [5]: we aim to solve the primal problem indirectly with the dual approach when
it is too difficult or complicated to solve it directly with the primal SMP, see examples in Section 4
where the dual method is used to find the optimal solution, which would otherwise be highly difficult
or impossible if one works directly with the primal problem.

We now formulate the dual problem. Since X is driven by Brownian motions W;, i = 1,...,d, as
well as control process u, the dual process Y should satisfy the following SDE:

d
dY = adt + ) BidW;
=1

with the initial condition Y (0) = y, where &, 8; € H(0,T;R™) and y € R™ are to be determined. Since
X satisfies SDE (1), using Ito’s lemma, we have

d d d
dX'Y)=[X"(ATY +a+> C/B)+u' (B'Y+> D/ B)dt+> [XT8+Y " (CiX + Diu)ldW;.
=1 =1 =1

Let a=ATY +a+ Z?Zl C’Z-Tﬁi. Then the dual process Y satisfies the following SDE:
d d
dY =[a—ATY =" Clgildt+ Y piudw; (7)
i=1 i=1

with Y(0) = y, where «,5; € H(0,T;R™) and y € R™ are to be determined. There is a unique
solution Y to SDE (7) for given (y, v, 81,...,84). We call (o, By, ..., 8q) the admissible dual control
and (Y,a, B1,...,Bq) the admissible dual pair. Since

d
AXTY)=[XTa+uBldt+> [X 8+ Y (CiX + Dyu)|dW;
=1



where
d
B=B'Y +> D8, (8)
=1

the process X ()Y (t) — fg [XToz+uT,8] ds is a local martingale, and a supermartingale if it is
bounded below by an integrable process, which gives

T . T T T T
E[X(T) Y (T) /0 (X at+u ,B)ds} <xyy. 9)

The problem (3) can be written equivalently as

sng {— /OT ft, XaU)dt—g(X(T))} :

where f(t,z,u) = f(t,2,u) + Vg (u) and U (u) =0 if u € K and +oo otherwise.
Define dual functions ¢ :  x [0,7] x R” x R™ — R by

ot 8) = sup {@ o +u' B = fit,a,u)} (10)
and h: Q2 xR" - R by
hy) := sup {~aTy-g@}. (11)

We have ¢ and h are proper closed convex functions [2, Proposition 1.1.6, Proposition 1.6.1].
Combining (9), (10), and (11) yields the following inequality

o y7a7517"'7ﬁd

s%pE[/on(t,X,u)dtg(X(T))] < inf {x§y+E[/OTqb(t,a,ﬁ)dHh(Y(T))”. (12)

The dual control problem is defined by

inf {xOTy+E [/OT qS(t,a,B)dtJrh(Y(T))] } (13)

yvavﬁlv--'vﬁd

where Y satisfies SDE (7) and § is given by (8). We can solve (13) in two steps: first, for fixed v,
solve a stochastic control problem:

Vv = inf F
(y) a,B1,...,84

)

T d
/ ¢(t, o, BY + > D/ Bi)dt + h(Y (T))
0 i=1

and, second, solve a finite dimensional optimization problem:
inf {mgy + V(y)} . (14)
y

Remrk 2. If inequality (12) holds as an equality, then there is no duality gap and solving the dual
problem is equivalent to solving the primal problem. The dual problem can be more difficult as well as
easier than the primal one. No matter the dual problem can be solved or not, it would always provide
useful information on the bounds of the value function. From (12), we have a lower bound

inf £ UOT f(t, X, u)dt + g(X(T))} > — (xgy +F UOT b(t,a, B)dt + h(Y(T))D

as well as an obvious upper bound

inf [/OT F(t, X, u)dt + g(X(T))] <E [/OT F(t, X, u)dt + g(X(T))]

for all admissible controls u and y, «, B1, ... Bq. If one can make the gap between the lower and upper
bounds sufficiently small, then one has found a good approximation to the value function and the
optimal control. Note that it would be impossible to get the lower bound without the dual formulation,
see [15, 25] for detailed discussions and applications in mathematical finance.



The Hamiltonian H : Q x [0,7] x R" x R” x R™ x R" x R"™ — R for the dual problem is defined
by

d
H(t7y>a7ﬁ1>"'75dap27QQ) _p2 a_AT ZC ﬁl +Zq22/81_ t avBTy—i_ZD;rﬁz)v (15)

=1

where ps € R™ and ¢2 := (¢2,1,---,¢2,4) and g2; € R™.
To state the SMP for the dual problem, we need a similar assumption to that of the primal
problem.

Assumption 2. Let (f’,d,Bl,...,Bd) be a given admissible dual pair. There exist Z € P(0,T;R)
and an Fr-measurable random variable Z satisfying E[fOT |Z(t)|dt] < oo, E[|Z|] < oo such that for
any admissible dual pair (Y, o, B, ..., Ba),

d(t, & + e, B+ €8) — d(t, &, B)
h(Y (T) + eY/(T)) — h(Y(T))

€

Z(t) >

Z

v

for (P®Leb)-a.e. (w,t) € Qx[0,T] and € € (0,1]. Furthermore, h is C* and satisfies E[|h, (Y (T))|?] <
00.

A sufficient condition for Assumption 2 to hold is that ¢, h are C! and |¢a(t, v, B)| +|ds(t, o, B)| <
C(1+ |a| +18]) and |hy(y)| < C(1+ |y|) for all ¢, e, 5,y and some constant C'.

Remrk 3. Assumptions 1 and 2 are equivalent and can be derived from each other if we impose some
additional conditions. For example, if f, g are C? with bounded second derivatives and K is the whole
space and

fua) fuu

for allt, z,u and some positive constant c, where I, I, are identity matrices, then both Assumptions
1 and 2 are satisfied. It is easy to see Assumption 1 holds as bounded second derivatives imply first
order derivatives have linear growth. To see Assumption 2 holds, note that by definition, h(y) =
—z "y — g(Z), where T is the mazimum point of —x'y — g(x) over all x and satisfies the equation

) (tv z, U) > CIn+m7 gzx(l') > cly,

—y — g2(Z) = 0, which gives hy(y) = —Z. Furthermore, we have —I,, — gm(f)% =0, combining with
9uz() > I, for all x, we have gx = —09.(Z)7!, a strictly negative definite matriz with bounded norm,

which implies hy has linear growth The linear growth property of ¢, g can be proved similarly. For
general functions f,g and set K, it is less clear if Assumptions 1 and 2 are equivalent, but they are
clearly related as ¢, f and h, g are conjugate functions to each other.

If ¢ is C! in 3, and under Assumption 2, then the adjoint equation associated with the dual
problem is given by

dp? = _E[y(tu K «, /Bla o aﬁdapZa Q2)dt + Z?:l QZ,idWiv
= [Apy + Bos(t,a, BTY + 0 DI B))dt + L | go.dWi, (16)
p2(T) = —hy(Y(T)).

We can characterize the dual optimal control (&, 1, ..., 34) with SDE (7) and BSDE (16) and the
maximum condition

H(t,Y(t),a(t), B1(t), ..., Ba(t), p2(t), G2(t)) = o Jax, H(t,Y(t),, b1, -, Ba, D2(t), G2(1))

and g is determined from (14).



Remrk 4. If f,g in (2) are strictly conver quadratic functions and K is the whole space, then ¢, h
are also strictly convexr quadratic functions. The optimal primal and dual controls can be expressed as
affine functions of their corresponding state and adjoint processes, and the primal and dual FBSDEFEs
can be simplified to fully coupled linear FBSDEs with random coefficients and the relation of their
solutions can be explicitly specified, see [23] for details on solvability of linear FBSDEFEs. If all coeffi-
cients of the model are deterministic, then these linear FBSDFEs can be further reduced to equivalent
Riccati ordinary differential equations and their solutions can be recovered from each other.

3 Transformed Dual Problem and Primal-Dual Relation

The BSDE (16) for the dual problem requires ¢ to be differentiable in S. If that condition is
not satisfied, then (16) is not well defined in the usual sense of BSDEs. One may try to extend
the definition of BSDE and replace the derivative with a set-valued mapping as commonly used in
deterministic nonsmooth control and optimization, see [6, 22], and also [1] for some recent work on
set-valued BSDE, but this is far beyond the scope of this paper. We instead to focus on solving the
dual problem with a transformation method for nonsmooth function ¢.

The key reason we need ¢ to be differentiable in 3 is that 8 defined in (8) depends on Y and the
adjoint equation (16) involves the differentiation of the dual Hamiltonian H in (15) with respect to
state variable y. If we can change [ to a control variable, independent of Y, then the differentiability
issue of ¢ would disappear. This simple idea leads us to reformulate the dual problem to an equivalent
one with different dual controls.

We replace one of dual controls ; by 5 and need a condition on D;(t) € R™*™ to do that. Without
loss of generality, we choose i = d and assume the following condition:

Assumption 3. n < m, rank(Dgy(t)) = n, and D;(t) := D (t)(Dq(t)D] (t))~1 is uniformly bounded
for0<t<T.

DJ; € R™*"™ is the Moore-Penrose inverse of Dy and satisfies DdDIl = I,,. From (8), we then obtain
d—1
Ba= (DY) (B BTY =3 D] B). (17)
i=1
Using (7) and (17), the dual process Y satisfies the following SDE:
dY =[o— ATY = 335 G5 — CJ (DY) (8 - BTY = S355) D] )]t

+ 2 BidWs + (D)T(B - BTY — Y4 DT 8i)dwy, (18)
Y(0) =y.

Due to Assumption 3 and the uniform boundedness of the primal state coefficients, there exists a
unique solution Y € S§(0,T;R™), see [24, Theorem 1.6.16]. The dual problem (13) is equivalent to

Minimize ¥(y, o, B, . . ., Ba-1,0) == 2y + E {fOT o(t, o, B)dt + h(Y(T))|. (19)
The adjoint equation associated with (y, «, f1,...,B4—1,0) and Y in (18) is given by

dpr = [(A— BD{Ca)ps + BDjgz.dldt + YL g2 Wi,
p2(T) = —hy(Y(T)).
Due to Assumption 2 and the uniform boundedness of the primal state coefficients, there exists a

unique solution ps € S(0,T;R"), g2, € H(0,T;R"), i =1,...,d, see [24, Theorem 7.2.2].
The next theorem states the SMP for the transformed dual problem (19).



Theorem 2. Let (g, &, B, ..., Bat, B) be admissible dual controls. Then (9, &, B, ..., Bat, B) 18
optimal for the dual problem (19) if and only if the solution (Y, ps,d2) of the FBSDE

v =[a—ATY - 0T B — o (D)T(B - BTY — ! DT Byt
+ 30 BidWi + (DY) T (B — BTY — Y0 DI B;)dw,
Y(0) =43, (20)
dps = [(A— BD!Cy)pa+ BDldpaldt + 3L GoidWi,
(D2(T) = —hy(Y(T))

satisfies the conditions

P2(0) = wo,

(P2, Dldo.a — DICaps) € 06(t, &, B),

D}ga.a — D}Caps € K,

DiDledﬁQ —Cip2 + G2,i — Dz‘Djﬁz,d =0, Vi=1,...,d—1,

(21)

for (P ® Leb)-a.e. (w,t) € Qx[0,T), where d¢(t, &, B) is the subdifferential of d(t,-,-) at (&(t), B(t)).
Proof. See Appendix. O
We next state the results on primal-dual relation. We first make the following assumption:

Assumption 4. The function gz(w,-) : R™ — R" is a bijection for any w such that z = —g,(x) if
and only if x = —hy(2); that is, the inverse function of —gy is —hy.

We can recover the primal optimal solution from that of the dual problem.

Theorem 3. Suppose (g),d,/g’l, e 75d—1,3) is optimal for the dual problem (19). Let (Y,ﬁg,@g) be
the associated state and adjoint processes in Theorem 2. Define

a(t) == DY(t)ga.a(t) — DY) Ca(t)pa(t), ¢ [0,T]. (22)

Then 4 is the optimal control for the primal problem (3). For t € [0,T], the optimal state and
associated adjoint processes satisfy

X(t) = palt),
B0 =T (),

Gui(t) = i), Vi=1,...,d—1, (23)

dra(t) = (DY T((B() - BTV (8) = XL D] (1)5i(t)).

Proof. Suppose that (7, &, Bl, e Bd_l, B) is optimal for the dual problem. By Theorem 2, the process
(Y, p2, G2) solves FBSDE (20) and satisfies conditions (21).

Define 4(t) and (X (¢),p1(¢), ¢1(t)) asin (22) and (23), respectively. From Theorem 2 and conditions
(21),

i(t) = DY(t)da(t) — DY(H)Ca(t)pa(t) € K, P-as.
and
(X(t),a(t)) = (p2(t), Di(t)d2,a(t) — D) Ca(t)pa(t)) € De(t, a(t), B(t)),

which is equivalent to



Since f(t,z,u) = f(t,z,u) + Wi (u) and f is C' in z, we have
6= falt,X,0), B €0uf(t,X,0)+ Ni() (24)
for (P ® Leb)-a.e. (w,t) € Qx [0,T], where 8, f(t, X, ) is the subdifferential of f with respect to u at

(t, X (t),0(t)) and N (a(t)) = {p € R™ : p' (u — a(t)) < 0,Vu € K} is the normal cone of K at a(t).
Using the last condition in (21) and (22) yields

G2, = DiDlds g — DiDiCypz + Cifpz = Dyt + Cyps. (25)
Combining (22), (23), (24), and (25) yields
dX = dps
d
= (A~ BD!Ca)p2 + BDldo,dldt + 3 d2,:dW;

i=1

d
= [AX + Billdt + Y [C;X + Dyit]dW;

=1
and
dpy = dY
A d—1 . . . d—1 .
=la-ATY =Y B —-Ci(D)T(B-BTY = D p)dt
=1 =1
d—1 A A d—1 A
+ > BidWi + (D) T(B = BTY = > D/ B;)dwy
=1 =1

d d
= [fot, X,0) = ATpr = > Clanaldt + > GradWi,
1=1 i=1

We check if the initial condition X (0) = 2o and terminal condition p;(T) = —g,(X (T)) are satisfied.
From the first condition in (21), p2(0) = x¢. Since the inverse function of —g, is —h, via Assumption
4, then

which implies that Y (T) = —g,(X(T)). Hence, (X, p1,d1) solves the primal FBSDE (5).
Combining (23) and (24) yields

d d—1
B'pr+> Digi=B"Y+> D/ Bi+Djga=pcduf(t, X, ),
=1 i=1
for (P ® Leb)-a.e. (w,t) € Q x [0,T], that is,
d
0€—(B P+ Dl Gii)+0uf(t, X, i)+ Nk (@),
=1

which shows @ is the minimum point of —H (t,X' ,u,p1,G41) over u € K. Hence, condition (6) is
satisfied. Using Theorem 1, @ is optimal for the primal problem. O

We can also recover the dual optimal solution from that of the primal problem.



Theorem 4. Suppose that 4 € A is optimal for the primal problem (3). Let (X,p1,G1) be the

associated state and adjoint processes in Theorem 1. Define

(0 :ﬁl(o)v .

Ci“(t) = ff(th@)v?L(t))? (26)
BAZ(t) :qu(t), szl,...,d—l,

B(t) = BT (0)p1(t) + XLy D (£)dni(t).-

, Ba_1, [3) is the optimal control of the dual problem (19). Fort € [0,T], the optimal

Then (9, &, B1, . . .
dual state process and associated adjoint processes satisfy

V() = i),
27)

(at) + Ci)X (), Vi=1,...,d—1,
+

Proof. Suppose that 4 € A is optimal for the primal problem. By Theorem 1, the process (X, p1, 1)

solves the primal FBSDE (5) and satisfies condition (6).
,Ba—1, ) and (Y, o, G2) as in (26) and (27), respectively. Then,

Define (g, &, B, ...
dY = dpy
d d
—[ATpr+ > ClGri — folt, X, )|dt+ Y GridW;
= =1
d—1 A . .
=—[ATY +Y ¢ B+ (D) (B-BTY =Y D] B) - aldt
i=1 i=1
d—1 . ) d—1 .
+3 " BidW; + (D) (B—BTY =" D/ Bi)dwy
i=1 =1
and
dps = dX
d
= [AX + Bidt + Y [CiX + D;a|dW;
i=1
d
— [Aps — BD}\Cups + BD}odldt + 3 do,idW;.
i=1

We check if the initial condition Y (0) = ¢ and terminal condltlon p2(T) = —h ,(Y(T)) are satisfied.
From the first definition in (26), § = p1(0). Since —g.(X(T)) = p1(T) = Y(T), then from Assumption
4, X(T) = —hy(Y(T)). Hence, (Y, p2,G2) solves the dual FBSDE (20).

From (27),
P2(0) = X(0) = z0

and
D}(0)d2a(t) = Dy(t)Ca(®)pa(t) = (1) € K,
). Using condition (6), the concavity of H defined in (4) and

which are the first two conditions of (21
(26), we have,

d ~
BTﬁl + Z Dqul,z) + 8uf(t7X7ﬂ)7

0€ du(—H(t, X, u,p1,41)) = —(
=1
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which implies that 3 € 8, f(X(t),a(t)). Consequently, from the second definition in (26),
(a(1), B(¢)) € OF (¢, X (¢), a(t)),
which, due to f being a proper closed convex function, is equivalent to
(P2(t). DY(D)d2.a(t) — DYBICa(D)pa(t)) € Do (t,a(8), (1)),

the third condition of (21). The fourth condition of (21) is immediate from the definition of §2 ;(t)
and ¢z (t) in (27). O

4 Examples

In this section, we construct some multidimensional examples to show that solving the primal
problem via its dual formulation is easier than solving it directly. Each example has at least one of
the following features: control constraint, nonsmooth running cost, and random coefficients.

Assume 2 < n < m, d = 1, rank(D(t)) = n, the Moore-Penrose inverse of D(t) is given by
Di(t) = D(t)"(D(t)D(t)")~', B, D, D' are uniformly bounded processes, and X satisfies the SDE

{d X  =[AX + Bu]dt+ [CX + Du]dW, t € [0,T] (28)

X(0) ==z €RY,
where A = —1BDV(DY)'BT, C = —(D")"B", u(t) € K, a closed convex set in R™. Consider the
following problem

r 1
Minimize J(u) := E [/0 flu(t))dt + §X(T)TX(T) . (29)

We suppress the time variable ¢ from now on for simplicity of notation. This is a special case of model
(1) with Cqy = C, Dy = D, Djl =D Wy =W, g(z) = %JJT.%‘, and f is a convex function.
We assume the following condition for the coefficients of SDE (28):

Assumption 5. The matriz B satisfies B — BD'D # 0.

Remrk 5. Assumption 5 implies that B # D as otherwise B — BDYD = 0 from the property of the
Moore-Penrose inverse. Since D has full row rank n, then DD = I,,. We also know that DD # I,,,,
which can be easily proved as follows: Since n < m, the columns of D are linearly dependent and there
exists a nonzero vector z € R™ such that Dz = 0. Now assume D'D = I,,,, then z = DDz =0, a
contradiction, therefore, DID # I,,,.

We may attempt several methods to solve (29). The first one is to solve (29) directly via the cost
functional. Using Ité’s formula to X T X yields

d[X"X]=[2X"(B - BD'D)u + u" D" Du]dt + martingale.

Hence,

1 r 1
J(u) = Szg w0+ B [/0 [f(u) + X7 (B~ BD'D)u+ Su' D" Duldt| .

The second one is to use the SMP and maximize the Hamiltonian over v € K. Write ¢1 := ¢ 4.
The Hamiltonian H : Q x [0,7] x R™ x R™ x R™ x R™ — R for the primal problem is given by

H(w,t,z,u,p1,q1) = [Az + Bu] "'p1 + [Cz + Du] "¢ — f(u), (30)
where (p1,q1) satisfies the adjoint equation, given by

dp1 = —[ATp1 + CTq1]dt + q1dW,
p(T) = -X(T).

11



The control 4 € K is optimal if and only if

H(taX7ﬂ7pl7q1) :ELIlEa[P((H(taXaU,PL(h)- (32)

The third one is to apply the dynamic programming principle when all coefficients are determin-
istic. Define the value function v as

t,z) = inf F ' ds + X (T)T X ()| X () = t 0,7) x R"
”(’x)_ueljl[m [/t f(U(S))8+§ (T) ()‘ ()—x], (t,x) €[0,T) x R,

where A[t,T] :={u € H(t,T;R™) : u(s) € K for s € [t,T], a.e.}. The HJB equation is given by

{Ut(t, z) + infuek {vz(t, ) " (Az + Bu) + 3(Cz + Du) "vgy(t,2)(Cx + Du) + f(u)} = 0, (33)

(T, x) = g(z).

The fourth one is to solve the reformulated dual problem (19). The dual functions ¢(¢, a, §) and
h(y), defined in (10) and (11), are given by

ot 0) = sup {aTa+u’B- f(w)},

zueK
and

1 1
h(y) = sup —a:Ty - fyTy.
T 2 2

Since there are no constraints on the state process and the running cost is free of the state variable,
then the function ¢(¢, a, 5) = +o0o if a # 0. To make the dual objective function finite, we must have
a = 0. We then write

6(8) = 6(t,0,8) = sup {u 8 ~ fu)}
The dual state process Y satisfies the SDE (see (18))

{dY = [-ATY —CT(DN)T (8~ BTY)] di+ (D)7 [3 — BTY]dW, (34

Y(0) =y,
and the dual problem is defined by (see (19))
Minimize ¥(y, 8) = zJy + E [ /0 ! P(B(t))dt + %Y(T)TY(T) .
Using It6’s formula to Y'Y yields
d[y'Y] =" DT(D") T Bdt + martingale.

The dual objective function ¥ can then be written as

i _ o To LT ' Lo ntephT
Vy.B)=zy+5y y+E ; (@(8) + 56 DI(DY) B)dt] . (35)

We next discuss different forms of f and K and show the usefulness of the dual formulation in
finding the optimal solutions. Denote by u = (u1,...,uy,)’ € R™ and y* = max(0,).

12



4.1 Zero running cost and control constraint

Assume f(u) = 0 and K = [—1,1]™. There is no running cost but there is a bounded control
constraint set.

We first use the cost functional method. Combining n < m, DYD # I,,,, and Assumption 5 implies
that we cannot immediately infer that the minimum of the cost functional J in (29) can be attained
at u = 0 due to the presence of the cross term.

We next use the primal SMP method. Since f = 0, the Hamiltonian H is a linear function of
u. From K = [~1,1]™ and (32), the optimal control & = sgn(B'p; + DTq;), a bang-bang control.
Substituting @ into SDE (28) and BSDE (31), we then need to solve a fully coupled nonlinear FBSDE.
Moreover, if B'p; + D"q1 = 0, then the Hamiltonian H is free of u and does not provide any
information for the form of 4.

We then use the HJB method. However, solving the PDE (33) with an ansatz solution is difficult
since it is multidimensional and there is a control constraint. The ansatz method may work if the
control does not have any constraint. In the presence of the running cost function f that is not
quadratic, the ansatz method is still difficult even if there is no control constraint.

We now try the dual method. The dual function ¢ has the following form

m

o8)= suwp {uTpr=3" swp {wfi}=>_|Al

ue[—1,1]™ i—1 wi€[-1,1]

Note that h, ¢ satisfy Assumption 2. The minimum of the dual objective function T in (35) is clearly

attained uniquely at y = —xg and § = 0. Hence, (y,5) = (—z0,0) is the dual optimal control. By
Theorem 2, the solution (Y, p2, §2) to the following dual FBSDE

dv = —1BDI(DNTBTYVdt — (DY) BTYdw,

~
—~
()
SN—

Il
S‘Q>

36
dpo = [3BDY (DY) " BT py + BD1go]dt + GodW, (36)

satisfies the conditions

p2(0) = zo,
{DT@ + DYDY TBTpy € 06(0) = [-1,1]™. (37)

The solution to the SDE in (36) is given by (see [24, Theorem 1.6.14])
Y (t) = 1 (t)§ = —P1 (t)x0,
where ®1(t) € R™*" is the unique solution of the following matrix-valued SDE

d®, = —3BDY(DYTBT®1dt — (D') " BT ®1dW,
$1(0) = I,,.

Define ®5(t) € R™*" that satisfies

d®y = [LBDT(DN)T BT @y + (BD1)2®,]dt + BD1®odW,
Dy(0) = I,,.

Since the primal state coefficients are uniformly bounded, then &1, ®9 € S(0,7;R™*™). The solution
to the BSDE in (36) is given by (see [24, Theorem 7.2.2])

Pa(t) = —Do(t) E[®] (T)Y (T)|F] = ®o(t) E[D] (T)®1(T)| Fao.
Using It6’s formula to ®{ ®; yields

d[®] &) = —[®] (DT BT ®, + & BD'®]dW.

13



Since ®; € S(0,T;R") and B and D' are uniformly bounded, then
E [ / }qﬁ (DN BT @, + <I>TBDT<I>1‘ ds) é} .
By the BDG inequality,

t
/ [@®] (DNYTBT®, + & BD'®|dW (s), 0<t<T
0

is a uniformly integrable martingale, so ®{ ®; is a martingale. Using It6’s formula to ®] ®, yields
d[®] @] = 0, therefore, ®] (t)Po(t) = ®{ (0)P2(0) = I, and Po(t) = [®] ()]~ for all £ € [0,T], P-a.s.
We then obtain

ﬁg(t) = (I)Q(t)(I’I(ﬂ‘I)l(t)iCo = (I)l(t).%'(],
which implies that po satisfies the following SDE
dpo = —3BDT(DT)" BT podt — (D7) " BT podW,
]52 (0) = X0-

Note that the initial condition po(0) = z¢ is exactly the first condition in (37). Comparing the
dynamics above with that of the BSDE in (36), we have go = —(D')" BT o. Hence,

DG+ DI (DHTBTpy =0€e [-1,1™

which satisfies the second condition in (37). By Theorem 3, the optimal control for the primal problem
is given by

= D'+ DY (DN)TB py =0
and the corresponding state process X = po, that is, X(t) = ®y(t)xo for t € [0,T].

Remrk 6. Suppose n < m and B = D. This does not satisfy Assumption 5. We can immediately
infer that the minimum of the cost functional (29) can be attained at 4 = 0. The corresponding primal
state process satisfies

{dX — —1Xdt — Xaw,
X(0) = o

One can easily check with Ité’s formula that the solution is X (t) = exp(—t — W (t))zo. Solving the
primal problem via the dual problem also yields the same solution.

Remrk 7. Supposen =m and B # kD, k € R. Since D is a square matriz with full row rank, we have
D is nonsingular and DT = D™'. This does not satisfy Assumption 5 since B(I,, — DTD) = 0. We
can also immediately infer that the optimal control of the primal problem is 4 = 0. The corresponding
primal state process is then

dX = -iBDY (DY) BT Xdt — (D")T BT XdW,
X(0) = x,

or equivalently, X(t) = ®y(t)xzo, which is the same solution obtained via the dual problem.
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4.2 Nonsmooth running cost and no control constraint

Assume f(u) = Y10 [(ui—1)T+(—u;—1)"] and K = R™. The running cost is a convex nonsmooth
function and there are no control constraints.

Similar to the example in Section 4.1, the first method does not work since we cannot immediately
infer that the minimum of the cost functional J can be attained at u = 0.

From (32), the optimal control 4 € R™ satisfies

max H(t, X, u,p1,q1) = [—%BDT (DNTBTX + Ba)'p1 + [-(D") ' BT X + D] g1 — f(a).
Since H is not differentiable in u everywhere, the usual gradient method to find the maximum point
does not work here. For each i = 1,...,m, three cases should be dealt with: u; < —1, uw; € [—1,1],
and u; > 1. This implies that the maximization of the Hamiltonian via a combinatorial approach
deals with 3™ cases in total.

Although there are no constraints imposed on the control variable, solving the PDE (33) using an
ansatz would still be difficult since it is multidimensional and the last term inside the infimum is not
differentiable with respect to u.

We now solve the primal problem via its dual problem. Function ¢ has the following form:

Us

6(8) = sup{u’ B — f(w)} = 3 _sup {usfhi = (s = 1)* = (—ui = 1)}
1=1

Write 6; = {u;8; — (u; — 1)* — (—u; — 1)™}. We deal with three cases.
Case I: Suppose —1 < u; < 1. Then,

sup 0; = sup {u;Bi} =8|
C1<u;<1 C1<u;<1

Case II: Suppose u; > 1. Then,

0, ifB <1,
sup 0; = sup {u;(5; — 1) + 1} = Bi -
u;>1 ui>1 oo, otherwise.
Case I1I: Suppose u; < —1. Then,
0, ifpB > -1,
sup 0; = sup {u;(B; +1)+1} = { v .
u;<—1 u;<—1 oo, otherwise.

Taking the maximum over all cases yields

i, i 1< <1,
sup 0; = {‘B | ) p = |Bi| + L ARy (Bi)-
uj oo, otherwise.
Therefore,
¢(B) =>_ [1Bil + ¥_1,(8)] -
i=1

The function ¢ satisfies Assumption 2. The dual function ¥ can then be written as

T m
B, 0) = agy+ 50T+ 58| [ 18TDIDNT 42318+ (5N

i=1

Similar to the example in Section 4.1, (7, B) = (=0, 0) is the dual optimal control, the primal optimal
control is & = 0 with the corresponding state process X (t) = ®1(t)xo.
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4.3 Random coefficients

Assume the same state process (28), but with the following specifications:

B(t) = sin W (1) E X ﬂ and D(t):;[fl = ﬂ

This implies that B is random, D is deterministic, and
10
1 _
D=0 1| and B(I, — D'D)= -sinW(t) S
11 3 11 -1

Although sin W (t) = 0 for all W (t) = kn, k € R, the set on which B(I,, — DTD) = 0 has measure
zero. Hence, Assumption 5 is satisfied. We can then rewrite the SDE (28) as

dX(t) = [-4Tsin® W ()X (t) + B(t)u(t)]dt + [-2Tsin W (#) X (t) + D(t)u(t)] dW (2),
X(0) =uxz0€R?
where J is the 2 x 2 matrix of ones. Assume f(u) = 0 and K = [~1,1]?. The corresponding solution

(Y, pa, G2) to the dual optimal control (g, B) = (—0,0) satisfies the FBSDE (36). The solution to the
SDE in (36) is given by Y (t) = ®3(¢)y, where ®3 is the 2 x 2 fundamental matrix satisfying

{d@g(t) = —4Jsin? W (t)®s(t)dt — 2] sin W (£)®s(£)dW (t) (39)

$5(0) = L.

Due to the randomness in both coefficients, we cannot use the result in [17, page 101] where we
immediately obtain an explicit solution to the above SDE. However, the condition of having constant
and commuting coefficients is not a necessary condition. Write

. oo1
Oy(t) = exp(—2JZ(t)) = > -(=2J) kZ(t)
k=0

where

dZ(t) = 4sin® W (t)dt + sin W (t)dW (t),
Z(0) = 0.

We can further simplify the infinite series by diagonalisation of matrix J. The eigenvalues of J are 0 and
2 with respective eigenvectors v; = (1,—1)" and vy = (1,1)T. We can decompose J as J = PDP~!,
where

Hence,

RSS! Vi p Dk Pt 0 0 o1 L g
e ZE PD P P |:0 6_4Z(t):| P = 56 J
=0

We want to show that ®3 is the solution of (39). Using Itd’s formula to @3 yields

dds(t) = LI[e=120 (_1dz (1)) + ée“lz(t)(lﬁsinz W (t))dt]

Ko N | —

3(t) [—4sin® W (t)dt — 2sin W (£)dW (t)] ,

which proves that @3 is indeed the solution of (39). We obtain & = 0 and X (t) = ®3(t)zq
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4.4 Nonsmooth running cost and control constraint

In all previous examples, we have the optimal control 4 = 0. We now construct an example with
nonzero optimal control @. Assume that the state process X satisfies (28) with A = —2BDY(D")" BT,
C=—(D""B" and K = [~1,1]™. Choose a vector x € R™ satisfying |(DT)"x| > H(DT)TH]eI where
e € R™ is a vector with all components equal to 1 and ||(DT)T|| is the matrix norm of (DT)T. (The
existence of such a x is guaranteed, for example, we may choose k = Ae with A a sufficiently large
number.) The objective function is given by

[ / Flu(e)dt + X (T)TX(T) + Xo(T)TX(T)| (40)

where f(u) =>"", |u;| and Xy is the solution of the linear SDE
dXo = [AXo + C (DN k)dt + [C Xy — (D) T k]dW

with the initial condition X((0) = 0. The solution Xy is given by

Xo(t) = B1 (1) /Ot 1(s)"(CT + C) (DN w)ds — 1 (¢) /Ot 1 (s)" (D) T kdW(s), 0<t<T,

and @1 () is the n x n matrix solution of SDE (38) at time ¢, see [24, Theorem 1.6.14]. Since Xo(7) is
a random variable, the terminal cost function g(z) = 32"z + Xo(T) 2 is not a deterministic function
and the HJB approach is not applicable unless one considers a new state variable Y := (X, Xj), the
resulting HJB equation might not be solvable due to the dimension, even though Xg is not controlled.
We may use the SMP to solve the problem. The adjoint equation is given by

AT T
{dpl =—[A'p1 +C' qldt + q:dW, (41)

pi(T) = =(X(T) + Xo(T))-

The optimal control 4(t) is the maximum point of H (¢, X (t),u,p(t),q(t)) over u € K, where H is
the Hamiltonian function, defined by (30). We need to solve a constrained optimization problem
to find 4(t) that depends on X(t),p(t),q(t) but has no closed-form expression in the presence of
nondifferentiable function f and constraint set K. SDE (28), BSDE (41), and the maximum condition
(32) form a fully coupled nonlinear FBSDE, highly difficult to solve and inconceivable to ansatz the
optimal control .

We now try to solve the problem with the dual method. Simple calculus shows that the dual
functions of f and g are given by

and
h(y) = 50+ Xo(T)) T (y + Xo(T)).

The dual state process Y satisfies SDE (34) and the dual problem is given by

Minimize (y, 8) = 2y + E [/ S(B()dt + h(Y (T)
Define Y (t) = Y (t) + Xo(t) for t € [0,7]. Then Y satisfies SDE
dy = [—%BDT(DT)TBTY + BDI (DN (B = k)]dt + [—(DT)"BTY + (DT (8 — k)]dW.
Using It6’s formula to Y 'Y yields
dY'Y] = (8 — k)" DI(D") (B — k)dt + martingale.
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Noting that h(Y(T)) = Y (T)"Y(T), we can write the dual objective function equivalently as

7 T LT r 1 Tt P T
W) =+ 5070+ | [ (608)+ 55— 0 DO (5 - )]

The dual optimal solution is given by § = —z¢ and B(t) that is the minimum point of the convex
function ¢(8) + 3(8 — k) ' DT(DT)T(8 — k) over 8 € R™ for ¢t € [0,T]. A necessary and sufficient
optimality condition for 3 (t) is R )
0 € 96(8) + DI(DY) T (5 — k),
where 8¢(B) is the subdifferential of ¢ at 3, given by
00(8) = [T ol(B: = )* + (=B = 1)

=1

and

{-1}, Bi<-1
[_170]7 /B’L =-1
OB =) + (=B = )T = ¢ {0}, Bie(-1,1)
[O’ 1]7 B@ =1
{1}, Bi>1.

We now show DY (DT (B — k) # 0. Assume the contrary, that is, DT(DNT(3 — k) = 0, then
0 € 8¢(B), which implies |BZ\ < 1fori = 1,...,m. On the other hand, from DD = I,, we
have (DT (8 — k) = 0, that is, (D)7 = (D')Tk, which implies |(D)T3| = |(D')T«|, however,
(DY < IDYHTNIBI < [I(DY)T|le] and [(DT)Tk| > [|(DT)7|le| by the choice of x. This is a

contradiction, therefore, we must have DT(DT)T (5 — k) # 0.
From Theorem 2, the solution (Y, po, ¢2) of the FBSDE

v =[-3BDNDNTBTY + BDY(DN)Tfldt + [~ (DT BTY + (DN T Blaw,

o) =s (42)
dpr = [3BDY(D")" BT py + BDGo]dt + GodW,

p2(T) = —(Y(T) + Xo(T))

satisfies the conditions

]32(0) = X0,
Digo 4+ DI(DY)T BT py € 06(p),
Dtg, + DTI(DNYTBTp, € K.

Similar to the derivation of solution to FBSDE (36), we have
Pa(t) = = s (B[] (T)(Y(T) + Xo(T))|Fi)-
Using It6’s formula, we can check that ®] (¢)(Y (t) + Xo(t)) is a martingale and get
pa(t) = =2()®] ()Y (£) + Xo(t)) = —(Y (1) + Xo(t)), ¢ € [0, 7.
Here we have used ®(t) = [®] (t)]~!. Therefore,
dpy = —dY — dX,

_ [—%BDT(DT)TBTﬁg — BDY(DNYT (B — k)]dt + [~(DN)T BT py — (DN)T (B — k)]dW.
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Comparing the diffusion coefficient of the above equation with that of BSDE in (42), we must have
G = —(DN B py — (DN)T (5 - ).
From Theorem 3, the optimal control for the primal problem is given by
a(t) = D'ga(t) + DY(DT)T B pa(t) = —DI(DN) T (B — k),

which is nonzero for all t € [0, 7.

~

Remrk 8. Since u(t) € 0¢(5(t)), components of optimal control u(t) take values in the set {—1,0,1},
depending on the dual optimal control B(t) There is no closed form solution B for the dual problem,
however, it is much easier to solve the dual problem than to solve the primal problem. The reason is
that finding the dual optimal control B is independent of the dual state and adjoint processes f/,ﬁg, G2,
a standard finite dimensional convex optimization problem, which is in sharp contrast to finding the
primal optimal control u directly from the primal problem as 4 depends on the primal state and adjoint
processes X, p1,d1 and one has to solve a fully coupled nonlinear FBSDE, o highly difficult infinite
dimensional problem, not to mention there is no closed form solution u(t) in terms of X,pl,ql.
This example illustrates the usefulness of the dual formulation in solving the primal problem. We
thank the anonymous reviewer whose suggestion of finding a nonzero optimal control motivated us in
constructing this nontrivial example.

5 Conclusions

In this paper we have discussed a general multidimensional linear convex stochastic control prob-
lem with nondifferentiable objective function, control constraints, and random coefficients. We have
formulated an equivalent dual problem, proved the dual stochastic maximum principle and the rela-
tion of the optimal control, optimal state, and adjoint processes between primal and dual problems,
and illustrated the usefulness of the dual approach with some examples. There remain many open
questions, for example, the duality theory for Markov modulated LC problems with control and ter-
minal state constraints, pathwise state constraints as in [5] and other more general frameworks. We
leave these and other questions for future research.
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suggestions have helped to improve the paper of the previous versions. This research was supported
in part by the EPSRC (UK) grant (EP/V008331/1).

Appendix: Proof of Theorem 2

The proof follows the same idea of the proof of [15, Theorem 7] with some changes due to mul-
tidimensional transformed dual problem and general convex function g. For the convenience of the
reader, we give a full a proof here.

Proof. Let (7, &, Bi,..., Ba-1, B) be optimal for the dual problem (19) with (f/,ﬁQ, Go2) satisfying FB-
SDE (2), and (y,«, B1, ..., B4-1, ) be any admissible dual control with associated process Y. Using
Itd’s formula to po(t) 'Y (¢) and simplifying the resulting expression, we have

d—1
d(pyY) = [py o+ (D,Tﬁz,d — DledﬁQ)TB + Z(DiDIlCdﬁQ — Cip2 + Ga,i — DiDZ(fz,d)Tﬁi]dt
=1
d—1 d—1 d
+ > g BidWi +py (D) (B—BTY = D] B)dWy+ > Y o :dW;.
i=1 =1 i=1

Since pp € S(0,T;R"™), ¢o2,i € H(0,T;R™), B; € H(0,T;R™), then for each i =1,...,d, we obtain
g Ta2 T, |2 !
B ([ 08+ T alast | <o
0
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which implies that

t d—1 d ¢
Z / p8dWi+ [ T(D)T (8- BTY =3 D] g+ 3 [ YT gnsaw;
0 i=1 =170
is a true martingale on [0, T]. Taking expectation yields

Elpa(T) Y (T)] = p2(0) Ty
T d—1
/ 3 o+ (D}doa — DiCap2) "8+ (DiD}Capz — Cipa + o — D@L@,N@]dtl . (43)
0 i=1

=F

For € > 0, define (y°,a, B1,...,85_1,5) by
(ye’ O‘iﬂiv s 7/8561—17 Be) = (ga da/é)lv B Bd—l?B) + E(yv a?ﬁlv s aﬁd—lv B)
Then by the linearity of the dual SDE (18),
Ye(t) := YW BB nB) (1) = Y (1) 4 €Y (1),

Since (g, &, Bi,. .., Ba1, B) is optimal, then

A~

[‘ij(ye’a57ﬂi7"‘718§717/36)_\p( ?67"‘75d 17l3>]

a |

Since h is C! in y, then

By convexity of h, 1[A(Y(T)) — h(Y (T))] is a nondecreasing function of . Hence, by Assumption 2
and the monotone convergence theorem,

lim %E[h(Yﬁ(T)) —h(Y/(T))] = Elhy(Y(T))"Y (T)] = E[-p2(T) Y (T)].

Noting that zj y¢ — zg § = ez y, then from (19),

0< %‘i’ (Y, 0, B5, o By, B) — U(4, &, B, - .., Bat, B)]
ey e [ 600,070, 6°(0) — o(t. (0 Be)lae + b(r“(r) - T ()| | ()
Combining (43) and (44) and letting € | 0 yield

0<y" (z0— p2(0))

T d—1
+limE /0 [G(t,€) — (B3 @ + (D}de.a — DiCapa) "B+ (DD} Cupa — Cipia + G — DZ-DL@,d)%)Jdt] ,
i=1
where
1 R
glw,t,€) := —[@(t, a"(1), 5(1)) — (2, &(t), (1))].
Letting a(t) = B1(t) = -+ = B4—1(t) = 0 and S(t) = 0 for t € [0, 7] yields

y' (zo—p2(0)) >0 Vy € R",

which implies that xg = p2(0).
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Recall that the function f and the set K are both convex. According to [18, Theorem 26.3], ¢ has
a directional derivative at (&, 5’) in any direction (P ® Leb)-a.e. (w,t) € Q x [0,T]. By the convexity
of ¢, g(w,t,€) is a nondecreasing function of €. Using Assumption 2 and the monotone convergence
theorem then yields

T
0<E [/ [6°(t, & B 0 B)
0
d—1
—(pg o+ (Dlgo.a — DiCap2) "B+ (DiD}iCups — Cipa + G245 — DiD}gn.a) ' B:)]dt | ,
=1

where

iy 0126 + €0, B+ ) — (t, 6, )

€l0 €

¢°(w, t, &, B; v, B) =

For (a, B, ..., Ba-1,3) € R™™*™ define
B(augl»'“vﬁdflug)

= {(w,t) € Q% [0,T]: ¢°(t, 4, B; 0, B)
d—1
— (p3 o+ (Dlyge.a — DYCap2) "B+ (DiD}Capa — Cipz + Go,s — DiDlygo,a) ' Bi) < 0}
i=1

It can be shown that Bga’ﬂl"""gd‘l’ﬂ) € F; for t € [0,T] and (P ® Leb)(B(®ABa-1.8)) = 0 for all
(a, B, ..., Ba-1,B) € RI"+™  Since R+ is separable, we have

d—1
0 < ¢°(6, B; a0, B) — pg o — [Dgo.a — DiCuppa] ' 8 — D _[(DiD}Cq — Ci)pa + G2,s — DiD}io.a] " B,
i=1

for all (o, B1,- .., Ba1,B) € R (P ® Leb)-a.e. (w,t) € Q x [0,T]. Therefore, we have
(DiD}Ca = Ci)pa + G2 — DiDydra =0, i=1,...,d~1,

and

0 < ¢°(&, B, B) — pg & — [Dldo.a — DiCapa] ' B, V(e B) € R™™,
which implies
(p2, DYdz.a — D}Caps) € (4, B). (45)
Since ¢ is a proper closed convex function, by [2, Proposition 5.4.3], (45) is equivalent to
(& B) € 0 (2, Dldz.a — D}Caps).

According to [18, Theorem 23.5], 2" a(t) + u' (t) — f(t,z,u) achieves its supremum at (z,u) =
(ﬁQ,DIl(jZd - DLCdﬁg) for (P ® Leb)-a.e. (w,t) € Q x [0,T]. Thus, it must be the case that

D}(t)ds,a(t) — Dy(t)Ca(t)pa(t) € K,

for (P ® Leb)-a.e. (w,t) € Q x [0,T]. This completes the proof for the necessary condition.

We now prove the sufficient condition. Let (7, & Bl, . ,ﬁd 1 ﬂ) be an admissible control to the
dual problem with processes (Y, P2, §2) satisfying the FBSDE (20) and conditions (21). Define the
Hamiltonian function H : Q x [0,7] x R® x R™ — R as

F(wa t,a, B) = IA);— (t)Oé + [D;rl(t)(b,d(t) - D;rl(t)cd(t)ﬁQ(t)]Tﬁ - ¢(t7 «, /8) (46)

21



Using the second condition in (21), the Hamiltonian H achieves its supremum at (&, B) Then, by [6,
Proposition 2.3.2],

(0,0) € d(—H)(a(t), B(t)) (47)
for (P ® Leb)-a.e. (w,t) € Q x [0,T]. Given any admissible control (y, «, 51, ..., B4-1,3), define
j=y—9, d=a-a& B=B-0, Bi=p—P5

Let Y and Y be the associated state processes satisfying SDE (18). Since h is convex, then by [2,
Proposition 1.1.7(a)],

WY (T)) = h(Y(T)) = hy(Y(T)) " (Y(T) = Y(T)) = =p2(T) Y (T).
Noting that acgy — :Ugg) = :Uggj, then

ﬁl(yvaugb ey Bd*l?ﬁ) - (I}(yAa &7317 o uédflv B)
T
> a3y — B (1) po(T)] + E [ [ ott.at0.50) - ote.a00. 5@))]64 |

Moreover, using the fourth condition in (21), we have
Tv T ToT f T3
Elp(T) V(1)) = 320) 5+ B | [ 38+ D~ DiCapal" ]
0
Hence, since zo = p2(0),

U(y, b1, Ba1,8) — V(& Br,..., Ba—1, B)
T
> [ [ 1B 00)+ [D}(0a2a(0) ~ DYOC0RA0] 1) — 600,000 50) + o1t a(), A(t))]dt]
T
" [ [ Hta). 50) - He ). 50N
Using (47) yields

\i](y)auBl? .. -7Bd7176) — v (Q7d7317 o 7/3d*173) 2 0.

We have proved (7, &, Bi, ... ,Bd_l, B) is optimal for the dual problem. O
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