= W =

GAUGE THEORY AND COMPLEX
DIFFERENTIAL GEOMETRY

R. P. W. THOMAS
DPHIL TRANSFER DISSERTATION
UNIVERSITY OF OXFORD
SEPTEMBER 1995

CONTENTS

Introduction and Acknowledgements
Spin®¢ Structures and Dirac Operators
The Equations

Linearisation and Perturbation

Gauge Theories on Symplectic Manifolds

References

Typeset by ApS-TEX

11
19
27
31
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INTRODUCTION AND ACKNOWLEGEMENTS

This dissertation is principally concerned with the extension of the Seiberg-
Witten equations and other gauge theories to six dimensional Kéhler (and sym-
plectic) manifolds, though where possible I have treated subjects in greater gen-
erality. Solutions of the equations represent special metrics on line bundles, and
distinguished representatives of their cohomology groups, and so may have useful
applications, but it is really more as an exercise in the techniques of gauge theory
that the dissertation was written.

There was not space to include details of every background result or relevant
subject, so I have chosen to write up those results that are either not well explained
elsewhere, or that I had most trouble with and gained most from explaining. There-
fore Smale-Sard theory and the Kuranishi description of the zeros of a Fredholm
map, explained well in [2], is used without proof, while the (more elementary)
subject of spin® structures and writing down the Seiberg-Witten equations on a 4-
manifold occupy the whole of Section 1. Section 2 deals with some of the standard
results of Seiberg-Witten theory that pass over from four dimensions and sets up
the problems and conjectures for six dimensions. It then describes the similarities
and links with other gauge theories, and how standard techniques do and do not
apply here. While, for instance, the use of symplectic formalism and gradient flows
turns out to be of limited help in our situation, this is something else I wanted to
include for my own benefit.

Section 3 is the core of the dissertation, dealing with the linearisation and so-
lution space of the equations. Finally Section 4 looks at some generalisations to
symplectic manifolds.

I would like to thank Professor Donaldson for his excellent guidance over the last
year, and for pushing me in all the right directions. I am also grateful to Wilson
Sutherland for years of help and encouragement, and Ian Dowker for being hopeless
like me.



GAUGE THEORY AND COMPLEX DIFFERENTIAL GEOMETRY 3

1. SPIN® STRUCTURES AND DIRAC OPERATORS

Clifford Algebras. We begin by briefly recalling some of the basic properties of
Clifford algebras.

Proposition (1.1). CIg = Cliff(R™) ® C is (non-naturally) isomorphic to

Myn/2(C) n even,

Mom (C) @ Mam (C) n=(2m+ 1) odd.
This isomorphism can be taken to intertwine the conjugate-linear involution — on
CI% (given by erez...ex = (—1)*ex...e1 in standard notation) and the adjoint
operator * on M,(C). Therefore R" C CI% maps to skew adjoint matrices.

Proof. Cliff (R) = C as real algebras, by taking the basis {1,e1} to {1,4}. So Cl} =
C®r C = Ca®C. Similarly the maps ClZ — H®r C — M2(C), {1,e1,e2,e1€2} —

Lk 10 0 -1 02 —1 0 leebra i b
{1,4,5,k} — o1)'\1 o) \io)\ 04 are algebra 1somorphisms, so

the proposition is true for n = 1,2 (a direct check verifies that ~ corresponds to
taking adjoints in the matrix groups).

But CI2T? = CIE @c CI2 by taking bases {e;}} and {Ej, E»} for R” and R? and
mapping
e —e; X iElEQ 7 S n

enti — 1L, 1=1,2,

which satisfies the Clifford relations so defines an algebra isomorphism. Since CI2 =
M>5(C) and M, (C)®@ M2(C) = Ms,(C) the required isomorphism follows inductively.
We also find, inductively, that ~— and * are intertwined since the isomorphisms above
intertwine ~ on CIp*? with ~ ® = on CI2 ®c CI2 with * ® * on M,.(C) ® My(C)
with * on M, (C). O

The non-naturality of the isomorphisms leads to choices and obstructions in
repeating the construction on bundles, except in the complex case, which we turn
to now. Hence we shall be mainly concerned with the n = 2m even dimensional
case.

Definition. A Clifford bundle on X™ (n = 2m) is a complez vector bundle W such
that EndW = Clc(TX).

Clifford algebras are geometric objects, essentially the exterior algebra of a vector
space with product the sum of the exterior and interior products. From this both
the wedge and interior product of two vectors can be recovered as the symmetric and
antisymmetric parts of the Clifford product. This exhibits AR" ® C (A = €, A*)
as a Cl¢ module, but it is highly reducible. When, however, n = 2m and R" is
identified with C™, we can pair off dimensions in R™ making AC™ a CI¢ module
of lower dimension. In fact



4 GAUGE THEORY AND COMPLEX DIFFERENTIAL GEOMETRY

Proposition (1.3). End(AC™) is naturally ismomorphic to Cliff (C™) ®@g C.

Proof. For v € C™ define e(v)w = v Aw for w € AC™, and let +(v) = e(v)* = va
be its adjoint with respect to the standard Hermitian metric on A C™. (This is
only R-; not C-linear, but we are treating C™ as a real vector space). Then if
p=c¢—1 p)’w = —v A (vow) —vi(v Aw) = —||v|?w (e.g., check this in a
unitary basis {W, ... }) so that p satisfies the Clifford relations and defines a
representation p : Cliff (C™) @g C — End (A C™). Now a dimension count, and a
check that p is injective, gives the result. O

Corollary (1.4). Any almost complex manifold has canonical Clifford bundles
ATX and AT*X 2 A X =@, A% X.

Proof. The naturality with respect to C-linear maps of the above construction shows
that AT X is a Clifford bundle, and the R-linear isomorphism C — C* induced by
the metric takes care of AT*X. O

From now on all manifolds will be compact, connected and oriented. The ex-
istence of Clifford bundles is tied with the existence of Spin¢ lifts of the oriented
frame bundle, and the complex case above with the lift of U(m) to Spin®(2m),
which we now look at. We assume (see [1]) the definitions of Spin(n) (as a sub-
group of Cliff§ and double cover of SO(n)) and Spin®(n) (as a subgroup of CIiff ¢
and as Spin(n) xz, U(1)). Thus we have the exact sequences

1 — Zy — Spin®(n) — SO(n) x U(1) — 1,
1 —U(1) — Spin°(n) — SO(n) — 1.

Proposition (1.5). The inclusion i : U(m) — SO(2m) does not lift to Spin(2m),
but the natural map j =i x det : U(m) — SO(2m) x U(1) does lift to a map 1 to
the double cover Spin(2m).

Proof. The exact homotopy sequence of the fibration SO(k) — SO(k +1) — S*

cosf —sind
shows that m1(SO(2m)) is generated by the loop 6 — (sin& cos ¢ ) for
IQm—Q
i0

m > 1, which is in the image of i, (it is 4 €
Im—l

>), s0 iy, # 0. Then since Spin
is simply connected the map cannot lift.

619

I whose image under
m—1

Similarly 71 (U(m)) is generated by the loop 6 +— <

Jx = ix x dety is (1,1) € m1(SO(2m)) x 7 (U(1)) (where the 1’s represent the
generators).

Under Spin(2m) x U(1) £ Spin(2m) xz, U(1) £ SO(2m) x U(1) the path
[0,27) 3 6 — (cos (0/2)+sin (0/2)e1ea, €9/2) in Spin(2m) x U(1) projects to a loop
in Spin®(2m) (the endpoints (1,1),(-1,-1) are identified under p;) which projects to
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cosf) —sin @ 4
the (1,1) loop ((sinG cos ¢ > ,629> in SO(2m) x U(1). Thus the image of
Tom—2

J« is contained in the image of (the induced map on m; of) the double cover, so j
lifts to I : U(m) — Spin©(2m). O

In fact the proof shows us what the lift is; that is ([1]) take a unitary basis {f;}1"
such that T is diagonal, T' = diag {17, and let {e;}3™ be the corresponding basis
of R*™ i.e. egj_1 = fj, ea; =ifj. Then the lift of T is given by

{T) = H [(COS (0,/2) + sin (0;/2)ez;1e95)e™ /2 .

By direct calculation using this formula for [, we see that the following diagram
commutes
U(m) %sz'nc(Qm)

l lp (1.6)
End (C™) —25End (AC™),

where p is the restriction of the Clifford representation. More generally, if 1 €
Spin®(2m) projects under ps to ¢ € SO(2m) then their induced actions on a fixed
Clifford space Wy (i.e. CIZ™ = End W) commute:

R2m A pnd W,
| |Ad (1.7)
Rz S phaw, .

(This is the content of (1.6) restricted to ¢ € U(m) C SO(2m) and ¢ = l(¢)). By
Schur’s lemma any other ¢’ making (1.7) commute must be a scalar multiple of 1)
so (fixing a Hermitian metric on Wy such that the action of Spin® is unitary) the
set of unitary ’s making (1.7) commute is precisely the U(1) fibre in Spin©(2m)
covering ¢. Thus Spin©(2m) is the set of pairs

Spin©(2m) = {(¢,1) € SO(2m) x U(W,) ’ (1.7) commutes } (1.8)

(This is used as the definition of Spin® in [5]). This description gives us an equiva-
lent definition of the existence of a Clifford bundle (atleast on an even dimensional
manifold):

Definition (1.9). A spin® structure on X™ is a lift of the SO(n) frame bundle
to a principal Spin® bundle P which looks fibrewise like 1 — S1 — Spin(n) —
SO(n) — 1.

From any spin® structure we get a Clifford bundle W = P x, W, and, given W,
P is the principal bundle with fibre at x € X

Py = {<<Z571/1) ‘ ¢ € F,TX, v: Wy — W, unitary s.t.

Rz S pnd g,
(1.10) ¢ | |Ad+y  commutes}.

T, X M End w,
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It is then clear from (1.7) that these constructions are mutual inverses and that
Clc(TX) = End (W).

Now (1.6) shows again why (Corollary (1.4)) any almost complex manifold has a
canonical spin® structure (or Clifford bundle) - the unitary frame bundle lifts to a
canonical Spin® bundle. Similarly the natural map Spin(n) — Spin(n) x U(1) £&
Spin©(n) gives any spin manifold a canonical spin® structure.

Definition (1.11). The associated line bundle L of a spin® structure is the U(1)
bundle arising from the projection Spin®(n) — SO(n) x U(1) — U(1).

Now if W is a Clifford bundle (with associated line bundle L), then so is W ® p
for any line bundle p (with action Cliff ®1). Let (Tag,00s) € (SO(n) x U(1))/Z
and g € U(1) be the transition functions of W and p on U, NUg. Then since the
map Spin®(n) — U(1) is squaring on the U(1) factor, the transition functions for
the associated line bundles are (02 3) and (07 592 5)- So the associated line bundle
of W®pis L® pu?.

In the almost complex case (1.6), [ lifts ix det so the projection Spin®(2m) —

U (1) corresponds to U(m) Aty (1) on the unitary frame bundle, so the associated

line bundle of the canonical spin® structure is L = A"TX = K%.

Proposition (1.12). If a spin® structure exists on X, the set of spin® structures is
affine, modelled on the set of line bundles H*(X;Z) via W — W @ u. If H*(X;Z)
has no 2-torsion then a spin® structure is uniquely determined by its associated line

bundle.

Proof. The exact sequence 1 — S! -5 Spin€(n) — SO(n) — 1 gives the exact
sequence of Cech cohomology groups

HY(X;0%) 5 HY X CBe () — HY(X;C%5) > HA(X;CF).

But the exact sequence 1 — Z — C*®(R) — C*°(S!) — 1 and the fineness of
the sheaf C*°(R) imply that H'(X;C>(S')) = H?(X;Z) and H*(X;C>®(S?)) =
H3(X;Z). Thus the obstruction §(FTX) to finding a Spin©(n) lift of the SO(n)
frame bundle can be taken to lie in H3(X;Z), and the space of spin® structures
is H?(X;Z) (since i, is injective) with addition corresponding to tensoring by line
bundles. So fixing a Clifford bundle W, the Clifford bundles are W ® pu, with
associated line bundles L ® p2. The line bundle determines p if there is no 2-
torsion in H2(X;Z) since ¢; (L ® p?) = c1(L) + 2¢1 () then determines cq(p). O

(The definition of a spin® structure is often given as a pair (P,L) where P
double covers FT X x U(L), looking like 1 — Zy — Spin®(n) — SO(n) xU(1) — 1
fibrewise. This then corresponds to our definition by quotienting H?(X;Zs) by its
2-torsion).

Theorem (1.13). A principal SO(n) bundle P — X has a Spin(n) lift Q if and
only if wa(P) = 0. Then the set of Spin(n) lifts is parameterized by H'(X;Zs).
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Proof. Double covers of a space Z are in 1-1 correspondence with H'(Z;Zs). So
we are looking for an element of H'(P;Zz) which restricts fibrewise to the nonzero
element of H'(SO(n); Zy) = Zs; this corresponds to the cover being the non-trivial
double cover Spin(n) — SO(n) fibrewise.

We now use the Serre spectral sequence (for Zs cohomology) of the fibration
SO(n) — P — X (mX has trivial action on the fibres to Zy coefficients). The
composition quotients for H(P;Zs), E>! and E}Y, converge to E%! and ELY (in
fact they are constant for r > 3), from which H' can be recovered by the exact

sequence
0— ELY — HY(P;Zy) — E%! — 0. (1.14)

The diagram at the EY? stage shows there can only be one differential involving
these groups, call it § : EY' — E2°. Thus EL? = E;* and E%! = E'| and, since
the F3’s are the cohomology of the complex defined by the differentials on the Es’s,
we get an exact sequence

0— E% — ES' % EXC S E20 0. (1.15)

Splicing together (1.14) and (1.15), and using EY'? = HP(X; H1(SO(n); Zs)), gives
0 — HY(X;Zs) — HY(P;Zs) — H'(SO(n); Zs) > H2(X;Zs), (1.16)

since HY(SO(n);Zy) = Zo = H(X;Zy) = HY(SO(n);Zs). As the third arrow is
the restriction map, the lift exists if and only if the generator 1 € H!(SO(n); Zs)

is in its image, which occurs if and only if §(1) = 0. So it is sufficient to show that
5(1) = we(P).

This is perhaps most easily seen by looking at the associated homology sequence,
dual to (1.16) in that the following pairings commute:

HY(SO(n); Za) >H?(X; L)
H,

X &
(SO(n); Zs) <+ Hy(X;Zs) .

! !

Zo Zo

Given s € H?(X;Zy), we can describe (wy(P),s) as follows (see the obstruction
theory definition of wy in [6]): Express s as a sum of simplices s = ), 0; in some
triangulation of X, so that d(s) = >, do;. SO(n) is connected so we can lift the
1-skeleton of X to P. P is trivial over each (contractible) o; so the lift of Jo; defines
a loop in SO(n), giving it a value 0 or 1 in 71 (SO(n)) = Zy. Then (ws(P),s) is
the sum (mod 2) of these values, which is also equal to 1(ds) (1 is the generator
of H(SO(n);Zs)) since, from the homology spectral sequence, ds is precisely the
obstruction in H'(SO(n);Zs) of lifting s to P.

Thus wo(P) = d*(1) = §(1) since they take the same values on Ho, and H? is the
Zo-vector space dual of Hy. (1.16) also shows that the set of all spin® structures,
when wy = 0, is parameterised by H(X;Zy). O
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Proposition (1.17). X has a spin® structure if and only if we(X) has an integral
lift to H*(X;Z), i.e. if and only if there is a line bundle L such that wy(X) = ¢1(L)
mod 2.

Proof. As noted after the proof of (1.12), the existence of a spin® structure is
equivalent to the existence of a non trivial double cover of FT'X x U(L) for some
line bundle L. Elementary topology of covering spaces shows the restriction of the
double cover Spin(n+2) — SO(n+2) to SO(n) x U(1) C SO(n+2) is isomorphic
to Spin®(n) — SO(n) x U(1). Thus a Spin® lift P of FT X x U(L) is equivalent to
a Spin(n + 2) lift Q of F(T & L): P induces @ via Spin®(n) — Spin(n + 2) and
restricting @ to the double cover of FT'X x U(L) C F(TX & L) gives P.

Thus a lift exists if and only if, for some L, wo(TX @ L) = 0 = wa(X) + wa(L)
(since wq (L) = 0), i.e. if and only if wy(X) = ¢;1(L) mod 2. O

Of course on an almost complex manifold K%, Kx provide just such lifts, giving
the spin® structures of (1.4).

Dirac operators. From now on X will be even (n = 2m) dimensional with a
spin® structure (P, W, L), and we shall often omit mention of the representation
p: Clec(TX) — End W, simply denoting Clifford multiplication by a dot. Picking

an orthonormal basis {e;}} for T,, X, the element 7 = i e1...ey of Cle(T, X)

commutes with even elements of Cl¢(7T,X), anticommutes with 7, X ® C, and has
square +1, so splits W, = W & W into +1 eigenspaces. The splitting (and
indeed 7) is independent of basis so W splits globally into two spinor bundles W+
and W™, both coming from representations (in fact irreducible) of Spin¢(n) (even
elements of Cl¢), and interchanged by Clifford multiplication by TX. In the almost
complex case, W = A*X @ pu, WT = A" X @ u, W~ = A%°MX  pu.

Using the double cover P — FT X xU(L) a connection on FT'X xU (L) pulls back
to one on P since the Lie algebras are the same. Conversely, we can lift tangent
vectors to FTX x U(L) to one of two tangent vectors to P, and a connection
form’s value will be the same on both due to its equivariance. So we have a form
on FTX x U(L) which, with a bit of checking, defines a connection, and the two
procedures are mutual inverses. Similarly a connection on FTX xU (L) is equivalent
to connections on each of FTX and U(L), so we can make the following definition.

Definition (1.18). A connection in W is compatible if and only if the associated
FTX connection is the Levi-Civita connection. (Thus compatible connections exist
and are in 1-1 correspondence with unitary connections A on L).

Proposition (1.19). A connection B in W is compatible if and only if p is parallel.

Proof. Given a path v in X, lift to a B-horizontal path in ¢ in P, and project this
to a B-horizontal path ¢ in FTX. Also take a Vc-parallel vector field v down ~.
We want to show that p(v) is horizontal if and only if ¢ is Vpco-parallel, i.e. if
and only if ¢~!(v) € R™ is a constant, for all such v.
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Considering, as in (1.10), ¢ and v to be compatible frames at each point, ¢, :
R" — T, X, ¥, : Wog — W, intertwining the two Clifford actions, then the action
of p(v) on the frame 1 is given by p(v).p = ¥ o p(¢~1(v)) : Wy — W,. This is
horizontal if and only if p(¢~!(v)) is a constant endomorphism of Wy, i.e. if and
only if ¢~!(v) is constant. [

Definition (1.20). The Dirac operator D4 associated to a connection A on L is
given by the composition

T(W) 22 D(T*X @ W) 2 I(TX @ W) 2 T(W).

Since p’TX switches W*, so does D4 : T(W*) — T(WT).
Proposition (1.21). Dy is self adjoint.

Proof. As in (1.10), any frame P, 3 ¢ : Wy — W, preserves the metric, and, by
(1.1) the action of R™ on W) is skew adjoint, so the action of 7X on W is skew
adjoint. Working in a synchronous frame about x € X, we have an orthonormal
frame field {e;}7 satisfying V;e; =0, [e;,e;] = Vie; —V,e; =0, Vi, j, at z. So, at
x?

(Das,t) = (e;.Vs,t)

= Z(Viei.s,w since p is parallel and V;e; = 0,

= Z Vile;.s,t)y — Z(ei.s, Vit)
= Zviw(ei) + Z(s, e;.V;t) where w is the 1-form w(X) = (X.s,t),
= —d*w + (s, Dat).

Integrating over X now gives the result. O

Theorem (1.22). For X Kihler , with Clifford bundle A®*X @ u, and connection
Ain L = K% ® p? induced by the Levi-Civita connection and B in u, the Dirac

operator is Dy = \/5(53 + 5%).

(Note: From now on the above notation for the spin® structure and connections
on a Kéahler manifold will be standard. In particular, any connection A will be a
unitary connection in L = K% ® u?, associated to a connection B in u via V).

Proof. For simplicity we work with A%*X; coupling everything to p makes little
difference.

Recall from (1.13),(1.14) the canonical spin® structure arises from the action of
C™ on AC™ given by p = € — 1, where ¢ is exterior multiplication A and ¢ is its
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adjoint u, given by t(v) = ¥¢(v)*. This gives us an action of T%'X on A%*X, so
by the isometry

. 0,1
TX U, prx oL X @ € 2T oLy,

we have the action of v € TX = T*X given by w — v27%*(v A w — vow) for
w € A%*X. Thus our representation is given by p = v/27%* (¢ — ).

For any torsion free connection V on T'X, the induced connection V on the
bundle A = AT*X has the property that the composition A VX oA L As
the exterior derivative d. So 1%* ooV = 7%* o d = 9, and similarly 770’_* ooV =
79* %exV = ¥1™* eV* (since x is parallel), and this equals ¥7™* d* = ¥0% = —0*.

From these two formulae, po V = v/2 (0 + 0*), and taking V to be the (torsion
free) Kéhler connection proves the theorem. [J

Recalling the vector space isomorphism AV = Cl(V), v Aw +— %(v.w —w.v),

it is natural to extend p to all of AV, and in particular to 2-forms, by p(v A w) =
3(p(v)p(w) — p(w)p(v)). This defines p(F4) for a unitary connection A on L as
Fy € Q%(iR), and we can finally give the Seiberg-Witten equations on a 4-manifold.

The Seiberg-Witten equations. The equations, for a section ® € I'(W™) and
a unitary connection A on L, are

{ Da® =0,
(1.23)

P(FX) = (®2")o.

Here (P®*)y € End W denotes the trace free part of the endomorphism 1 +—
(¥, ).

As with the ASD equations, the Seiberg-Witten equations can be derived as
the minima of a functional. There is no space to go into it here, but with some
Chern-Weil theory and a Weitzenbéck formula, the functional reduces to 3 ||p(Fy)—
(®D*)g||? + 2||Da®||*>+const, and we do use a functional of this form later.

On a Kéhler manifold we write ® = (a, 3) € Q°(u) xQ%?(pu) = T(W™). Theorem
(1.22) then implies that the first equation of (1.23) is dpa+ 050 = 0, and a simple
calculation shows the second becomes F3? = a3, iAFy = —1(|al? = [B8%).

2. THE EQUATIONS

In three complex dimensions we again consider the Clifford bundle W+ = A%V g
p, and the equation Do® = 0 for ® € T(WT). Writing ® = (o, 8), a € Q%p), B €
Q02(y), this becomes dpa + 5gﬁ =0, 9 = 0; notice there is now an additional
equation in this higher dimensional case.
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So the equations we consider on a Kéhler 3-manifold are for a unitary connection
Aon L = K% ® p? corresponding to B on u, and sections a € Q%(p), 3 € Q%2 (u):

(i) Opa+0d58=0

(ii) OB =0

(iif) F? = ap (SW)
(iv) iNFp =~ (Jaf? 3P

Notice these equations make sense on a Kéhler surface too, where they reduce to
(1.23), and many of the results in this section apply to both two and three complex
dimensions.

The Gauge Group. The natural symmetry group of the pair (W, L) is the gauge
group G = I'(U(1) x X), the smooth U(1)-valued functions acting on W by mul-
tiplication and on L with weight two, for the reasons noted above. On a Kahler
manifold L = K% ® p?, and G acts on p with weight one. Therefore g € G acts by

av ga, B g3, B~ B—g 'dg, A— A—-2g""dg,

leaving the equations (SW) unaltered. We also let G¢ denote the complexification
of G, G¢° =T(C* x X), and M the moduli space M = {Solutions of (SW)} /G.

We now note some simple consequences of these equations applying equally in
two or three dimensions.

Proposition (2.1). Any solution of (SW) has one of a and (3 identically zero.

Fy?=0
If degL =0, th =0= d 4 =7 SWO0
(0) If degL =0, then o= 0= an {Z.AFAZO. (s7W0)
530[:0,
Fy? =0
(b) If deg L < 0, then =0 and A ) (SW-)
) 1
zAFA:—§|a|2.
ABﬁZO,
Fy? =0
(c) If degL > 0, then a =0 and A ’ (SW+)
) 1
\ZAFA:§‘B|27

where Ap is the Og-Laplacian on Q%2 ().

(Note: In each case F 2’2 = %FX’Q = 0 so A and B define holomorphic structures
on L and p respectively, compatible via L = K% ® 12, where K% is holomorphic).

Proof. Applying 55 to (SW)(i) gives Fg’Qa + 0p0gB = 0, but F}g’Q = 1af from
(iii), so 3|a|*8 + dp0p3 = 0. Taking the L? inner product with § implies that
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aB =0 = 950, so (ii) implies that dga = 0. If 3 is not identically zero then a
must be zero on some open subset of X, so is zero everywhere by unique analytic
continuation (Opa = 0 and X is connected).

Therefore we are reduced to the equations Opa =0 = 0pf = 0543,

F9? =0,

. 1
iANFy = —§(|04|2 —18%),

with one of @ and 3 identically zero. But deg L = 5= [ Fanw™ ! = :L [ Fpw®- =
— 2 [(Ja)? — |B[*)w™, where |w|? = m = dimcX =2 or 3.

47m

Thus the sign of deg L determines which of « or 8 vanishes, giving the three
cases above. [J

Theorem (2.2). If degL = 0 the moduli space of solutions M of (SW) can be
identified with the set of distinct holomorphic structures on L, i.e. the Jacobian
HI(X;R)/HI(X;Z).

Proof. This is a very easy form of the existence and uniqueness of Hermitian Yang-
Mills connections on stable holomorphic bundles ([2,7]). Given a holomorphic struc-
ture on L (a unitary connection A with FX’Q =0, say), the G¢ action of g = ef on
A gives an isomorphic holomorphic structure 59( A) = go0dao0g~ ! with Og(4) chosen
to make g(A) unitary. Its curvature is

Foay=Fa+ 00f — 0(0f) = Fa +200(Re f)

so that
iANFyq) = iAFg — Au, u=2Ref.

Thus we want to solve Au = iAF4 for real-valued smooth u, but iAF4 is real as A
is unitary, and orthogonal to the kernel of A since [iAF4 dp = const.deg L = 0.
The Fredholm alternative now proves existence.

Since the set of holomorphic structures on L isomorphic to 04 is the G¢ orbit of
A, the uniqueness result we want is that is A and g(A) both satisfy (SWO0) then
they are G-related, i.e. 3h € G such that g(A) = h(A).

The trivial bundle End L & L* ® L has a connection C' = A* ® g(A) (in the
obvious notation) defining a holomorphic structure. Its curvature satisfies Fo¢p =
Fyayo ¢ — ¢oFysoiAF4 =0 implies iAFo = 0. So by the Kéhler identities (see
[3] or Section 4 below) the Jc-Laplacian equals half the V-Laplacian. Thus the
holomorphic section g €End L satisfies Vg = 0 (a priori we only knew dcg = 0
since only 59( 4), and not Jy(a), was formed by conjugating A with g). Letting
h = (gg)*% g, h is unitary and Voh = 0 so h provides a gauge transformation
between A and g(A), as required. O
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A note on notation. The above proof used the fact that a G¢ orbit of a holo-
morphic connection is the set of all equivalent holomorphic structures on a unitary
bundle. Equivalently we could consider only the G orbit of a J-operator and vary
the metric on L; the result amounts to the fact that a holomorphic structure and
Hermitian metric uniquely determine a connection. These three different points of
view are entirely equivalent for the full Seiberg-Witten equations (SW), under the
correspondence

G orbits V metrics

Distinct ¢ orbits

st .o . (houhg ()
Holomorphic % «— { (9o, g3, 9(A)) —{geg’ ~ Motric (Qg)%] N
Structures Fixed metric | . |

where h = (gg)_%g €qg.

In what follows we shall feel free to vary the metric to find solutions, and interpret
the results in terms of isomorphic holomorphic structures and the fixed metric used
in the equations.

The deg L < 0 case. While the equations (SWO0) suggest the set of holomorphic
structures on L or p, the equations (SW—) suggest pairs (holomorphic structure
Op, o € H%(n)) and (SW+) suggests pairs (0p, 8 € H3(1)). We consider first the
(SW—) case deg L < 0.

So we fix a holomorphic structure dp on p and a holomorphic section o € H% ().
We solve for the metric |.| = e"|.|p so that the induced unitary connection B =
By + 20u (where By is the connection induced by |.|o) satisfies (SW—).

Fp = Fp, +200u, and (SW—) reduces to solving
= 1 1
iANF4 = iAFa, + 4iA00u = fi\a\z = 7562“|0z|(2),

that is,
= 1 1
2iA00u + Z—l|oz](2]62“ = _EiAFAm

or,

Au + be*™ = a. (2.3)

This is the vortex equation with b = ;ﬂa\% nonnegative, and strictly postive some-
where since deg L # 0; and [ adp > 0. Here A is the standard d-Laplacian.

Theorem (2.4). The vortex equation (2.3) has a unique C* solution u.

Proof. We fill out the sketch given in [5]. Letting a be the average of a, we can
solve Av = a — a. Then (2.3) is the equation A% + Be?" = @ for 4 = u — v, where
B = be?? satisfies the same conditions as b. So we may assume that a is a positive
constant in (2.3).

Lemma (2.5). There exist functions uy such that Aus + be?“* = a, and any
solution u of (2.3) satisfies u— < u < uy. We can replace < by < and > by >
throughout.
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Proof. We do the strict inequality case, the other is identical. For u_ we may take
a sufficiently negative constant. Take a function f strictly positive where b = 0
such that [ f =0, and solve Av = f. Then let uy = Av + B for constants A and
B chosen such that Auy + be?%+ = Af + be>(Av+B) > g,

For any solution u of (2.3) set w = u; — u. Then Aw + be?*(e?¥ — 1) > 0 so at
a minimum of w, where Aw < 0, (e*¥ —1) > 0so w > 0 and u < uy. Similarly
u>u_. O

Given a solution u, taking non-strict inequalities in (2.5) we may let uy = u =
u_, proving uniqueness.

To prove existence we use a continuity method and the a priori bounds given by
the strict inequality case of (2.5). Take a C*° family of functions a;, t € [0, 1], with
agp =b, ap = a and a; > 0 Vt. We show the set

S={telo,1] ‘ Juy, € C™ s.t. Auy + be? 't = a}

is both open and closed. Then it contains ¢ = 0, corresponding to ug = 0, so it
contains ¢t = 1 giving a solution v = u; to (2.3).

Closed: Suppose S > t; — t # 0. Choosing u+ to satisfy Au + be?“+ = a; then
for sufficiently large ¢ the inequalities hold for a; = a, too, so u_ < u; = u, < ug.
Thus, taking a subsequence if necessary, by the Arzela-Ascoli theorem there is a
CP limit Uoo.

Therefore Au; = a; — be?“i is also C¥ convergent to a function which is L?
orthogonal to the constants, so may be written Ao = a; — be?“>=, T € L%.

0
Now Au; S Aty = Au; =22 Atiy, but A : L3 — Lo is invertible on

L2
L2/{constants} SO U; —> Tise modulo constants. But u; tends to us in C, and so
in L2, 80 liso = Uso (by adding a constant to i, if necessary).

Hence we have found us, € L% N C° such that Aus = a; — be?*>~. Inductively
suppose that us, € L%, then we want to show e?“=~ € L2 as well. But it is sufficient
to show that de?V~ = e?%~du,, € Li_l, which it is since e~ is continuous.
Therefore Auo € L7 and us € L7 ,. Inductively, then, us € (), Li = C*.

Open: For k sufficiently large that L7 — C°, the map u — Au+be?" is bounded
L? — L% , (we effectively showed above that u +— e*" is continuous L? — L2),
and in fact differentiable with derivative v +— Aw + 2be?“v. This is elliptic, self
adjoint, and has trivial kernel: if v €ker then taking the inner product with v
shows ||dv||* + 2 [ be**|v|* du = 0 so v = 0 as b is nonnegative and not identically
zero. Thus the derivative is also onto and the solution set is open by the inverse
function theorem. (Any solution is in L? for all sufficiently large k, so it is C*°). [

Interpreted in terms of the Seiberg-Witten equations for a fixed metric, we have
a solution, unique modulo G, for a holomorphic structure isomorphic to 0z, and a
unique section which corresponds to a multiple of a under the isomorphism taking
the holomorphic structure to dg. Thus we have proved
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Theorem (2.6). If deg L < 0 the moduli space of solutions of (SW) can be in-
dentified with \Jg P(HR (1)), where B runs over the set of all distinct isomorphism
classes of holomorphic structures O on L.

Of course P(H% (1)) is the set of divisors representing (11, p) as two holomorphic
sections have the same zero set if and only if they are constant multiples of each
other, so we have

Theorem (2.7). If deg L < 0 the moduli space of solutions of (SW) is isomorphic
to the set of analytic hypersurfaces in X in the homology class Poincaré dual to

c1(p).

This is a remarkable result on a Kahler surface since the original Seiberg-Witten
equations on a 4-manifold make no reference to complex structure, yet contain
information about the holomorphic curves in homology classes.

The deg L > 0 case, and symplectic quotients. From now on we shall be
concerned with the equations (SW+)

ABBZOa
Fy? =0,
, 1 9

So we have a natural generalisation of the deg L < 0 case, looking for distinguished
representatives of a cohomology group (or, equivalently, special metrics on a line
bundle). The natural conjecture, given Theorem (2.6), is that we will find M =
UpP(HZ(1)). In fact on a Kéhler surface A%? ® p is a line bundle, ‘Serre dual’
to u* ® Kx, so it is easy to convert the equations into deg L < 0 form (see [5])
and prove the conjecture true, since by Serre duality, H%(u* ® Kx) = H%(p)*. On
a Kihler 3-manifold, however, A%? is a rank 3 bundle, making the equations far
harder to solve. Even singling out an element of cohomology requires the equation
ApB =0 instead of just dg/3 = 0.

This situation is, however, a familiar one in gauge theory. In Yang-Mills theory
we do not have a section, but look for special metrics with ASD curvature (atleast
on holomorphic bundles); while equations such as those of Hitchin [4] are similar to
ours except that the holomorphic section is a section of an endomorphism bundle.
In all of these cases we can expect an existence and uniqueness result, atleast for
‘generic’ bundles and sections - those satisfying a stability condition. That there
was no such condition for (SW—) corresponds to the fact that stability conditions
are usually trivially satisfied by line bundles.

The stability conditions arise most naturally when the moduli problem is ex-
pressed in terms of (infinite dimensional) symplectic geometry. Stability is then
what we need to form a good quotient by the gauge group, in analogy with the
finite dimensional case, which we describe briefly now.
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We consider a symplectic manifold (M,w) with compatible metric and almost
complex structure I (so w(X,Y) = (X,IY)) with a Lie group G acting on M
preserving w. Under certain mild conditions there exists a unique moment map
m: M — g* to the dual of the Lie algebra of G, satisfying

(i) m is equivariant under the action of G on M and the coadjoint action on g*,

(ii) dm(&) = veow, V€ € g,

(2.8)
where v is the vector field induced on M by the action of G along £. [The notation
comes from mechanics, which also gives a large supply of cases where m exists.
Here M = T* N is the phase space of a configuration space N, with G acting on N.
There is a natural symplectic form w = df on M, where 6 is the tautological 1-form
on T*N. By naturality, then, G preserves w. Then the moment map at © € M is
the pullback of 8, under G’s action on z, to e € G. Thus its value on £ € g is the
generalised momentum 6(ve) of &’s action at a point of phase space M]

The stabilizer G¢ of ( € g* then acts on m™!(¢) and in the generic case the
quotient is a manifold. It is in fact symplectic as w is G-invariant so passes down
to a form on mil(g)/Gg which is nondegenerate as w’s degeneracy on m~!({) is
precisely along G orbits, by (2.8)(ii). In particular we can hope that m~'(0) /G is
a symplectic manifold.

The action of G extends to G by vie = Ive, Vi € ig. The gradient flow of
|m||? is contained in a G¢ orbit: using an Ad-invariant inner product (.,.) on g to
identify g with g*, we have

(v, grady||m||*) = 2(dmq (v), ma) = 20(Vm(a), )

from (2.8)(ii). But this equals (2Iv,,(4),v) so grad ||m||*(z) = 20;m(y). In fact, for
a ‘semistable’ point x of M, the gradient flow of ||m|? converges inside Gz to a
point of m~1(0), and Gx contains all the points of m~1(0) in G°x. Thus we can
identify {Semistable points} /G with the symplectic manifold m~'(0)/G.

The above description has been deliberately vague because it is infinite dimen-
sions that interests us where precise theorems are not available, except in specific
instances such as the Yang-Mills equations. Here, the space A!! of unitary (1,1)
connections on a bundle E on a Kéhler n-manifold has a natural symplectic (in fact
Kahler ) structure given by Q(a,b) = [aAbAw™ ™!, where a,b € Q! (gg) are tangent
to ALY, w is the Kihler form, and we are using an Ad-invariant inner product to
contract a and b. 2 is invariant under the guage group G = I'(Gg), and there is
a moment map m(A) = F4 Aw" ™! (where Q%" (gg) lies in g* by contraction and
integration). Thus m~1(0) / G is the moduli space of isomorphism classes of Yang-
Mills connections satisfying Fg’2 =0= AFj’l. Here the correct notion of stability
is the usual one of stability of a holomorphic bundle so we might expect the stable
quotient (A"1)* /G to equal m~*(0) /G. As a G orbit of a holomorphic connection
gives all isomorphic connections corresponding to different metrics, this amounts
to saying that every stable holomorphic bundle admits a metric of ASD curvature,
unique modulo G. This is proved true in [2] for SU(n) bundles precisely by solving
for the gradient flow of ||m||? - on stable orbits it converges to an ASD connection.
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If ¢1(E) # 0 clearly m~—1(0) = ), but we can consider m~!(AIvol) (preserved by G)
and get a corresponding result for Hermitian Yang-Mills connections on any Kéhler
manifold, as proved in [7].

Similarly Hitchin’s equations can be cast into moment map form, as can most
of (SW). We have the symplectic forms:

(i) On AMY(L), Qa(a,b) = [aAnbA W for a,b € Q' (gr) = Q'(iR), with
moment map m(A) = 2F4 Aw"~ !, the 2 arising from G’s weight 2 action on L.

(ii) On Q°(w), Qo(s,t) = [ Re(s,it)w" for s,t € Q°(u) with moment map m(s) =
LsPw™,

(iii) On Q%2(p), Qa(s,t) = [ Re(s,it)w™ with moment map m(s) = %[s|w".

These are G-invariant and indeed symplectic (in fact Kihler, and A% is a Kihler
submanifold of the affine space A). Therefore the symplectic form = %Q A D
—Q0 D Qs on AV x QO(u) x Q%2 (1) has moment map

m(A,Ck,ﬂ) = —1 <ZAFA + % (’a‘2 _ |ﬂ’2)> wn’

which is what we are trying to make zero. We can restrict to the symplectic
submanifold {(A,a,ﬂ) ‘ Opa=0= 535} so, in the deg L < 0 (and stable) case,
we can expect that given a holomorphic structure and section «, we can find a
unique metric satisfying (SW—). This is what we have proved in (2.4), showing
that all points are stable.

For deg L > 0, however, we need to incoorporate the 5; (G = 0 condition which is
destroyed by the G° action, as {(A, a, 3) | 0% = 0} is not a symplectic submanifold.
We can try to derive 95 = 0 from a moment map. G = Q%!(y) acts on Q%2 (y)
via v : 8 — B — dpy preserving ;. But the ‘moment map’ 3 — 953 = LG is not
Q%1 (p)-equivariant so the G action does not descend to m~1(0). Thus this first
attempt at extending the symplectic quotient method, so successful for H°, to H?,
fails, and I made no more progress in this direction.

Gradient flows. As mentioned above, an equivalent procedure to forming the
symplectic quotient is to minimise ||m||> down convergent gradient flow lines. In
fact for the ASD equations for a holomorphic bundle on a Kéhler surface |m/||? =
|F1]1? = $||Fal|?> — 4n%co(E) is essentially the Yang-Mills functional, and ||m||?
provides a generalisation of this to higher dimensions. Similarly the Seiberg-Witten
functional on a Kéhler surface essentially reduces to ||m||? (where m is as above) for
[ = 0, and this can be generalised to three dimensions. We first consider deg L < 0,
to show how things might work for deg L > 0.

Let F = [[iAFa + §|of?||> on A% (p) x QO(p), then for (a,s) € T(p,q) (A (1) %
Q%)) = Q(R) & Q°(p),

1
(grad F, (a,s)) = 2Re (iAFa + 5\04\2, 2iAda + Re(a, s))

— Re (—id* [(iAF + %|a|2)w],a> 4+ 2Re ((iAFy + %|oz|2)oz, ).
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So, taking the metric on AM!(u) x Q°(u) to be (the real part of) that on A (1)
plus ¢ times that on Q°(u), we have, by the Kéhler identities,

grad F = 4(0 — 0)m(A, a) ® 2e 'm(4A, a)a, (2.9)

where m(A, a) = iAF4 + 1|a|?. Hence stationary points with o # 0 are solutions
of iAFa + 1|a|? = 0. But € € g° = Q°(C) induces the vector field

(9€ — 9¢) ® Eax

on AV(p) x Q%(p) at (B,a), so grad F is in the image of 4m(A4,a) € g¢ (for
e = 1/2). Therefore, starting with a holomorphic structure 9z on p and o € HS ()
and solving the flow equations

d = 1

EAt = —4(8 — 8)(ZAFAt + §|Oét|2), AO = A,
ia = —4(iAF4, + 1|oz %) ) = @
dt t — At 2 t ) 0 — 9

we get a path converging to an isomorphic holomorphic structure and holomorphic
section satisfying (SW—), i.e. m(A4,«) = 0. In fact solving instead for the path in
G¢ is essentially what we did in the continuity method of (2.4) involving the path
Q.

For deg L > 0 we can consider, say, F = |[iAFa — |8%|? + 051> + ||05]/?
on A () x Q%2(p), again with metric Re(, ) & 3Re(, ). Then for (a,s) €
QLIR) @ Q%2 (1), a messy calculation shows that

grad 7 = [1(0-0) (AP = 119F) + (8005  5:0u5) + (358 ~ 5|

& [—4 <z’AF — %W’) I&; +4ABﬁ] .

(2.10)
This gives us a corresponding set of gradient flow equations whose convergence
to solutions of (SW+) (stationary points of grad F) could be analysed. However,
closely related to the fact that (SW—) comes from a moment map and (SW+) does
not, (2.9) was along a G¢ orbit but (2.10) is not - the equation A g3 = 0 is destroyed
by the G¢ action. So we may find a solution, but we will have moved away from our
original holomorphic structure and element of H% (1), so we are not finding special
metrics or sections.

3. LINEARISATION AND PERTURBATION

In this section we look at the linearisation of the equations (STW+) on a Kéhler
3-manifold. There are many equivalent sets of equations we could look at (for
instance we could include «’s, since these must vanish for deg L > 0), most of
which would be over- or under-determined. Ideally we would like the set to be
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elliptic; the best we can do here is the elliptic complex below (equivalently, as we
shall see, we could add an extra variable u and get an elliptic system).

Let A(u) be the set of unitary connections on pu, and let C = A(u) x Q%2(p).
Then we are looking for the zero set of

d: C — Q20 QR) Q"2 (u)
) 1
(B.S) = (Fg”,ihFa — 5|8*.A50),
where A is the induced connection on L, as before.

We also have the action of the gauge group G = I'(S! x X) on C, given by
g(B,3) = (B — g~ 1dg, gB). Together the derivatives of these maps at a solution
(B, B) give, in the usual way, a complex,

Q°(R) =T.G — T(ppAu® Q™ (1) — Q& Q°R) & Q% ().

Unfortunately this is not elliptic, and we must either modify F 1%2 to F ]g,z +0*u, for
u € Q3 (leaving the zero set of ® unaltered, by the Bianchi identity: if F ]g’z—ké*u =

0 then 0 = 5Fg’2 = —00*u so taking the inner product with u shows that 9*u = 0),
or equivalently, extend the complex to the right, as below.

So, identifying Q%! with Tg.A(u) by a — a — a, a straightforward calculation
shows the linearisation D® fits into the complex

QOGR) —= 001 (C) —— 22— 002(C) —L> 03(C)
4Ret N

where 01(a) = Op(xa A (x3)) + 05(a A B).

We must now check this is elliptic in an appropriate sense, the problem being
that we have a complex of mixed order. This could have been avoided by using the
first order elliptic operator dg + 9% : Q0ven (1) — Q044 (1) but this would have
meant extending the complex to the left and right. Using A g is simpler, and the
elliptic theory is easily modified, as follows.

Proposition (3.2). If P, : I'(E;) — I'(F;) (i = 1,2) are elliptic differential oper-
ators of order p;, and Q1 : T'(Ey) — I'(Fy), Q2 : I'(Esy) — T'(F1) are differential
operators of order q; < p;, then the operator

I(B) —g——>T(F)

Q
D=P +P+Q1+Qx: ® X ®

['(Es) 2T>F(F2)



20 GAUGE THEORY AND COMPLEX DIFFERENTIAL GEOMETRY

1s Fredholm with index ind D = ind P; + ind P».
(Note: The indexes refer to spaces of smooth sections, not Sobolev spaces.)

Proof. Completing the spaces of sections in appropriate Sobolev norms, the P;, @Q;
extend to give a bounded operator

P
Li i, (B1) Ql;ﬂ?i(ﬂ)
D: & Xj g
Q

Since ¢g; < p;, this is a compact perturbation of the direct sum of the two operators

By the ellipticity of the P;’s, these are Fredholm maps with combined index ind P; +
ind P, so D is Fredholm with this index too. Now we need only show the same
holds for smooth sections.

If (u1,u9) € (Li_HJI @ Li+p2) N ker D then
Piuj + Qauz = 0 = Poug + Qqu;. (3.3)

The P; have parametrices G;, pseudodifferential operators of order —p; such that
G; P; — I is an operator of order —1, K; say.

Applying G; to (3.3) gives u1 + Kiu; + G1Qauz = 0 = ug + Kous + Go2Q1us.
Now, u; € L2 so Ku; € LzH, and as p; > ¢, G1Q2uz € Li+p2+p1—q2 C Li+p1+1
and GoQuq € Liﬂh“. Thus u; € Lzﬂoﬁrl and ker D is independent of k, and

lies in (), L} = C*°.

Similarly, forming the adjoints of all our operators (with respect to the L? inner
product) and using the pairing (by integration) between L2 and L? . we can identify
the cokernel with the kernel of the adjoint operator

P*
L2y (B) =5 L2,(F)
D" @ X @

L2, (By) <% 2 (),
2

which, by the same argument, consists of smooth sections. [

Now, recall the way a complex (V¢ D) is converted into the form of a single
operator D+D*: @_ .. V' — @ qq V", which is elliptic if and only if the complex
is elliptic, with index the Euler characteristic of the original complex.
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In this form our complex (3.1) is a perturbation, in the sense of Proposition
(3.2), of the direct sum of the complexes

QO(iR) — 2 001(C) —2> 002(C) —2> 03 (C)

AReirD~ @ (3.4)
Q

"(R)
Q%2 () 22 Q0 (). (3.5)

So if we can show (3.4) is elliptic, then (3.1) has finite dimensional cohomology
groups with Euler characterisitic the same as (3.4) ((3.5) is clearly elliptic with zero
index).

Lemma (3.6). (3.4) is elliptic.
Proof. The (real) symbol sequence of (3.4) at a point v € Ty X\{0} is

. —v% 1A O A v A
QO(ZR) e Qo’l(C) —_— QO’Q((C) —_— 90’3((1)
4ReiAm 0 D

*(R)

where v%! is the image of v under the composite T*X — T*X @ C — T%' X, and
similarly for v*°.

That the composites of two symbols is zero follows from the fact that (3.4) is a
complex, or by direct check. At the Q%! stage we have, for f € Q°(iR),

—ReiAv" O A f0O! = —i fA(UPOAROE 4010 A0 L) = —iFA(vO AW 0O ARt

which is zero. Conversely, given a € Q%1 such that —v%! Aa = 0 = Re (iAv'? A a),
we must have a = fv%! for some f € Q°(C), and then

iN(fol 0 AT — foOt A0l O) = i(f 4+ H)A(PO A 0O
vanishes if and only if f + f =0, i.e. f € QO(iR).
The symbol sequence is also onto at Q°(R), and elsewhere is well known to be
exact. [

So far we have proved

Theorem (3.7). (5.1) has finite dimensional cohomology groups H® (i = 0,1,2,3),
with Euler characteristic equal to that of (3.4).

We now need to identify the real dimensions h® of the cohomology groups of (3.4).
Clearly h® = 1 and h3® = 2h%3. Let H', H" be the first and second cohomology
groups of (3.4).
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Theorem (3.8). H' = HO!

Proof. We have a well defined map H' — H"! induced by the identity on the chain
groups. To show it is surjective, we must show that give a € Q%! with da = 0,
3b € Q°(C) such that a + 9b € ker(ReiAd). So we want Re(iAda + iAIOb) = 0,
that is A(Reb) = Re (iAda) which we can solve if and only if Re [ iAdadu = 0, by
the Fredholm alternative. But

/A@aduzc/@a/\uﬂ:c/da/\w2:c/d(a/\w2)20.

To show injectivity, suppose a and a + Ob represent elements of H', i.e. Oa = 0 and
ReiAd(a + 0b) = 0 = ReiAda. Then as above, A(Reb) = 0 so Reb =const and
b € N°(iR), which shows [a] = [a + 9b] in H'. O

Theorem (3.9). H” =~ H? ¢ R.

Proof. The cocycles are Z%2(C) ® Q°(R) and the proof of the theorem above shows
that the image of 0 ® 4ReiAd is B®*(C) & {f € Q°(R)| [ fdu=0}. O

Theorem (3.10). The (real) Euler characterisitic of (3.1) is 1 — 2h%! + 2102 +
1 —2h%3 = 2x(0O), which, by the Hirzebruch-Riemann-Roch theorem for the trivial
holomorphic line bundle O, equals 35 (c1(X) ~ c2(X), [X]) .

We now need to identify the cohomology groups H® of (3.1) at a solution (B, 3).
H® = 0 since 3 # 0, H' is our naive linearised model for the moduli space of
solutions, and H?3 = H®3, which leaves

Theorem (3.11). H? = H%2 @ H](;,Q(M).

Proof. We compute H? from (3.1),

) 4ReiAO 0@
D=0+06+9+93+Ap: © —Re(.,8) QGgR)
Q02(p) ———="> Q02(n)

61
The cocycles are Z%2 @ QY(R) @ N%2(u), and we can identify H? with the (real) L2

orthogonal complement of im D within this space, by Proposition (3.2). So suppose
that (b, f,s) € Z%2 ® Q°(R) ® Q%2(u) is Lg im D, then, for all a € Q%1

0 = (D(a,0), (b, f,s)) = Re(da, b) +4Rei/A8af du+Re/<61(a),s)dp. (3.12)
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Setting a = Ou, the first term vanishes, and
4Re/Aufdu = 4Re/uAf dp = Re/(u, 0*65(s))du,

where A is the d-Laplacian. Since this holds for all u € Q°(C), we have
AAf = 0%55(s).

Then a messy calculation, using the relation 0*(7u0) = (—1)7l(720*¢ — O70)
(derived easily from the Leibnitz rule), shows that the right hand side equals

AAf = —(Aps, B). (3.13)

We also have
0= (D(0,7), (b. f.5)) = —Re / (B9 du+ RelDpy,s), Wy € Q0%(u),

implying that Ags = f3, which, in (3.13), gives (4A +|3]?)f = 0. But (4A+ |5]?)
is a strictly positive operator since 3 # 0, so f = 0. Hence Ags = 0 too, forcing
Ops = 0 = 0%s = 01(s), so (3.12) decouples to give (Ja,b) = 0 Va € Q%! ie.
d*b=0.

Therefore we have proved that (im D)X® is contained in H%? @ {0} ® H%’Q (1)
(where H denotes the harmonic space ker O N ker 9* = ker A). However, (im D)=+
also contains this space - the only thing left to show is that it is L? orthogonal to
imé, , but if s € HY () then dgs = 0 = %s, so that (5;(a),s) = (—dp(*a A
(+8)) + 05 (a A B),s) = 0. Thus H? = H*? @ Hy”(p) as claimed. O

Theorem (3.14). A neighbourhood of a solution (B,[3) in the moduli space of
solutions of (SW+)/G is the zero set of a smooth nonlinear map f: H' — H%(u),
where H' has (real) dimension b' — 2 + 2 dimcH%(p).

Proof. Comparing the Euler characteristics of (3.1) and (3.4),

0 —dim H' 4 (2h%2 + 2dimc H3 () — 2h%3 = 1—1201.02 =2 —2p%! 4 2p02 — 203
gives the dimension of H 1 as b = 2%, Since the action of G on solutions is free
(6 # 0) we can appeal to the standard theory (described in [2]) of the Kuranishi
model of the moduli space, ignoring the H%? summand of H? = H%2 & H%(p),
and the higher cohomology H®3, because the F]g,z = 0 condition of the zero set
{® = 0} is already linear; the linearised model da = 0 for a € Q%! is the precise
condition for b+ a — a to define a holomorphic structure on the line bundle p. O

It is tempting to call dim H' = b' —2+2dimc H%(p) the virtual dimension of the
moduli space, and it is, notice, the dimension of what we hoped the moduli space
might be, i.e. |JgP(H% (1)) (where B runs over the set of isomorphism classes of
holomorphic structures on p), perhaps with some unstable points thrown out (e.g.
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those at which dim H%(u) jumps). However, this is misleading, since we have no
hope of (B, ) being a regular value of the map f, and so of the moduli space being
(locally) a manifold of this dimension. In other similar moduli problems we usually
include only those solutions at which the higher cohomology group H? vanishes,
but in our case the vanishing of H? would mean that H%(u) = 0, so that (SW+)
would have no solutions at all. Even if we gauge-invariantly perturb the equations
to iAFa — 3|B> = g, for g € QO(R), we still do not get a regular point, at the
origin, of the map

d: CxQUR) —Q%2@OQ°(R) & Q%2(u)

. 1
(Bv/gvg) '_)(FgQﬂAFA_5’/8|2_97AB/6)7

i.e., D® is not onto B%2 @& QO(R) & Q%2(1) (in fact, the working in (3.11) shows
im D® = B%2? @ QO(R) @ (H%?(u))* as before). To get a regular perturbation
we must alter the A3 = 0 equation to A3 = n, n € Q%%(u). (Since, for
g € G, Ayp(gB) = gApf we can maintain gauge invariance by acting G on 7
by g : 7 — gn). Then, for generic n (see [2] for the relevant Sard-Smale theory)
H? = H%? and we get a local model about (B, 3) for the moduli space, of dimension
b' — 2. But notice we have lost our special representative of cohomology H% ().
Again, this does seem to demonstrate that a dimension b* — 2 + 2dimcHz (i) for
the moduli space is unrealistic.

In fact, since the original ® s nonlinear, the map f is not zero, and therefore its
zero set cannot have dimension dim H', and so we have proved

Theorem (3.15). For a given holomorphic structure, there is an arbitrarily close
holomorphic structure Op on pu and 3 € H%(u) such that there does mot exist a
metric on p making (B, 3) a solution of (SW+). (B is the connection induced from
Op and the metric).

This does not rule out there being a subset of ‘stable’ pairs for which the moduli
space is what we hoped it would be. So we need to look at the space of solutions
of (SW+) at a fixed holomorphic structure dg, modulo G. Considering a G¢ orbit
of B, any g € G is gauge equivalent to a (0,00)-valued map, so letting G" =
I'((0,00) x X)), we look for solutions (g(B),v) of (SW+), g € G". First we would
like to know which of these are gauge equivalent.

If g(B) = h(B), g,h € G", then dlogg = dlogh = g/h =const, so we work
modulo the constants, on G" /R;. Then if (g1(B),71) = h((g2(B),72)) for h € G,
g1 = g2 and h is a constant in U(1). Therefore we are looking for the zero set of

U G /Ry x Q%% (u) — Q°(R) @ Q%(u)
» 1, (3.16)
(9,7) = (@A Fy ) = 51717 A7),
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quotiented by U(1). The derivative at the solution (B, () is given by

4A

QO(R)/R p QO(R)
DV . @ @
7Re< . 7B>
022 () Ao Q%2 (),

where, much as in (3.1), 6;(u) = —9p(0usB) + 5(0u A B). This, by Proposition
(3.2), has index equal to the sum of those of

Q°(R)/R 22 QO(R),
Q02 () =200 (),

i.e. —1. (This immediately shows we cannot have a regular point, of course). We
compute the dimension of the cokernel of DV, taking (f,s) in (im D)**. Then
(D(u,7), (f,s)) =0, which, just as in (3.11), tells us that

4Af = _<ABsaﬁ>

on putting v = 0, and
Aps=pf
on putting v = 0. Thus, as in (3.11), f =0, Aps = 0, and the cokernel of DV is

isomorphic to H%(p). Thus, the dimension of the kernel of DW is 2dimc H3 (1) — 1,
and we have

Theorem (3.17). The local moduli space of solutions of (3.16), about a solution
(B, ) of (SW+), is the zero set of a smooth nonlinear map from a vector space of
dimension (2 dimcH%(u) — 1) to H5(u), quotiented by the free action of U(1).

Proof. The U(1) action is free because 3 # 0, and the rest is the Kuranishi model
mentioned earlier ([2]).

So, even if the moduli space were a manifold, it would have dimension less
than (2dimcH%(p) — 1) since the U(1) action is free, and the map in (3.17) is
not identically zero (¥ is nonlinear). Thus we have proved the following stronger
version of Theorem (3.15).

Theorem (3.18). Given a holomorphic structure dg on p, the moduli space of
solutions of (SW+) with an isomorphic holomorphic structure is not P(H%(p)),
that is there exists 3 € H%(u) such that (B, [3) satisfies (SW+) for no metric on

7
We end this section by noting that we have not actually found a single solution
of (SW+). To do this we could try solving an equation for the metric similar to

the vortex equation (2.3) for deg L < 0, but involving a nasty non-local term:

1
Aut ;[P Be™ = a. (3.19)
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Here Py, denotes the projection onto the harmonic space of the dp-Laplacian,
using the metric e¥|.|o. We could try to iterate, starting with harmonic 3, and
solving (3.19) with Py, (3 replaced by 3, giving u(!) say. Then resolve with Py 0,
etc. Or a continuity method, similar to that of (2.4), would require the linearisation
of Py, with respect to u, and, more seriously, a priori bounds as in (2.5). Of course
both these methods are attempts to find a metric to solve (SW+) for a given
(B,3), € H%(1)), and Theorem (3.18) shows they are doomed to failure for some
choices of 3. Perhaps, therefore, the best method of finding a solution, would be
to solve for the gradient flow of (2.10).

4. GAUGE THEORIES ON SYMPLECTIC MANIFOLDS

We begin by sketching some of the basic facts about the moduli space of holo-
morphic bundles, topologically equivalent to a fixed SU(r) bundle E, over a Kahler
manifold. On a Kéahler surface the ASD equations FX = 0 become the integrability
condition for the pair (E, A) to define a holomorphic bundle, Fg’2 =0= FZ’O, and
the equation z'AFjl’l = 0 which, naively speaking, singles out a special connection
(equivalently, metric) for the given holomorphic structure. In fact, it is shown in
[2,7], that each G orbit of a stable holomorphic SU(r) bundle contains precisely one
orbit of ASD connections. Thus we can form the moduli space of stable holomor-
phic bundles isomorphic to E, which equals the moduli space of ASD connections
on E. Roughly speaking {holomorphic structures}/ G¢ ={ASD connections}/ G,
as in our discussion of moment maps in Section 2. While the ASD equations do
not generalise to higher dimensions, on a Kéhler n-manifold we can write down the
(more general) Hermitian-Yang-Mills equations for a U(r) bundle,

Fy? =0, AFy' =)L (4.1)

(X is a constant). Then (see [7]) we have the result that for any stable bundle there
exists a metric satisfying (4.1), for A =27 ([ c1(E) Aw™ 1Y) /([ w™).

As in Section 3, these equations are not elliptic, but fit into an elliptic complex.
Equivalently, on a Kéahler 3-manifold, we can modify the first equation to Fg’Q =
Ohu, u € Q%3(gg), giving the same result, by the Bianchi identity. This shows
what the analogue of the moduli space of holomorphic bundles, or Hermitian Yang-
Mills connections, should be on a symplectic 6-manifold; that is solutions of the
elliptic system

Fg’2 = Jhu,
iNFy = M,

modulo the gauge group G = I'(Gg). Thus we can extend some Yang-Mills invari-
ants to a symplectic 6-manifold.

The space of solutions of a linear elliptic system is finite dimensional so that an
L? bounded subset, say, will be compact. The nonlinear case is more complicated
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but an L? bound on the curvature Fj4 is the starting point for crucial (weak)
compactness theorems of moduli spaces (see for instance [2] - locally we can take A
to be guage equivalent to a connection matrix in Coulomb gauge d*A = 0, which
together with | F4]| 2 controls [|(d+d*) Al L2 and thus [|A]|2). We shall concentrate
on obtaining these bounds.

A vector bundle E on a Kéhler n-manifold X has the topological invariant

= [IFS2 R 4 1FROR - FIAP 1P du = cln) [ e (Fa)? o
= 4r%c(n) (c2(B).w"?) = C,

using the pointwise splitting of A1l into (w) and its orthogonal complement Ail.
Therefore,

|FallZe = / Q212 4 |F202 4 [EL2 4 [FY 2 dy
_(1+2/|ng2

Thus, if FE"2 =0= FZ’O, iAF 4 = )\, we get our desired bound

24 |FY°12 + |FY P dp

| Fall3: = C + 2)*Vol. (4.2)
We can now try to mimic this in the symplectic case with the equations
FY? = 0%u, iAFa = A (4.3)

The Bianchi identity now becomes (daF4)%3 = 0= daFy> + N(Fy"), where N is
the Nijenhius tensor: A1t — A%2. So

_ A 2
[imeran= 105 an= [ < 12200

where \; is the first monzero eigenvalue of Ax = 940% : Q°3(gr) — Q%3(gg).
Therefore, A qu = 0404 u = 8AFO 2 —/\/(Fj1 1), yielding

N 2
[ an < By, (4.4

We have, as before, the topological invariant C' (w is still closed), so for a unitary
connection satisfying (4.3), (4.4) gives us

IINH

|Fall% = c+2/ [FO2P 4 | F2OP 4 |AFY P dp < © + 202 Vol + 4050 gL,

This yields the obvious bound |[Fa||2. < (C+2A2Vol) /(1 4115y for x; > 4|2,
2

but we can do better. Let f = [[Fal?,, k = C + 2)\*Vol, n = 2”N>\—1”, a =

2|22, 8= | Fy'||2 then

f=a+0, k=8—a, and a < ng,
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from (4.4) and the definition k. Thus

2n 2 2n 2n
f=k+2a k:+1+na+1+noz_k:+1+n(a+ﬁ) k:+1+nf
This gives the boundfﬁk:(%‘_’“—ﬁ) forn < 1, ie.,
A1+ 2|IV12
Full?2 < (C+2X%Vol) [ ——=——_ ), for \; > 2||N|?, 4.5
IFalls < (€ + 20vo1) ({5000 ) for s 2N (05)

which reduces to (4.2) in the Kéhler case N'= 0. So we get a compactness result
when the first nonzero eigenvalue of A4 on Q%3(gg) is greater than 2||A]|?2. We
now cast this in more geometric form with a Weitzenbock formula, though it should
be noted that we lose something in the process, since we derive a lower bound for
the first eigenvalue, not the first nonzero eigenvalue.

Theorem (4.6). Let E be a unitary vector bundle over the 2n-dimensional sym-
plectic manifold X, with a unitary connection A satisfying iAF4 = X . Then the
smallest eigenvalue of A : Q0" (gr) — Q%" (gg) is greater than or equal to the
minimum of the scalar curvature of X.

Proof. We follow lectures of Donaldson in setting up the Weitzenbock formula.
Given a vector bundle W (later this will be gg) with a connection A, we can form,
using the Levi-Civita connection on X, the operators

0a, 5,4, V;;, V’A on AP W,
where 04 will be the antisymmetrization of V’,, etc.
On A®"@W = Kx®W, 94 = V4, so their Laplacians are the same, Ai =A

say. To relate the other Laplacians we need the Kahler identities (see [3,8]) in the
symplectic bundle-valued case.

Lemma (4.7). Given a bundle W with a unitary connection A over a symplectic

manifold X, 0% = —i[A,D4], and 9% = i[A,D4].

Proof (For the easy case of 9% on Q%4(W) only). For s € Q%4(W), t € QU1 (W),
using the Hodge-Riemann bilinear relations ([8]),

(O48,t) 2 = /(s, Oat)du = c/s A (Dat)* ANw" 1
= c/s NOA(t") ANw" ™1
_ c(—l)q/d(s A A W) = (D45) A L5 A w0

=c(—1)1"t /8,43 A(tAW)* AwnTa!

= —i{0a8,t N\w)p2 = —i(ADas,t) 2. O
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Thus on QU4(W), AG = 9404 + 9495 = —i(Aada + aAD4). But Af =
az@A = z’AéA@A — iéAAé?A = Aa + z’A(@AéA + éAaA)-

So A‘z — A9 =—iho Fj’l. Note this means the operator ‘wedge with ij’l then
do —iA’, rather than wedge with —z'AFj"l, so it is zero on the top power A% @ W.

Putting ¢ = 0 and replacing W by A% @ W gives
A~ Ay =—iNo Fyylyow =1 © —iA(Fyy,) —iMFL) @ 1.

So, on the top exterior power ¢ = n we have
A% =A% = Ay = Ay + TiN(Fy) +iMFY @ 1. (4.8)
Specialising to the case of W = gg, the connection is induced from A on E, and
what we have called F4 above is
Fyp = [Fa,.], ie Fy, As=FaAs+ (—1)PTIH s A Fy,

for s € QP4(gp) C QP9(End E). Thus Fy;' = Ad(Fy") = iA(Fy,) = iA(AdFyY)
= 0, since by assumption iAFj"l = Al.

So the last term of (4.8) drops out leaving
A% =A% —iNtrR = Ay + s,
where R is the curvature of the Levi-Civita connection and s is the scalar curvature.

Since A’} is a positive operator the result follows. [J

Theorem (4.9). Let E be a stable unitary bundle over a symplectic 6-manifold
whose scalar curvature satisfies min(s) > 2||N||2. Then there is a uniform bound on
||F2’2HL2 for any unitary connection A on E satisfying FX’Z = 0%u and iNFy = X
for some constant \.

Proof. This now follows from equation (4.5) and Theorem (4.6). O

The Seiberg-Witten Equations. We would like to do a similar thing with the
Seiberg-Witten equations, generalising them to a symplectic 6-manifold, by writing
them as

(1) 5304 = _5267

(ii) opp =0,

(iii) FY? =ag + 0*u,

(iv) iNFa =~ 5 (lof? ~ 5?).

As we have seen in Section 3, this works, for instance, if o = 0, in that the equations
reduce to (SW+) on a Kéhler manifold and 0*u = 0. We now try (and fail) to show
what we would like, i.e. that on a Kéhler 3-manifold these equations imply 0*u = 0.
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By the Bianchi identity,
/(u, OFYYdu =0 = /(5*u, aB) + |0*ul?du = 0. (4.10)
F3% = 2F%?, so applying dp to (i) and substituting (iii) gives
1 2 Lo a_Qx 21312 x,, = I* 3|2
S0+ La(@w) + 35030 =0 = [ |aPIAP + (°u,a6) + 25507 dn = 0,
which, with (4.10), gives
/|Oé|2|ﬁ|2 — |0 u|?* + 2|05 8*du = 0. (4.11)
4.10) and Cauchy-Schwartz give
(4.10) y g

/IG*UI2du = —/(3*u7aﬂ>dﬂ

*) <(/ |a*u|2du)% (/ \aﬁ\Qqu <3 ([oapans [laspan).

with equality at (*) if and only if —(0*u,aB3) = |0*u||aB|. So

N | =

[ upan < [ 1asian (4.12)
which in (4.11) implies that 953 = 0, so (i) decouples to give
(i) dpa =0, Ipf=0=0p0.
(4.11) also shows equality must hold in (4.12) and so at (*), so that

—(0*u, aB) = |0*ul|lap|. (4.13)

So [ (10°ul ~1a8))" du= [ (a8 = 10"uP) du-+2 [ (=10 ullas] + 10%u?) d

vanishes, since the two terms are (4.11) and (4.10) respectively. Therefore |0*u| =
|a5|, which, with (4.13), shows that

0"'u = —ap,
(ii") Fy* =0.

This is very close to what we want, but we still have not shown that 9*u = 0 (if
this is even true).
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