Draft version of May 16, 2002

MULTI-SYMPLECTIC INTEGRATION METHODS FOR HAMILTONIAN PDES

BRIAN E. MOORE^∗ AND SEBASTIAN REICH^†

Abstract. Recent results on numerical integration methods that exactly preserve the symplectic structure in both space and time for Hamiltonian PDEs are discussed. The Preissman box scheme is considered as an example and it is shown that the method exactly preserves a multi-symplectic conservation law and any conservation law related to linear symmetries of the PDE. Local energy and momentum are not, in general, conserved exactly, but semi-discrete versions of these conservation laws are, and using backward error analysis yields a modified multi-symplectic PDE and modified conservation laws that are preserved to higher order. These results are applied to the nonlinear Schrödinger equation and the Sine-Gordon equation in relation to the numerical approximation of solitary wave solutions.

Key words. Symplectic integration methods, Hamiltonian PDEs, error analysis, soliton solutions

1. Introduction. When approximating the solution of a differential equation using a numerical integrator, it is often desirable to preserve as many properties of the exact evolution equation as possible. In particular, it is advantageous to preserve the symplectic structure of Hamiltonian systems

Jy_t = ∇_yH(y), with J = [ 0_n I_n −I_n 0_n ] , (1.1)

where y(t) ∈ R^{2n} and H : R^{2n} → R is the Hamiltonian (energy) of the system. Numerical schemes that have this property, known as symplectic integrators, have proved to be both accurate and efficient in the long-time approximation of solutions to Hamiltonian ODEs [3, 9, 13, 18, 20]. In addition, symplectic integrators lead to a useful interpretation of backward error analysis, in which a modified equation, the equation solved by the numerical scheme to higher order than the original equation, is used to understand the discretization error induced by the numerical scheme.

Recently, the idea of symplectic integration has been extended in a novel way to Hamiltonian PDEs [8, 14], by exploiting the multi-symplectic structure of the PDE

Kz_t + Lz_x = ∇_z S(z), (1.2)

where K and L are skew-symmetric, z(x, t) is the vector of state variables, and S(z) is a smooth function. Specifically, Bridges and Reich [8] apply a symplectic integrator to each independent variable to get a multi-symplectic integrator which preserves the multi-symplectic structure of (1.2). Using this approach has paved the way to a useful backward error analysis for multi-symplectic integrators, such that a modified multisymplectic PDE is satisfied by the numerical solution to higher order in both space and time [15, 16]. The modified PDE can also be used to derive modified conservation

∗ Department of Mathematics and Statistics, University of Surrey, and Department of Mathematics, Imperial College, London (e-mail: b.moore@ic.ac.uk)

† Department of Mathematics, Imperial College, London (e-mail: s.reich@ic.ac.uk). Partial financial support by European Commission funding for the Research Training Network “Mechanics and Symmetry in Europe” is gratefully acknowledged.

laws of energy and momentum, leading to a better understanding of the numerical scheme.

The focus of the present paper is on the multi-symplectic Preissman box scheme, which is the space-time version of the implicit midpoint scheme for ODEs. This scheme has been considered in the context of multi-symplectic PDEs in [8, 19], and it is commonly used in the area of hydraulics [1, 2]. It is shown that this scheme preserves a conservation law, which is directly related to linear symmetries associated with (1.2) through Noether theory, as well as a multi-symplectic conservation law, exactly. Backward error analysis is also used to show that the modified PDE satisfies this conservation law and that of energy and momentum to higher order. The outline is as follows. We first, introduce the conservation laws satisfied by (1.2) in §2, and discuss the box scheme as well as its conservation properties in §3. Then, §4 considers the modified equations and conservation laws obtained through backward error analysis. The results are then applied in §5 to a model problem known as the nonlinear Schrödinger equation (NLS) and soliton solutions of the sine-Gordon equation.

2. Conservation Laws. There are several properties of (1.2) that take the form of conservation laws and should be considered when using a numerical integrator to approximate solutions. First, according to Bridges [4, 5], a multi-symplectic conservation law

∂_tω + ∂_xκ = 0, where ω = dz ∧ Kdz and κ = dz ∧ Ldz,

is derived directly from (1.2). Here, we use wedge product notation such that dz denotes the vector of differentials, and let ∂_t and ∂_x denote differentiation with respect to time and space. One can restrict this conservation law to the space of solutions by making the ansatz

dz = z_tdt + z_xdx.

This yields the conservation law ∂_t ( z^T_t Kz_x ) + ∂_x ( z^T_t Lz_x ) = 0. (2.1)

Following the analysis in [4, 5], we can also derive local conservation laws of energy and momentum. Using the time invariance of (1.2), an energy conservation law can easily be derived by taking the product of z^T_t with (1.2). Then we obtain the energy conservation law

∂_tE + ∂_xF = 0, where E = S(z) + z^T_x Lz and F = −z^T_t Lz

are known respectively as the energy density and the energy flux. Similarly, the spatial invariance of (1.2) can be used to take the product of z^T_x with (1.2), which gives the momentum conservation law

∂_xG + ∂_tI = 0, where G = S(z) + z^T_t Kz and I = −z^T_x Kz.

It is interesting to note that the conservation law (2.1) is equivalent to the one obtained from differentiation of the energy and momentum conservation laws, i.e.

∂_x(E_t + F_x) − ∂_t(G_x + I_t) = 0. (2.2)

According to Bridges [5], there may also be additional conservation laws for (1.2) related to linear symmetries. Essentially this follows from Noether theory and derivation of the the multi-symplectic PDE (1.2) from a Lagrangian functional L = ∫ L dtdx for L = 1 2 z^T (Kz_t + Lz_x) − S(z). (2.3)

More specifically, take a linear one-parameter family of linear coordinate transformations [17] given by the group action

G_ε(z) = e^{εA}z, (2.4)

which is chosen in such a way that it is symplectic with respect to both ω and κ. Symplecticity is equivalent to

A^T K + KA = 0, A^T L + LA = 0. (2.5)

Using these two identities, the invariance of a Lagrangian under such a change of variables leads to 0 = ∂L ∂ε | | |_{ε=0} = ∫ S^′(z)Az dtdx and we obtain the invariance condition

S^′(z)Az = 0. (2.6)

Direct application of (2.6) to the multi-symplectic PDE formulation (1.2) yields

(Az)^T Kz_t + (Az)^T Lz_x = (Az)^T ∇_z S(z) = 0,

and using (2.5), this can be written as a conservation law

∂_t(z^T KAz) + ∂_x(z^T LAz) = 0. (2.7)

Notice here that each of these conservation laws is preserved locally, and these formulations are made possible by the multi-symplectic structure of the PDE. This is in contrast to a Hamiltonian formulation which yields global conservation of densities and neglects the fluxes. We make the distinction here because the preservation of a local conservation law numerically is a stronger result than the global conservation that has been achieved in the past, and these are the issues discussed as we consider a numerical method.

3. A Multi-Symplectic Box Scheme. We now present a centered scheme and discuss the preservation of these conservation laws. First, introduce the notation z^{n,i}, which denotes the numerical approximation of z(x_n, t_i) for n = 0, 1, 2, . . . , N and i = 0, 1, 2, . . . , T , where N is the number of grid points and T is the number of time steps. We also set Δx = x_{n+1} − x_n and Δt = t_{i+1} − t_i. In addition, define the midpoints z^{n+1/2,i} = 1 2 ( z^{n+1,i} + z^{n,i} ) and z^{n,i+1/2} = 1 2 ( z^{n,i+1} + z^{n,i} ) , and the forward difference approximations

z_x ≈ δ^+_x z^{n,i} = z^{n+1,i} − z^{n,i} Δx and z_t ≈ δ^+_t z^{n,i} = z^{n,i+1} − z^{n,i} Δt . 3

Using the implicit midpoint scheme [20] to discretize (1.2) in space and time separately yields the multi-symplectic Preissman box scheme [8]

Kδ^+_t z^{n+1/2,i} + Lδ^+_x z^{n,i+1/2} = ∇_zS(z^{n+1/2,i+1/2}), (3.1)

where z^{n+1/2,i+1/2} = 1 4 ( z^{n+1,i+1} + z^{n+1,i} + z^{n,i+1} + z^{n,i} ) . We will call this scheme a multi-symplectic integrator because it preserves exactly a multi-symplectic conservation law [8]

δ^+_t ω^{n,i} + δ^+_x κ^{n,i} = 0, for ω^{n,i} = dz^{n+1/2,i} ∧ Kdz^{n+1/2,i} and κ^{n,i} = dz^{n,i+1/2} ∧ Kdz^{n,i+1/2}. Equation (3.1) can also be derived using a discrete variational principle to get ∂ ∂z^{n,i} L = 0, L = ∑ n ∑ i L^{n+1/2,i+1/2}, for the approximation L^{n+1/2,i+1/2} = 1 2 ( z^{n+1/2,i+1/2} )_T ( Kδ^+_t z^{n+1/2,i} + Lδ^+_x z^{n,i+1/2} ) − S(z^{n+1/2,i+1/2}) of (2.3). This is a generalization of the discrete multi-symplectic formulation of Marsden, Patrick, and Shkoller [14] for first order field theories.

Provided the PDE (1.2) is invariant under an appropriate linear symmetry, the Preissman box scheme also satisfies a discrete version of the conservation law (2.7) exactly. To make this clear, multiply (3.1) by (Az^{n+1/2,i+1/2})^T to get ( z^{n+1/2,i+1/2} )_T KAδ^+_t z^{n+1/2,i} + ( z^{n+1/2,i+1/2} )_T LAδ^+_x z^{n,i+1/2} = 0,

where we make use of the symplectic and invariance conditions (2.5)-(2.6). Then it is easy to show that this is equivalent to the discrete conservation law

δ^+_t (( z^{n+1/2,i} )_T KAz^{n+1/2,i} ) + δ^+_x (( z^{n,i+1/2} )_T LAz^{n,i+1/2} ) = 0.

For linear PDEs, where S(z) = (z^T Bz)/2 for B symmetric, this scheme also preserves fully discrete energy and momentum conservation laws exactly [8]. However, for nonlinear systems in general, exact conservation of discrete energy and momentum conservation laws cannot be guaranteed, but certain semi-discretized energy and momentum conservation laws are still preserved exactly. For example, similar to the analysis of [16], we can take the product of (z^{n+1/2}_t )^T with the spatially discrete equation Kz^{n+1/2} t + Lδ^+_x z^n = ∇S(z^{n+1/2}) to get ( z^{n+1/2} t )_T Lδ^+_x z^n = ∂_tS(z^{n+1/2}).

because K skew-symmetric implies (z^{n+1/2}_t )^T Kz^{n+1/2}_t = 0. Now write the identity 2 ( z^{n+1/2} t )_T Lδ^+_x z^n = ∂_t ( z^{n+1/2} )_T Lδ^+_x z^n + ( z^{n+1/2} t )_T Lδ^+_x z^n − ( z^{n+1/2} )_T Lδ^+_x z^n_t ,

and notice that ( z^{n+1/2} t )_T Lδ^+_x z^n − ( z^{n+1/2} )_T Lδ^+_x z^n_t = −δ^+_x ( (z^n)^T Lz^n_t ) . This leads to the spatially discrete energy conservation law

∂_tE^{n+1/2} + δ^+_x F^n = 0

with

E^{n+1/2} = S(z^{n+1/2}) − 1 2 ( z^{n+1/2} )_T Lδ^+_x z^n, and F^n = 1 2 (z^n)^T Lz^n_t .

A semi-discrete momentum conservation law is derived in the same way by reversing the roles of space and time, i.e. discretize the PDE in time only and take the product of the resulting equation with (z^{i+1/2}_x )^T . Thus, a semi-discrete momentum conservation law ∂_xG^{i+1/2} + δ^+_t I^i = 0,

is satisfied for

G^{i+1/2} = S(z^{i+1/2}) − 1 2 ( z^{i+1/2} )_T Kδ^+_t z^i and I^i = 1 2 ( z^i )_T Kz^i_x. To understand the energy and momentum conservation of fully discretized equations we must resort to the concept of modified equations through backward error analysis.

4. Backward Error Analysis. Based on the ideas of [16], we can perform a useful backward error analysis for the discretization (3.1), such that the modified equations are also multi-symplectic and satisfy modified versions of the conservation laws in §2. Using Taylor series expansions about t_{i+1/2} we find that

δ^+_t z(t_i) = z_t(t_{i+1/2}) +

Δt^2 6 z_{ttt}(t_{i+1/2}) + O(Δt^4),

and an analogous expansion holds for δ^+_x z(x_n), which implies that the scheme is second order in both space and time. Truncating these expansions and substituting into (3.1) yields the modified equations

Kz_t +

Δt^2 6 Kz_{ttt} + Lz_x +

Δx^2 6 Lz_{xxx} = ∇_zS(z), (4.1)

which can be viewed as a generalized (higher order) multi-symplectic PDE and is satisfied by the numerical solution up to O(Δt^4 + Δx^4). The equation (4.1) can also be written in the form of a standard (first order) multi-symplectic PDE

K̃z̃_t + L̃z̃_x = ∇_{z̃}S̃(z̃) for z̃ = [z, p, q, r, s]^T , and

S̃ = S + Δt^2 6 q^T Kp +

Δx^2 6 s^T Lr, with

K̃ =

K 0^{Δt2}_6 K 0 0 0^{Δt2}_6 K 0 0 0

Δt^2

6 K 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, L̃ =

L 0 0 0^{Δx2}_6 L 0 0 0 0 0 0 0 0 0 0 0 0 0^{Δx2}_6 L 0

Δx^2

6 L 0 0 0 0

where p = z_t, q = p_t, r = z_x, and s = r_x. The modified conservation laws of energy and momentum are easily found using the modified multi-symplectic PDE or (4.1). The modified form of (2.1) can then be computed from these modified energy and momentum conservation laws using a proper generalization of (2.2).

The modified PDE (4.1) can also be derived from a modified Lagrangian density

L̃_1 = 1 2 ( z^T Kz_t +

Δt^2 6 z^T_t Kz_{tt} + z^T Lz_x +

Δx^2 6 z^T_x Lz_{xx} ) − S(z). In general, the modified Lagrangian density for any number of modifications ρ, can be written

L̃_ρ = ρ̂∑ j=0 (−1)^j 2(2j + 1)! [ Δt^{2j} ( ∂^{j+1}_t y )_T K∂^j_t y + Δx^{2j} ( ∂^{j+1}_x y )_T L∂^j_xy ] − S(z),

where ∂^j_η denotes the jth derivative with respect to η and

ρ̂ = { ρ/2, ρ even (ρ − 1)/2, ρ odd . Given a linear symmetry, this modified Lagrangian density is also invariant under the transformation (2.4). For example, the associated conservation law for ρ = 1 is easily obtained by multiplying the modified equation (4.1) by (Az)^T , which yields

z^T KAz_t +

Δt^2 6 z^T KAz_{ttt} + z^T LAz_x +

Δx^2 6 z^T LAz_{xxx} = 0.

Then the identity z^T KAz_{ttt} = ∂_t ( z^T KAz_{tt} − z^T_t KAz_t 2 )

and a similar identity for z^T LAz_{xxx}, imply the modified conservation law

0 = ∂_t [ z^T KAz_t +

Δt^2 6 z^T KAz_{tt} − Δt^2 12 z^T_t KAz_t ] + + ∂_x [ z^T LAz_x +

Δx^2 6 z^T LAz_{xx} − Δx^2 12 z^T_x LAz_x ] .

5. Applications. We can now apply these results to some model problems. We first consider the nonlinear Schrödinger equation as a Hamiltonian PDE with a rotational symmetry. The second example outlines how backward error analysis can be used to investigate computational solitary wave solutions for the Sine-Gordon equation.

5.1. The Nonlinear Schrödinger Equation. Consider the NLS equation

iψ_t + ψ_{xx} + V^′(|ψ|^2)ψ = 0,

where ψ is complex-valued. Letting ψ = v+iw, we can rewrite this as the Hamiltonian system of equations

v_t = −w_{xx} − wV^′(v^2 + w^2) w_t = v_{xx} + vV^′(v^2 + w^2).

Defining ψ_x = σ + iϕ, this system of equations can also be written as the multisymplectic PDE (1.2) where z = [v, w, σ, ϕ]^T , K = [ J 0_2 0_2 0_2 ] , L = [ 0_2 −I_2 I_2 0_2 ] , where J is given in (1.1) with n = 1, and S(z) = 1 2 [ σ^2 + ϕ^2 + V (v^2 + w^2) ] . This system is invariant under the action of the one-parameter group of rotations SO(2) [6], given by G_θ(z) = R_θz, for

R_θ = cos θ − sin θ 0 0 sin θ cos θ 0 0 0 0 cos θ − sin θ 0 0 sin θ cos θ .

Now, define the matrix A such that

Az = d dθ G_θ(z)|_{θ=0} = [−w, v, −ϕ, σ]^T . Then

z^T KAz = w^2 + v^2 and z^T LAz = 2(vϕ − wσ),

which shows that the conservation law (2.7) is satisfied. Now it is straight forward to derive the results of the previous sections for a Preissman box scheme discretization of this equation, including discrete conservation laws and modified equations with their conservation laws.

5.2. Soliton solutions. The NLS equation has a family of solitary wave solutions as do several other equations that can be written in the from (1.2), such as the KdV equation, Boussinesq equations, and nonlinear wave equations (cf. [4, 5, 6, 7, 21]). In addition, a thorough analysis of the error growth due to time discretization for these solutions has been performed for the KdV equation [12] and the NLS equation [11]. Specifically, Durán and Sanz-Serna [11] have shown that the implicit midpoint time discretization has better error propagation mechanisms than other nonconservative schemes. In particular, they have shown that the time-discrete solutions of the NLS equation, which have been initialized with an exact soliton profile, are made up of a modified solitary wave, that have a different wave speed and amplitude than the exact soliton, as well as a complementary term that grows linearly in time and higher order terms.

Using the results of the previous sections, it may be possible to show that the numerical solutions of the fully discretized NLS equation initialized with an exact soliton profile are made up of a modified soliton, which has corrections in both space and time, along with the complementary error and higher order terms. From a slightly different perspective, one may be able to show that the modified equations have solitary wave solutions. Then, initializing the numerical scheme with the new modified soliton profile would yield numerical solutions that are preserved to higher order in both space and time.

Results in that spirit have been achieved concerning soliton solutions of the Sine- Gordon equation,

u_{tt} = u_{xx} − sin u, (5.1)

which can be written in the from (1.2) with z = [u, v, w]^T , K = 0 −1 0 1 0 0 0 0 0 , L = 0 0 −1 0 0 0 1 0 0

, and S(z) = v^2 2 + w^2 2 + cos u.

It is well known that there is a family of solitary wave solutions for (5.1) given by

u(x, t) = 4 tan^{−1} ( ± exp [ ±(x − ct − ξ_0) (1 − c^2)^{1/2} ]) , (5.2)

where |c| < 1 is the wave speed, and ξ_0 is given by the initial conditions [10]. For our purposes we take ξ_0 = 0.

Using the explicit, first order in space and time multi-symplectic Euler box scheme [16] to discretize gives δ^+_t v^{n,i} + δ^+_x w^{n,i} = − sin u^{n,i}, δ^−_t u^{n,i} = v^{n,i}, δ^−_x u^{n,i} = −w^{n,i}, (5.3) where we have used the backward differences δ^−_x u^{n,i} = u^{n,i} − u^{n−1,i} Δx and δ^−_t u^{n,i} = u^{n,i} − u^{n,i−1} Δt . Notice that eliminating v and w gives the familiar second order scheme

δ^2_t u^{n,i} = δ^2_xu^{n,i} − sin u^{n,i}, (5.4)

where δ^2_η = δ^+_η δ^−_η for η = x, t. Hence, the numerical solution u^{n,i} is accurate to second order in both Δt and Δx, but using the scheme (5.3) yields first order error because v and w are only approximated to first order. To make this more clear, backward error analysis [16] can be used for (5.3) to get the modified equations

v_t + Δt 2 v_{tt} + w_x + Δx 2 w_{xx} = − sin u, (5.5) u_t − Δt 2 u_{tt} = v, (5.6) u_x − Δx 2 u_{xx} = −w. (5.7) 8

Fig. 5.1. Error plotted against Δt for the original initial condition (dashed), and the modified initial condition for one modification (chain) and three modifications (solid).

Since the numerical solution is already second order accurate in u, only (5.6) and (5.7) need to be verified along the numerical solution to check for second order accuracy with respect to the modified equations. Computing higher order corrections gets increasingly more complicated. However, the modified equation for (5.4), given by u_{tt} + Δt^2 12 u_{tttt} = u_{xx} + Δx^2 12 u_{xxxx} − sin u, (5.8) is easily obtained using Taylor expansions and is satisfied by the numerical solution to fourth order. Now it is reasonable to ask if this modified system of equations has soliton solutions, which can be answered by setting u(x, t) = u(x − ct) = u(ξ) in (5.8) and finding solutions of the boundary value problem

(c^2 − 1)u^{′′} − 1 12 ( Δx^2 − c^4Δt^2 ) u^{′′′′} = − sin u. (5.9)

Though it is not obvious how to solve this equation for a heteroclinic connection, we were able to find such a connection to high accuracy numerically. This approximation can be used to initialize the scheme (5.4) and this in turn yields a numerical solution for the PDE that is accurate to fourth order in u with respect to both Δt and Δx.

Using log-log scale in Fig. 5.1, we plot the solution error against Δt. For these results we have kept the ratio Δt/Δx fixed, so change in Δt directly corresponds to change in Δx. The dashed line shows that the numerical solution, obtained by initializing (5.3) with u^{n,0} = u(x_n, 0), v^{n,0} = u_t(x_n, 0) and w^{n,0} = u_x(x_n, 0) for u given in (5.2), is first order accurate. The chain line shows that the same initial condition for (5.3) with v and w modified according to (5.6)-(5.7) yields second order accuracy in both Δt and Δx. Finally, using a numerically computed solution of (5.9) as the initial condition for the scheme (5.4), the solid line shows approximately forth order convergence. The accuracy here is limited by the fact that the reference soliton solution had to be computed numerically, and this is a delicate procedure due to the heteroclinic nature of the solution.

REFERENCES

[1] M. B. Abbott. Computational Hydraulics. Pitman Publishers, London, 1979. [2] M. B. Abbott and D. R. Basco. Computational Fluid Dynamics. Longman Scientific, 1989. [3] G. Benettin and A. Giorgilli. On the Hamiltonian interpolation of near to the identity symplectic mappings with application to symplectic integration algorithms. Journal of Statistical Physics, 74:1117–1143, 1994.

[4] T. J. Bridges. A geometric formulation of the conservation of wave action and its implications for signature and the classification of instabilities. Proceedings of the Royal Society London, 453(A):1365–1395, 1997.

[5] T. J. Bridges. Multi-symplectic structures and wave propagation. Mathematical Proceedings of the Cambridge Philosophical Society, 121:147–190, 1997.

[6] T. J. Bridges and G. Derks. The symplectic Evans matrix, and the instability of solitary waves and fronts with symmetry. 1999.

[7] T. J. Bridges and G. Derks. Unstable eigenvalues and the linearization about solitary waves and fronts with symmetry. Proceedings of the Royal Society London, 455(A):2427–2469, 1999.

[8] T. J. Bridges and S. Reich. Multi-symplectic integrators: Numerical schemes for Hamiltonian PDEs that conserve symplecticity. Physics Letters A, (284):184–193, 2001.

[9] P. Deuflhard, J. Hermans, B. Leimkuhler, A. E. Mark, S. Reich, and R. D. Skeel. Computational molecular dynamics: Challenges, methods, ideas. In Lecture Notes in Computational Science and Engineering, volume 4. Springer-Verlag, 1999.

[10] P. G. Drazin. Solitons. In London Mathematical Society Lecture Note Series, volume 85.

Cambridge University Press, 1983.

[11] A. Duran and J. M. Sanz-Serna. The numerical integration of relative equilibrium solutions.

The nonlinear Schrödinger equation. IMA Journal of Numerical Analysis, 20:235–261, 2000.

[12] J. De Frutos and J. M. Sanz-Serna. Accuracy and conservation properties in numerical integration: the case of the Korteweg-de Vries equation. Numerische Mathematik, 75:421–445, 1997.

[13] E. Hairer and C. Lubich. On the life-span of backward error analysis. Numerische Mathematik, 1997.

[14] J. E. Marsden, G. P. Patrick, and S. Shkoller. Multi-symplectic geometry, variational integrators, and nonlinear PDEs. Communications in Mathematical Physics, 199:351–395, 1999.

[15] B. E. Moore. PhD thesis, University of Surrey, 2002. In preparation.

[16] B. E. Moore and S. Reich. Backward error analysis for multi-symplectic integration methods.

Numerische Mathematik, (submitted).

[17] P. J. Olver. Applications of Lie Groups to Differential Equations. Spinger-Verlag, New York, 1986.

[18] S. Reich. Backward error analysis for numerical integrators. SIAM Journal of Numerical Analysis, 36:1549, 1999.

[19] S. Reich. Multi-symplectic Runge-Kutta collocation methods for Hamiltonian wave equations.

Journal of Computaional Physics, 156:1–27, 1999.

[20] J. M. Sanz-Serna and M. P. Calvo. Numerical Hamiltonian Problems. Chapman and Hall, London, 1994.

[21] G. B. Whitham. Linear and Nonlinear Waves. Wiley-Interscience, New York, 1974.