Smoothed Langevin dynamics of

highly oscillatory systems

Sebastian Reich Department of Mathematics and Statistics University of Surrey Guildford, GU2 5XH, United Kingdom

August 27, 1999

Abstract We consider Hamiltonian systems containing a strong constraining potential. Such systems were first investigated by Rubin & Ungar who derived the corresponding reduced equations of motion for the slow degree of freedom. The purpose of this paper is twofold. (i) We transform the highly oscillatory degree of freedom to action-angle variables and use recent results on the truncation error of the corresponding normal form transformations to derive an estimate on the life-span of the underlying adiabatic invariant. (ii) We investigate thermally embedded Hamiltonian systems, i.e. Langevin dynamics, containing a strong constraining potential. Using again a transformation to action-angle variables and applying the principle of averaging, we derive reduced equations of motion for the slowly varying degrees of freedom. This includes in particular the derivation of a correcting force-term that stands for the coupling of the slow and fast degrees of motion. In case of strong thermal coupling, our reduced equations of motion suggest that the correcting force term can be approximated by the gradient of the Fixman potential as used in statistical mechanics. We also discuss smoothing in the context of constant temperature molecular dynamics and provide a numerical example.

Keywords: Hamiltonian systems, Langevin dynamics, highly oscillatory solutions, smoothed dynamics, averaging, correcting potential, constrained systems, molecular dynamics.

1 Introduction

Physical systems frequently exhibit fast oscillatory behavior coupled to slowly varying solution components. This is, for example, the case when the potential energy function U(q) consists of a smooth contribution V (q) and a strong constraining potential modeled through [g(q)]^2/(2ϵ^2) where g(q) is a scalar-valued function and ϵ > 0 is a small parameter, i.e.

U(q) = V (q) + 1 2ϵ^2

[g(q)]^2 .

In the context of molecular dynamics [1], which provides the main motivation of this paper, the strong potential can, for example, stand for the bond stretching motion, i.e.

g(q) = r(q) − r_0 ,

r(q) the actual bond length and r_0 the equilibrium bond length, or for the bond angle bending motion, i.e.

g(q) = ϕ(q) − ϕ_0 , ϕ(q) the actual bond angle and ϕ_0 the equilibrium bond angle. The parameter ϵ^2 is then the inverse of the corresponding force constant K, i.e., ϵ^2 = 1/K. Assuming a positive definite mass matrix M, the Hamiltonian of the system is given by H(q, p) = p^T M^{−1}p 2 + U(q) , q, p ∈ IR^{3N} , and the corresponding equations of motion are d dt q = M^{−1}p , (1) d dt p = −∇_q V (q) − 1 ϵ^2

G(q)^T g(q) , (2)

G(q) the Jacobian of g(q), i.e. G(q) = g_q(q). We assume that the Jacobian G(q) satisfies ||G(q)|| > d for all q ∈ g^{−1}(0), d > 0 an appropriate constant. This implies that the set M := {q ∈ IR^{3N} : g(q) = 0} is a smooth sub-manifold of phase space of co-dimension one.

The system (1)-(2) exhibits rapid oscillations on a time-scale of order O(ϵ). The “interesting” dynamics happens however on time-scales of order O(1). To capture this “essential” behavior of (1)- (2) one could, for example, send the solutions (q(t), p(t)) of (1)-(2) through a low-pass filter with cutoff frequency ω_c = O(1/ √ ϵ). Let us denote the corresponding time-functions by (⟨q⟩^√_ϵ(t), ⟨p⟩^√_ϵ(t)), i.e., for example, ⟨q⟩^√_ϵ(t) := 1 √ ϵ ∫_{+∞} −∞ ψ( t − t^′ √ ϵ ) q(t) dt^′ (3)

with ψ : IR → IR an appropriate weight function [16]. The idea of smoothed dynamics [16],[4] is to find equations of motion with smooth solutions (Q(t), P (t)) that satisfy Q(t) = ⟨q⟩^√_ϵ(t) and P (t) = ⟨p⟩^√_ϵ(t) over time scales of order 1 = ϵ^0 as ϵ → 0. Such equations can indeed be defined and were first derived in [19] by Rubin & Ungar and recently discussed by Bornemann & Schütte [4] in the context of homogenization. One obtains the constrained Hamiltonian system d dt Q = M^{−1}P , (4) d dt P = −∇_qV (Q) − J ∇_q √ G(q)M^{−1}G(q)^T − G(Q)^T λ , (5)

0 = g(Q) , (6)

λ ∈ IR a Langrange multiplier. Note the additional potential energy term

V_c(Q) = J √ G(Q)M^{−1}G(Q)^T , (7)

where J > 0 is a constant depending on the initial conditions (q(0), p(0)).

Starting from these results, the purpose of this paper is twofold:

(i) We show how the system (1)-(2) can be transformed into a system with the highly oscillatory degree of freedom formulated in terms of action-angle variables [2]. The reformulated system can then be analyzed using normal form theory [2]. In particular, a symplectic change of coordinates allows one to explicitly identify the slow and fast degrees of motions which, upon averaging over the fast phase variable, yields the same reduced equations (4)-(6) in the limit ϵ → 0. Thus the idea of smoothed dynamics is essentially equivalent to the classical principles of transformation to normal form and averaging. Furthermore, upon assuming that the Hamiltonian H is real-analytic and bounded in some complex neighborhood of a compact subset of phase space, it can be shown that the system (1)-(2) possesses an adiabatic invariant that is almost preserved over exponentially long periods of times as ϵ → 0. This implies that, upon neglecting small terms of order O(ϵ), the reduced equations of motion (4)-(6) are, in fact, valid over long time intervals. The existence of an adiabatic invariants and its exponentially long life-span has been shown before by Benettin, Galgani & Giorgilli for the special case V_c(Q) = const. [3]. See also Neishtadt [13] for exponential estimates for general system with a single high-frequency component.

(ii) We consider the limit ϵ → 0 for thermally embedded systems (Langevin dynamics) d dt q = M^{−1}p , (8) d dt p = −∇_q U(q) − γp + M^{1/2}ξ(t) (9)

with U(q) as before, γ a positive friction constant, and ξ(t) ∈ IR^{3N} a Gaussian white noise process with zero mean value and variance ⟨ξ_i(t) ξ_j (t + τ)⟩ = 2γk_BT δ_{ij} δ(τ) , i, j = 1, . . . 3N , k_B the Boltzmann constant, T the temperature of the heat bath, and ⟨.⟩ denotes the average over all realizations of the stochastic process ξ(t) [1],[11]. Such a model is frequently used in molecular dynamics [1]. We derive reduced equations of motion by going to action-angle variables in the highly oscillatory degree of freedom and by applying the principle of averaging to the corresponding transformed stochastic differential equation.

Let us state item (ii) more precisely.

The equations (8)-(9) can be solved numerically by using the following generalization of the Verlet method [6, 8]:

p_{n+1/2} = p_n − Δt 2 [ ∇_q U(q_n) + γp_{n+1/2} − M^{1/2}ξ(t_n) ] , (10)

q_{n+1} = q_n + ΔtM^{−1}p_{n+1/2} , (11)

p_{n+1} = p_{n+1/2} − Δt 2 [ ∇_q U(q_{n+1}) + γp_{n+1/2} − M^{1/2}ξ(t_{n+1}) ] (12)

with

⟨ξ_i(t_n)ξ_j (t_n)⟩ = 4γk_BT Δt^{−1}δ_{ij} .

The step-size Δt has to satisfy Δt = O(ϵ) which implies a very small step-size compared to the slowly varying solution components. Thus we seek smoothed (averaged) Langevin equations of motion that possess solutions (Q(t), P (t)) such that the average (⟨Q⟩(t), ⟨P ⟩(t)) over all realizations of the stochastic process ξ(t) satisfies ⟨Q⟩(t) = lim_{ϵ→0} ⟨⟨q⟩^√_ϵ⟩ (t) and ⟨P ⟩(t) = lim_{ϵ→0} ⟨⟨p⟩^√_ϵ⟩ (t) over time scales of order, at least, 1 = ϵ^0.

As we will argue in §2.3, application of the principle of averaging to the stochastic differential equation (8)-(9) leads to the reduced equations of motion d dt Q = M^{−1}P , (13) d dt P = −∇_QV (Q) − J ∇_Q √ G(Q)M^{−1}G(Q)^T − γP + ξ(t) − G(Q)^T λ , (14) 0 = g(Q) , (15) d dt J = −γJ + Ξ_x(t)ξ_x(t) √ G(Q)M^{−1}G(Q)^T , (16)

ξ_x(t) = dΞ_x(t)/dt, ξ_x(t) a Gaussian white noise process with zero mean and variance ⟨ξ_x(t)ξ(t + τ)⟩ = 2γk_B T δ(τ). The correcting force term F_c(Q, J(t)) = −J ∇_Q √ G(Q)M^{−1}G(Q)^T (17)

depends on the variable J which satisfies the stochastic differential equation (16).

As we will discuss in §2.3, the expectation value of the energy in the highly oscillatory degree of freedom satisfies ⟨E⟩ ≈ k_B T provided γ is large enough. This suggests that the correcting force term F_c can be approximated by a potential force term due to Fixman [7, 15, 1], i.e., F_c(Q) = −∇_QV_c(Q),

V_c(Q) = k_B T ln √ G(Q)M^{−1}G(Q)^T . (18)

This result seem particularly interesting in the context of molecular dynamics and extends the analysis of Helfand [9] on the Fixman potential and its application to molecular dynamics.

Note that the equations (13)-(15) can be solved numerically by the SHAKE/RATTLE variant of (10)-(12) [1, 12, 8].

2 A Simplified Model Problem

2.1 The Model and Transformation to Action-Angle Variables

To limit the technical aspects of our analysis, we restrict ourselves to a simplified version of (8)-(9). Namely, we assume that M is the identity matrix and that q, p ∈ IR^2. The general case (8)-(9) will be discussed in §3.

The behavior of our model system becomes more apparent when going to (local) coordinates x := g(q) and y := b(q). Here b : IR^2 → IR is an appropriate function such that G(q)B(q)^T = 0, B(q) the Jacobian of b(q), for all q in the domain of the coordinate transformation. The corresponding conjugate momenta p_x and p_y are implicitly defined by the relation

p = p_xG(q)^T + p_yB(q)^T .

We introduce

m_x(x, y) := G(q)G(q)^T and m_y(x, y) := B(q)B(q)^T and assume, for simplicity, that m_x(x, y) and m_y(x, y) do not depend on x. Thus we end up with the transformed system d dt x = m_x(y)p_x , d dt p_x = −ϵ^{−2}x − ∇_xV (x, y) − γp_x + [m_x(y)]^{−1/2}ξ_x(t) , d dt y = m_y(y)p_y , d dt p_y = −∇_yV (x, y) − 1 2 ∇_y [ m_x(y)p^2_x + m_y(y)p^2_y ] − γp_2 + [m_y(y)]^{−1/2}ξ_y(t) .

Here ξ_x(t) and ξ_y(t) are independent Gaussian white noise processes with zero mean value and variance ⟨ξ_x(t) ξ_x(t + τ)⟩ = 2γk_BT δ(τ) and ⟨ξ_y(t) ξ_y (t + τ)⟩ = 2γk_B T δ(τ) . For γ = 0, the equations of motion are conservative with Hamiltonian H(x, y, p_x, p_y; ϵ) := m_x(y) 2 p^2_x + m_y(y) 2 p^2_y + V (x, y) + ϵ^{−2} 2 x^2

which is a first integral of motion. For γ > 0, γ bounded, the energy H(t; ϵ) = H(x(t), y(t), p_x(t), p_y(t); ϵ) is no longer constant. But over a time-interval of order one, the variations in H(t; ϵ) will remain bounded. Thus, if the initial conditions are chosen such that the corresponding initial energy H(t = 0; ϵ) remains bounded as ϵ → 0, then H(t; ϵ) = O(1) over time-intervals of order 1 = ϵ^0. From this we can conclude that x(t) = O(ϵ) and we re-scale x by ϵ, i.e., we replace ϵ^{−1}x by x̃. This yields the system d dt x̃ = ϵ^{−1}m_x(y)p_x , d dt p_x = −ϵ^{−1}x̃ − ∇_xV (ϵx̃, y) − γp_x + [m_x(y)]^{−1/2}ξ_x(t) , d dt y = m_y(y)p_y , d dt p_y = −∇_yV (ϵx̃, y) − 1 2 ∇_y [ m_x(y)p^2_x + m_y(y)p^2_y ] − γp_y + [m_y(y)]^{−1/2}ξ_y(t) .

This system is Hamiltonian for γ = 0 with H(x̃, y, p_x, p_y; ϵ) = m_x(y) 2 p^2_x + m_y(y) 2 p^2_y + V (ϵx̃, y) + 1 2 x̃^2

and modified structure matrix^1

J = 0 ϵ^{−1} 0 0 −ϵ^{−1} 0 0 0 0 0 0 1 0 0 −1 0 . (19)

1The equations of motion are given by ż = J ∇zH(z), z = (x̃, px, y, py)^T .

We also introduce functions h and f by V (ϵx̃, y) = h(y) + ϵf(x̃, y; ϵ) with h(y) = V (0, y) . The motion in (x̃, p_x) is highly oscillatory. To make this more transparent, we introduce actionangle variables (J, ϕ) ∈ IR × S and new “slow” variables (z, p_z) ∈ IR^2 via the generating function W = zp_y + ϵ ω(z) 2 (p_x)^2cot ϕ , ω(z) = √ m_x(z). The corresponding canonical change of coordinates is given by

x̃ = ϵ^{−1} ∂W ∂p_x = ω(z) p_x cot ϕ , J = ϵ^{−1} ∂W ∂ϕ = ω(z) 2 (p_x)^2sin^{−2} ϕ , y = ∂W ∂p_y = z , p_z = ∂W ∂z = p_y + ϵ∇_z ω(z) 2 (p_x)^2cot ϕ .

This is equivalent to

x̃ := √ 2ω(z)J cos ϕ , p_x := √ 2J ω(z) sin ϕ ,

J := 1 2ω(z) [ ω(z)^2p^2_x + x̃^2 ] , (20)

ϕ := arctan ( x̃ ω(z)p_x ) , (21)

and z = y, p_z = p_y + O(ϵ). The corresponding transformed Hamiltonian is H(ϕ, J, z, p_z; ϵ) = ω(z)J + m_y(z) 2 p^2_z + h(z) + ϵF (ϕ, J, z, p_z; ϵ) (22)

which, for γ = 0, is a first integral of motion. The term ϵF (ϕ, J, z, p_z; ϵ) represents ϵf(x̃, y; ϵ) and all other terms of order O(ϵ) and higher. The equations of motion are now given by d dt ϕ = ϵ^{−1}ω(z) − ∇_J F (ϕ, J, z, p_z; ϵ) + γ cos ϕ sin ϕ + 1 √ 2ω(z)J cos ϕ ξ_x(t) , (23) d dt J = −∇_ϕF (ϕ, J, z, p_z; ϵ) − 2γJ sin^2 ϕ + √ 2J ω(z) sin ϕ ξ_x(t) , (24) d dt z = m_y(z)p_z + ϵ∇_{pz} F (ϕ, J, z, p_z; ϵ) , (25) d dt p_z = −∇_zh(z) − p^2_z 2 ∇_zm_y(z) − ∇_zω(z)J − γp_z + ξ_y(t) √ m_y(z) − ϵ∇_zF (ϕ, J, z, p_z; ϵ) . (26) 2.2 The Energy Conserving Case

We first investigate the case γ = 0 in more detail. The corresponding Hamiltonian system is characterized by the Hamiltonian (22) and the modified structure matrix (19). Let us assume that the Hamiltonian H is smooth. Then we can apply a symplectic transformation to normal form as described, for example, in [13, 2].^2 Let us denote the transformed variables by (ϕ̄, J̄, z̄, p̄_z). Then the transformed Hamiltonian is of the general form H̄(ϕ̄, J̄, z̄, p̄_z; ϵ) = ω(z̄)J̄ + m^y(z̄) 2 p̄^2_z + h(z̄) + ϵF̄ (J̄, z̄, p̄_z; ϵ) + ϵ^kR(ϕ̄, J̄, z̄, p̄_z; ϵ) where one can make the integer k ≥ 2 arbitrarily large.

We like to mention that the principle of averaging implies that

F̄ (J̄, z̄, p̄_z; 0) = 1 2π ∫_{2π} 0 F (ϕ, J, z, p_z; 0)dϕ, (J̄, z̄, p̄_z) = (J, z, p_z). This fact will be needed in the following subsection.

Let us assume that the Hamiltonian H is analytic and bounded on a complex neighborhood of some compact subset K ⊂ S × R^+ × R^2 of phase space and that K covers the whole circle S. Let us also assume that ω(z̄) is bounded from below on K. Then the non-normalized term ϵ^kR(ϕ̄, J̄, z̄, p̄_z; ϵ) can be made exponentially small in ϵ as ϵ → 0. See [13, 2, 17] for details. This implies in particular that the variable J is almost constant along solutions of our model system over exponentially long periods of time, i.e. |J(t) − J(0)| ≤ c_1ϵ for |t| ≤ c_2e^{c3/ϵ}, c_1, c_2, c_3 > 0 appropriate constants, provided the solution under consideration stays in the compact subset K. Thus, upon neglecting perturbations of size O(ϵ), the reduced system (4)-(6) is, in fact, justified over much longer periods of time than |t| = O(ϵ^0).

We mention that the case of constant ω(z) = ω_0 has been treated before by Benettin, Galgani & Giorgilli who also proved the preservation of an action variable^3 over exponentially long periods of time [3]. Compared to the approach used here and by Neishtadt [13], a significantly altered perturbative scheme is used in [3] which, however, could be adjusted to also cover the non-constant frequency case.

2.3 The Non-Conservative Case

In the previous subsection we applied normal form theory to the model system (23)-(26) with γ = 0. We consider now the case γ > 0. In a first step we treat the random forcing term in (24). We use the identity

F_f (t) = √ 2J ω(z) sin ϕ ξ_x(t) = p_x(t) ξ_x(t)

and write

p_x(t) ξ_x(t) = ∫_t t−τ dt^′ d dt^′ p_x(t^′)ξ_x(t) + p_x(t − τ) ξ_x(t)

which, in the limit τ → 0, reduces to

p_x(t) ξ_x(t) = lim_{τ →0} [∫_t t−τ dt^′ ξ_x(t^′) ω(z(t)) ξ_x(t) + p_x(t − τ) ξ_x(t) ] . Taking note of the independence of p_x(t − τ) and ξ_x(t), this can be simplified to

p_x(t) ξ_x(t) =

Ξ_x(t) ξ_x(t) ω(z(t)) , ξ_x(t) = d dt Ξ_x(t) ,

2Because of the non-canonical structure matrix (19), one has to modify the normal form recursion slightly to make sure that the corresponding normal form transformation is symplectic under (19). See [17] for details.

3The action variable is, in this case, the energy in the highly oscillatory degree of freedom.

without effecting the expectation value of p_x(t)ξ_x(t). Thus the equation (24) in (23)-(26) can be replaced by d dt J = −∇_ϕF (ϕ, J, z, p_z; ϵ) − 2γJ sin^2 ϕ + Ξ_x(t)ξ_x(t) ω(z(t)) . (27)

We now apply the principle of averaging to the equations (23), (27), and (25)-(26). In particular, there is a change of coordinates ϵ-close to the identity such that the transformed equations of motion in the new variables (J̄, z̄, p̄_z) are equivalent to the equations obtained by averaging over the rapidly rotating phase ϕ (up to terms of size O(ϵ)). To obtain these averaged equations of motions, we first average over the angle ϕ in (22) and drop all terms of order O(ϵ^2) or higher. This yields (using the notations from the previous subsection) ~H(J, z, p_z) = ω(z)J + m^y(z) 2 p^2_z + h(z) + ϵF̄ (J, z, p_z; 0) .

Next we average over the phase ϕ in the dissipative force term

F_d = −2γJ sin^2 ϕ

in equation (27). This results in −2γJ 1 2π ∫_{2π} 0 dϕ sin^2 ϕ = −γJ . Thus we obtain the averaged equations of motion d dt J̄ = −γJ̄ + Ξ^x(t) ξ^x(t) ω(z) , (28) d dt z̄ = m_y(z̄)p̄_z , (29) d dt p̄_z = −∇_{z̄}h(z̄) − p̄^2_z 2 ∇_{z̄}m_y(z̄) − J∇_{z̄} ω(z̄) − γp̄_z + [m_y(z̄)]^{−1/2}ξ_y(t) , (30)

where we dropped all terms of order O(ϵ) or higher. Note that J − J̄ = O(ϵ), z − z̄ = O(ϵ), p_z − p̄_z = O(ϵ), and, in the limit ϵ → 0, we can identify the variables (J̄, z̄, p̄_z) with (J, z, p_z).

In terms of the Cartesian coordinates (q, p) ∈ IR^4, the equations (28)-(30) are equivalent to the constraint system d dt J = −γJ + Ξ_x(t)ξ_x(t) √ G(Q)G(Q)^T , d dt Q = P , d dt P = −∇_QV (Q) − J∇_Q √ G(Q)G(Q)^T − γP + ξ(t) − G(Q)^T λ , 0 = g(Q)

on the manifold N = {(Q, P, J) ∈ IR^5 : g(Q) = 0 , G(Q)P = 0} . Note that (z, p_z, J) are local coordinates on N . Capital (Q, P ) ∈ IR^4 was used to indicate that these are the averaged equations of motion.

If we formally set γ = 0, then the system (4)-(6) is recovered. Another interesting case is that of γ > 0 relatively large compared to the changes in ω(z(t)). This leads formally to a system with three different time-scales. The fastest motion is due to the strong constraining force, the “medium” time-scale is due to friction, and the slowest time-scale occurs in the variables (Q, P ). We have already dealt with the fastest time-scale. The effect of strong friction is now discussed by making the parameter γ > 0 sufficiently large. To find out about the impact of strong damping on the dynamics of the variable J, we first introducing the energy E := ω(z) J, and rewrite eq. (28) as d dt E = − ( γ − d dt ln [ω(z(t))] ) E + Ξ_x(t)ξ_x(t). (31) If | d dt ln [ω(z(t))] | ≪ γ (strong thermal coupling), then ⟨E⟩(t) follows its equilibrium value (after an initial transient depending on the initial value E(0)) ⟨E⟩(t) ≈ k_B T. (32) This suggest that the equations of motion can be simplified to d dt Q = P , (33) d dt P = −∇_QV (Q) − k_B T ∇_Q ln √ G(Q)G(Q)^T − γP + ξ(t) − G(Q)^T λ , (34) 0 = g(Q) . (35)

Now the correcting force term is equivalent to the one suggested by Fixman [7]. This concludes the formal analysis of our simplified model problem. In §3, we relate this analysis back to our original problem formulation (8)-(9).

2.4 Harmonic Oscillator

To “validate” the formal analysis on averaging of stochasticly forced rapidly oscillating systems, as provided in the previous subsection, we consider Langevin dynamics of a “stiff” harmonic oscillator d dt x = ω(z)^2p_x , (36) d dt p_x = −ϵ^{−2}x − γp_x + [ω(z)]^{−1}ξ_x(t) , (37) d dt z = 1 (38)

with

ω(z) := 2 + cos(z) .

This system can be viewed as a special case of our model system, written in (x, p_x, y, p_y) coordinates, with V (x, y) = 0, dy/dt = 1, and dp_y/dt = 0.

(a) free dynamics (b) averaged dynamics

Figure 1: The mean value of the action J as a function of the angle ϕ = z mod 2π for different values of the friction constant γ. The figure on the left gives the results for the free dynamics (36)-(38) and the figure on the right for the averaged system (39)-(40).

We studied this system numerically for initial data q = 0, p = 1, and parameter values ϵ = 0.01, γ = 0.1, γ = 1.0, and γ = 10. The results were compared to those obtained for the averaged system d dt J = −γJ + Ξ_x(t)ξ_x(t) ω(z) , (39) d dt z = 1 . (40)

In both cases, the equations were integrated over a time interval [0, 500] using a step-size Δt = 0.0001. Since the fast system is 2π-periodic in z, we computed the average value of the action J(z) = 1 2ω(z) ( (ω(z)p_x)^2 + (ϵ^{−1}x)^2 )

as a function of ϕ := z mod 2π, i.e. ⟨J⟩(ϕ) = 1 N N∑ i=1 J(z(t_i)) with z(t_i) mod 2π = ϕ .

The results can be found in Fig. 1 and show good agreement for the free and the averaged dynamics.

3 General highly oscillatory systems

We have made several assumptions on our model problem from §2 that we now like to re-examine. First, the mass matrix M was assumed to be the identity matrix. This is certainly not crucial for the derivation of the averaged equations of motion. Thus, we define ω(q) = √ G(q)M^{−1}G(q)^T for the general system (8)-(9). Furthermore, the assumption that there is only one slow degree of freedom can easily be dropped^4. Finally, since x = O(ϵ), the simplifying assumption that m_x and

4The fact that there is only a single fast degree of motion is, however, crucial.

m_y do not depend on x is not essential^5 in the limit ϵ → 0. This yields the constrained equations of motion d dt J = −γJ + Ξ_x(t)ξ_x(t) √ G(Q)G(Q)^T , d dt Q = M^{−1}P , d dt P = −∇_QV (Q) − J∇_Q √ G(Q)M^{−1}G(Q)^T − γP + ξ(t) − G(Q)^T λ , 0 = g(Q)

which describe the averaged motion on the manifold N := {(Q, P, J) ∈ IR^{6N+1} : g(Q) = 0, G(Q)M^{−1}P = 0} . In case of no friction (γ = 0), we obtain J = const. and the averaged equations of motion are equivalent to the ones given by Rubin & Ungar in [19]. In the strong thermal coupling limit (32), we formally obtain, according to (33)-(35), the equations d dt Q = M^{−1}P , d dt P = −∇_QV (Q) − k_B T ∇_Q ln √ G(Q)M^{−1}G(Q)^T − γP + ξ(t) − G(Q)^T λ , 0 = g(Q)

and the additional temperature-dependent potential energy term is equivalent to the Fixman potential [7, 16]. For intermediate values of γ (weak thermal coupling), the equations (13)-(16) have to be solved.

If g(q) becomes vector-valued, i.e., we consider more than one fast degree of motion, then averaging becomes more delicate and depends on the special structure of the (now) matrix-valued function G(q)M^{−1}G(q)^T . See [20, 5, 18] for first results^6 on the special case γ = 0.

4 Application to constant temperature molecular dynamics

An interesting application of the ideas developed in this paper is related to constant temperature molecular dynamics [14, 10]. In the Hoover formulation, the equations of motion are d dt q = M^{−1}p , (41) d dt p = −∇_q U(q) − γp , (42) d dt γ = [ p^T M^{−1}p − Xk_B T ] /D , (43) where γ is now a time-dependent friction constant, D a parameter, and X the total number of degrees of freedom. As shown in [10], the macro-canonical distribution function is a steady equilibrium solution of these equations for the variables (q, p). If

U(q) = V (q) + 1 2ϵ^2

[g(q)]^2 ,

5Any term of the form g(ϵx̃, y) can be written as g(0, y) + O(ϵ) and the corresponding small contribution of order ϵ to the Hamiltonian H is added to the function F in (22).

6In [16], we investigated such systems under the assumption that the fast degrees satisfy thermodynamic equipartitioning of energy and the Fixman potential was derived as a correcting potential. This equipartitioning assumption does not, in general, hold for short term simulations. But it might lead to the “correct” long term equilibrium statistics.

then one can, in the limit ϵ → 0, again average over the fast degree of motion to obtain smoothed equations of motion. Following the same arguments as presented in §2, it can be shown that these equations are d dt Q = M^{−1}P , (44) d dt P = −∇_QV (Q) − J ∇_Q √ G(Q)M^{−1}G(Q)^T − γP − G(Q)^T λ , (45) 0 = g(Q) , (46) d dt J = −γ J , (47) d dt γ = [ E_N + P^T M^{−1}P − Xk_B T ] /D (48)

with

E_N = J √ G(Q)M^{−1}G(Q)^T the energy in the fast degree of motion.

If one is only interested in the configurational part of the macro-canonical distribution function and neglects fluctuations in the kinetic energy, then one can use the formulation d dt Q = M^{−1}P , (49) d dt P = −∇_QV (Q) − J ∇_Q √ G(Q)M^{−1}G(Q)^T − γP − G(Q)^T λ , (50) 0 = g(Q) , (51) d dt J = −γ J , (52) 0 = E_N + P^T M^{−1}P − Xk_BT (53) which is obtained by formally setting D → 0 [14]. Thus the parameter γ takes now the role of a Langrange multiplier that forces the time-evolution of (Q, P ) to satisfy the constraint (53).

Furthermore, taking into account that, for the macro-canonical distribution function, we have ⟨E_N⟩ = k_B T , this simplifies to d dt Q = M^{−1}P , d dt P = −∇_QV (Q) − k_B T ∇_Q ln √ G(Q)M^{−1}G(Q)^T − γP − G(Q)^T λ , 0 = g(Q) ,

0 = P^T M^{−1}P − (X − 1)k_B T .

and the correcting force-term is the Fixman potential.

5 A nonlinear test example

Let us define the function g(q) in (1)-(2) by g(q) = √ aq^2_1 + bq^2 − 1 .

For a = b = 1, we obtain g(q) = r(q) − 1 which yields the potential energy function of a stiff spring. The potential energy function V was set equal to zero. Thus the equations of motion are d dt q_1 = p_1 , (54) d dt q_2 = p_2 , (55) d dt p_1 = −ϵ^{−2}a √ aq^2_1 + bq^2 − 1 √ aq^2_1 + bq^2 q_1 − γp_1 + ξ_1(t) , (56) d dt p_2 = −ϵ^{−2}b √ aq^2_1 + bq^2 − 1 √ aq^2_1 + bq^2 q_2 − γp_2 + ξ_2(t) . (57)

Next we have to find an expression for the adiabatic invariant J. Using the general expression (20), this requires the energy E_N in the fast x-degree of freedom:

E_N = ω(y)^2 p^2_x 2 + ϵ^{−2} 2 x^2.

Here we have used that x = g(q), p_x = [G(q)G(q)^T ]^{−1}G(q)p, and that the frequency ω is defined by ω = √ a^2q^2_1 + b^2q^2 .

Thus J = E_N/ω.

The averaged equations of motion are d dt q_1 = p_1 , (58) d dt q_2 = p_2 , (59) d dt p_1 = −

Ja^2q_1 √ a^2q^2_1 + bq^2

− γp_1 + ξ_1(t) − aq_1λ , (60) d dt p_2 = −

Jb^2q_2 √ a^2q^2_1 + b^2q^2

− γp_2 + ξ_2(t) − bq_2λ , (61) 0 = √ aq^2_1 + bq^2 − 1 , (62) d dt J = −γJ + Ξ_x(t)ξ_x(t) √ a^2q^2_1 + b^2q^2

. (63)

The constraint manifold M = {q ∈ IR^2 : √ aq^2_1 + bq^2 = 1}

can be parameterized (in polar coordinates) by the angle ϕ, i.e., M is diffeomorph to the unit circle. We are interested in the equilibrium distribution of the angle ϕ. The corresponding distribution function is denoted by ρ(ϕ).

For the numerical experiments we chose a = 9, b = 1, k_B T = 2.0, ϵ = 0.01 and different values for the friction constant γ. The initial conditions were q = (0, 1) and p = (2, 2). The corresponding equations of motion for the free dynamics, the averaged system, and the constrained system with no correcting force term, i.e. J(t) = 0, were integrated over a time-interval [0, 2000] using a step-size of Δt = 0.001. In Fig. 2, the distribution functions ρ(ϕ) are shown for γ = 0.01 and γ = 10. Intermediate values of γ ∈ [0.1, 10] gave similar results. Again the free dynamics and the

(a) free dynamics (b) averaged dynamics (c) constrained dynamics

Figure 2: The equilibrium distribution ρ(ϕ) for two different values of the friction constant γ. The figure on the left gives the results for the free dynamics (54)-(57), the figure in the middle for the averaged system (58)-(63), and the figure on the right for the constrained system with J(t) = 0 (no correcting force term).

averaged dynamics are in good agreement. The constrained system without a correcting force term gives qualitatively wrong results.

Acknowledgement. This paper was inspired through discussions with Christof Schütte and Folkmar Bornemann about the “correct” correcting potential for smoothed molecular dynamics.

References

[1] M.P. Allen and T.J. Tildesley, Computer simulation of liquids, Clarendon Press, Oxford, 1987.

[2] V.I. Arnold, V.V. Kozlov, and A.I. Neishtadt, Mathematical Aspects of Classical and Celestial Mechanics, Springer-Verlag, New York, 1997.

[3] Benettin, G., Galgani, L., and Giorgilli, A., Realization of holonomic constraints and freezing of high frequency degrees of freedom in the light of classical perturbation theory. Part I, Commun. Math. Phys. 113(1987), 87–103.

[4] F.A. Bornemann and Ch. Schütte, Homogenization of Hamiltonian Systems with a Strong Constraining Potential, Physica D 102(1997), 57–77.

[5] F.A. Bornemann, Homogenization in Time of Singularly Perturbed Conservative Mechanical Systems, Lecture Notes in Mathematics Vol. 1687, Springer-Verlag, 1998.

[6] A. Brünger, C.L. Brooks, and M. Karplus, Stochastic boundary conditions for molecular dynamics simulations of ST2 water, Chem. Phys. Lett. 105(1982), 495–500.

[7] M. Fixman, Classical statistical mechanics of constraints: A theorem and application to polymers, Proc. Nat. Acad. Sci. 71(1974), 3050–3053.

[8] E. Hairer and G. Wanner, Solving Ordinary Differential Equations, Vol II, second edition, Springer-Verlag, 1997.

[9] E. Helfand, Flexible vs. rigid constraints in statistical mechanics, J. Chem. Phys. 71(1979), 5000–07.

[10] W.G. Hoover, Canonical dynamics: Equilibrium phase-space distributions, Phys. Rev. A 31(1985), 1695–1697.

[11] A. Lasota and M.C. Mackey, Chaos, Fractals, and Noise, Springer-Verlag, 1994.

[12] B. Leimkuhler and R.D. Skeel, Symplectic Numerical Integrators in Constrained Hamiltonian Systems, J. Comput. Phys. 112(1994), 117–125.

[13] A.I. Neishtadt, The separation of motions in systems with rapidly rotating phase, J. Appl.

Math. Mech. 48(1984), 511–517.

[14] S. Nosé, A unified formulation of the constant temperature molecular dynamics methods, J.

Chem. Phys. 81(1994), 511–517.

[15] M.R. Pear and J.H. Weiner, Brownian dynamics study of a polymer chain of linked rigid bodies, J. Chem. Phys. 71(1979), 212–224.

[16] S. Reich, Smoothed dynamics of highly oscillatory Hamiltonian systems, Physica D 89(1995), 28–42.

[17] S. Reich, Dynamical Systems, Numerical Integration, and Exponentially Small Estimates, Habilitationsschrift, Freie Universität Berlin, (available as technical report SC-98-19, Konrad- Zuse-Zentrum, Berlin), 1998.

[18] S. Reich, Multiple time-scales in classical and quantum-classical molecular dynamics, J. Comput. Phys. 151(1999), 49-73.

[19] H. Rubin and P. Ungar, Motion under a strong constraining force, Comm. Pure Appl. Math.

10(1957), 65–87.

[20] F. Takens, Motion under the influence of a strong constraining force, in Z. Nitecki and C.

Robinson, editors, Global Theory of Dynamical Systems, Evanston 1979, Lecture Notes in Mathematics Vol. 819, Springer-Verlag, 1980, 425–445.