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(1)

1. Suppose that f: R — S is a ring homomorphism. Show that if J C S is
an ideal in S, then f~1(J) = {a € R| f(a) € J} is an ideal in R.

2. What are the ideals in the ring Z? What are the ideals in the quotient
ring Z/(n)?

3. For which values of n and m is there a homomorphism ¢: Z/(n) — Z/(m)?
Is the homomorphism unique?

(2) Let R, S berings. Persuade yourselves that R x S is naturally a ring (as an
additive group R x S is the direct product of R, + with S, +; the multiplication
is defined as (r1, s1)(r2, $2) = (r1r2, $152)).

1. Suppose that f: R — S and g: R — T are ring homomorphisms. Show
that (f,g9): R — S x T defined by (f,g)(r) = (f(r),g(r)) is a ring homo-
morphism.

2. Suppose that f: R — T and g: S — T are ring homomorphisms. Is f +
g: RxS — T defined by (f+g)(r,s) = f(r)+g(s) aring homomorphism?

(3) Show that if I and J are ideals in R, then so is I N J. Show that the
quotient R/(I N J) is isomorphic to a subring of the product R/I x R/J.

(4) Let k be a field, and let R = k[X,Y] be the polynomial ring in two
variables.

1. Let I be the principal ideal generated by the element X — Y in R. Show
that R/I = k[X].

2. What can you say about R/I when [ is the principal ideal generated by
X24Y7?

3. Let I C R be the principal ideal generated by X2 — Y 2. Show that R/I is
not an integral domain. Exhibit an injective ring homomorphism R/I —
klx] x kly] and determine its image. Interpret these results geometrically
in terms of polynomial functions on the “coordinate axes” in k2.



(5) Anideal I C R is prime if ab € I implies @ € I or b € I. Show that I is
prime if and only if R/T is an integral domain.

(6) Find an irreducible polynomial f(X) € F3[X] of degree 3. Show that
F5[X]/(f) is a field with 27 elements.

(7) What are the units in Z/(12)? What are the ideals in Z/(12)? Is Z/(12) a
PID? (T am not sure I said it clearly in the lectures but, by definition, a principal
ideal domain is an integral domain.)

(8) In this question we work in the ring R = Z[i] of Gaussian integers.

1. Show that the units in the ring are +1 and 3.

2. Show that, up to multiplication by a unit, the primes in the ring the integer
primes p = 3 mod 4, and the a+3b where p =2 or p = a>+b?> =1 mod 4
is an integer prime. (Recall from quadratic mathematics that an integer
prime p is the sum of two squares if and only if p=2 or p=1 mod 4).

3. What is the greatest common divisor in Z[i] of the elements 3 — 4¢ and
44 317

4. What is the greatest common divisor in Z[i] of the elements 11 + 7 and
18 — 47

1. Show that X* +2X + 2 and X* + 18X? + 24 are irreducible in Q[X].

2. Are X3 — 9 and X* — 8 irreducible in Q[X]? (You better approach this
question with “bare hands”).

3. Show that X%+ X3 + X2 + X + 1 is irreducible in Q[X].

4. Are X+ X2+ X +1and X*+ X3 + X + 1 irreducible in Q[X]?

5. Show that X* + 1 is irreducible in Q[X].

6. Show that X* + 4 factorizes in Q[X] into irreducible quadratic factors.

(10) Consider the polynomial f(X,Y) = X3V + X2Y24+V3 V2 - X -V +1
in C[X,Y]. Write it as an element of C[X]|[Y], that is collect together terms
in powers of Y, and hence show, using the Eisenstein criterion for polynomials
with coefficients in C[X], that f is prime in C[X,Y’]. Do the same for f(X,Y) =
XY+ XY +Y? Y2+ X +Y + 1.

(11) Following the outline given in the lectures, show that if p is prime then
XP=l 4+ ...+ X + 1 is irreducible in Z[X]. Factorize X® + X% 4+ X + 1 and
X5+ X4+ X34+ X2+ X +1in Z[X]. Suppose X" 1 +...4+ X +1 is irreducible
in Z[X]. Does it follow that n is prime?



