Biomedical Engineering Year 1 Mathematics Hints & Solutions 10

. (a) Yy + 3y — 4y = T3 .
General Solution(GS) = Complementary Function(CF) + Particular Integral(PI).

To find CF: put y(z) = e** in the homogeneous form of the ODE, so (A2 +3\—4) e = 0.
Then the auxiliary equation is A> +3\—4=01ie. (A—1)(A+4) =0. Hence A =1 or
A= —4, so CF = Ae® + Be **, where A and B are arbitrary constants.

To find the PI: put y(x) = C€3* in the full form of the ODE, where C is a constant to be
found. [ e3® does not appear in the CF, so one expects this substitution to work.]

Then the ODE becomes C (9 + 9 — 4) €3* = 7¢3* s0 C = 7/14 = 1/2.

Hence the General Solution = CF + PI = Ae® + Be 4% + %63””.

(b) y(z) = e* in homogeneous form of ODE gives A = 1 or A = 2, so CF = Ae® + Be?*.
To find PI: e2* appears in the CF, so C e?? will not work - check this if necessary. So try
y(z) = C xe*® in the full form of the ODE.

Then 3y’ = C(1+2x)e?® and y" = C(2+ 2 +4x)e?* = 4C(1 + x)e?* | so substituting in full
form of the ODE, 4C(1 + z)e?® — 3C(1 + 2x)e?* + 2Cxe?® = e** | giving C = 1.

Hence General Solution = CF + PI = Ae® + Be?* + zxe?®.

(c) CF: auxiliary equation is A> —4\+4 =0, so A = 2, repeated. So CF = (A + Bx) e>*.
PI: Since e?* and xe?* also appear in the CF, try y = C z2¢e?* in full ODE.

(d) CF: auxiliary equation is 202 =3\ +1=0,s0 A = 1 or % So CF = Ae® + Be®/2.
PI: Since RHS is quadratic in z, try general quadratic y = C + Dz + Ex?. Substituting
in full ODE gives 2FE2 — 3(D + 2Ex) + C + Dx + Ex? = x?. Since this identity must
hold for all values of z, coefficients of 2%, x and z? on both sides must be equal. Hence
A4F —-3D+C =0, —6E+ D =0and F =1,s0 D =6, C = 14. Thus the general solution
is y = Ae® + Be®/? 4+ 14 + 6z + 2.

() CF: A2 —2XA+2=0,s0 A = 1+i. So CF = ae(1*9% £ pe(1-9% = A¢® cos x + Be® sin
where A, B are real constants (a, b are complex conjugate constants).

PI: Since e” sinx appears in RHS of ODE, try y = (C'cosx + Dsinz) z e®.

(f) CF: M2+ X+1=0,50 \ = # So CF = e~%/2 {Acos <%§) + Bsin(‘”2 )}
PL: Try y = (C + Dx) e*®.

(g) CF: A2 —2X+1=0,s0 A =1, repeated. So CF = (A + Bxr)e®.

PI: Since RHS is cubic in z, try general cubic y = C + Dx + Ex? 4+ Fa3.

(h) CF: A24+9=0,s0 A =43i. So CF = Acos3z + Bsin3ux.

PI: Replace cos? x by an expression linear in terms of trig functions, i.e.

put cos?z = (1 + cos2z)/2. Then RHS of full ODE contains two terms - find their
corresponding Pls separately and add.  PI for 1/2: try y = C, giving C' = %.

PI for § cos2z: try y = Dcos2z. Then D(—=4+9) =1, s0 D = L.

Hence general solution is y = Acos3x + Bsin3x + % + % cos 2.
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2. CF: M2 +6A+8=0,50 A= —2, —4. So CF = Ae~%* + Be™ %=,
PI: IF one tries y = C cosh 2z + D sinh 2x. Then
4C cosh 2z 4+ 4D sinh 2x + 12C' sinh x 4+ 12D cosh x + 8C cosh 2z 4 8D sinh 2x = 12 cosh 2x.
Equating coefficients of cosh z and of sinhx, 4C'+12D+8C = 12 and 4D +12C'+8D = 0.
But the last two equations are not consistent. This method failed since the term e=2*
appears both in the CF and in RHS of the ODE, i.e. 6e** 4+ 6e~2%. So try PI of form
Ee** + (F + Gz)e ?*. Then
4Ee®® + 4Fe™2% 4+ 4G (—1+ x)e™2® + 12Ee?® — 12Fe™ 2% 4+ 6G(1 — 2x)e™2* + 8Ee?*+
8(F + Gz)e 2 = 6e** + 6e~ 22,
Equate coefficients of e?* and e~2%, noting coefficient of ze?* in LHS is 0.
4F + 12E 4+ 8E = 6 and 4F — 4G — 12F +6G +8F = 6,s0 E = 1/4, G = 3 and F is
undetermined. So take F' = 0, noting a term in e~2% already appears in CF.
Hence general solution is y = Ae™2% + Be™4* + %62‘” + 3ze2".
To satisfy y(0) = 0 and ¢/(0) = 1, requires A+ B+ 1 =0and —24—4B+ 1 +3=1.

So A = —%, B = % and solution is y = —26_256 + 36_4“’ + %62” + 3ze=2%,

3. z=-¢. So ‘Cll—f =e! =z and Z—g = %j_:i = %%' Hence xg—g = %’. Differentiate the last
with respect to z. x% + Z—Z = j—mi—f = (%%’) j—i = %327?2’ SO xZ% = % — Cfi—?.
Hence the ODE becomes a (% - ‘é—?) + b% +cy=0,ie. a% (b— a)% +cy=0.

Fora=b=c=1, % + y = 0, with general solution y(t) = Acost + Bsint,
ie. y(x) = Acos(lnz) + Bsin(lnz).

4. Between launch and first coming to rest, the equation of motion is mx” = —mw*x — mk.
Whent =0,z =0andz’ =V. ODEisaz”"+w?z=—k. SoCFis Acoswt+ Bsinwt.
RHS is constant, so try y = C for PI, giving w?C = —k. Hence PI = —kw 2.

Thus general solution is x(t) = Acoswt + Bsinwt — kw2,
Applying the conditions z = 0 and 2’ = V when ¢t = 0 gives 0 = A — kw~2 and V = Buw,
so that A =kw 2 and B=Vw ! and z(t) = kw 2(coswt — 1) + Vw lsinwt.
(Optional Part - Harder) The particle first comes to rest at time 7" when /(7)) =0 i.e.

—kw™lsinwT + VcoswT =0, ie. tanwT = Vw/k, as required.
Then coswT =k (k* + V2w2)_1/2 and sinwT = Vw (k? + V2w2)_1/2 , so that
(T) = (w2 +V2) (K2 + V2?2 — kw2 = w2 {(k* + V22 — k}.
Fort > T, 2" +w?x =k, so the general solution then becomes

2(t) = Dcosw(t —T) + Esinw(t —T)t+ kw2

But fort =7, 2(T)=D+kw 2 sothat D=w"2{(k*+V=Ww?)2 — 2k}.
Also 2/(T) =0= FEw sothat E=0. Hencez'(t) =—Dsinw(t—T). So motion for
t > T can occur only if D >0 ie. (VZW?4+Ek)Y2 — 2k>0 ie VZ2w?> 3k

5. Taking the positive x axis to be vertically downwards, the equation of motion is
Mass x Acceleration = Resultant Force vertically downwards, so that mz” = mg—mkuv?,

where v = 2’ (' means <) and the resistance to motion is mkv?.  Hence v’ = g — kv?.

dt
But, using a Chain Rule, v’ = ‘fl—g = % Cfl—f = g—g v = %%zﬁ, so that %j—IvQ =g — ko2
Hence, by putting y = v?, this gives % = 2(g — ky). Also at t =0, we have x = 0

and v = 0, so that y(0) =0. The ODE for y(x) is both separable and linear.
Using separation gives — 2k(z +¢) = In|g — ky|. But 2z =0 and y = 0 when ¢ = 0, so that
—2kc=1Ing. Hence on substituting for ¢, —2kx =In|(g — ky)/g|. Solving for y,
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y =02 =gk™! (1 — 6_2’”). As x — o0, the velocity v — the terminal value (gk‘1)1/2.



