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(iii) Substitute z = asind. [ (a? — )1/2 dr = facos@ acosf df = a2 f (cos20 + 1) db

+ c.

2+1

‘—!—c

:%( sm29+9)+c:a—;(sin00080+9)+0— sva? —a? + & 1E—i—c

. . 2172

(iv) Substitute z = u?. [ do = 1+u2 = [2 ( — 1+u2) du =
2u —2tan" ' u + ¢ = 22'/2 — 2tan™! 1/2+c.

(v) Substitute u = denominator.  (vi) Substitute x = tan@. (vii) Substitute z = e".
(viii) Put tan?z = sec?x — 1. (ix) Substitute v = tanzx .
d
<X) 2—|—sgivnx .

Use the half-angle substitution i.e. ¢ = tan 5 , of which details are given in lectures.

Then tanz = 2L so sinz = 142;;2 . Also fromt =tanZ, dt = isec® Ldx = F(1+?)dx.
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Hence f 2+smcc - f 2—|—§tgt—|—2t f (t+ )2+3 . Now put u :t+ 2 a= (%) )
o mtegrel = [ s = dtan~t 3 e = (3t {() 0+ D e
= (52 tan—? {(%)1/2 (tan Z + %)} te.

(xi) In order to remove z? from the integrand, use integration by parts
(Judv=wuv — [vdu) twice, firstly with u = 2% and v =sinz.

(xii) Put I = [e” coszdz. Use integration by parts twice. Firstly, with u = e® and

v=sinz, [udv=uv — [vdu gives I = e"sinx — [e*sinzdz.
Next, applying integration by parts to the last integral with u = e®* and v = — cos x,
I =e®"sine — {e”(—cosz) — [e”(—cosz)dx} = e”sinz + e” cosz — I.

Hence 2I = e (sinz + cosz) + ¢, giving the required result.
Alternativly, use a result from Question 8 on Sheet 10.

(xiii) In order to remove z from the integrand, use integration by parts.

So take u = x and dv = £25% dx, so that v = — L
sin< x sinx
(xiv) Take u = Inx and dv = 2¥ dx , so that v = “]i: .

(xv) Complete the square. Then substitute u = = + 1.
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(xvi) Note 1 + cosx = 2cos?(x/2) and then write sec*(x/2) = (1 + tan?(x/2)) sec?(z/2) .
(xvii) Complete the square and substitute x + 2 = 3tan6 .
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2. Iy = / 2" e 4. Use integration by parts.
0

In [udv=uv — [vdu, put u=2z" and dv = ze~® dr so that v = —%e_mz , and then

1 2\] o0 1 .2 n
In = = n —_e 7 — n—1 —_e 7 = —In_ .
41 /udv {x ( 2e )]o /o ne ( 2e ) dx 0+ 5 1

Hence Ip,11 = §1In-1.
Putting n = 4, and then 2, in the last equation gives

5700
I5 = %Ig = %%Il ,where L = [_%e—m }0 :% 7and so Iy = 1.

3. up +iv, = [2" (cosz +isinz)dr = [z"edr = 2" (—ie"®) — [na"! (—ie™”) dx

Hence wu, +iv, = —iz"e® + in(un,_1 +iv,_1). Taking real and imaginary parts,
Up = 2"sinT — NUyp_1, v, = —x"CcosT + NU,_1
_ 4 - _ 2
Hence vy = —x%cosx + 4duz , wuz = x°sinx — 3vy, vy = —x“cosx + 2uq,
up = xsinx — vy, vy = —cosx, giving
vy = —xtcosx + 4x3sinz + 1222 cosz — 24xsinz — 24 cosx + c.
/4 . _ _
4. I, = fo/ tan™ x dr . Write tan” z = tan" 2z tan?z = tan" 2z (sec?x—1), and note
2 2 d 1 1 1 ]

n— _ d n— _ n— o
tan T sectr = o (n—l tan x) , 80 that I,, = | =5 tan x . n_2 -
Hence In = % — I?’L—Q .

. _ _ 1 1 1 _ /4 1
Withn =5, Is = 3 — I3 = 7 — (5 — I1), where I; = [—In|cosz|];’" = 5In2.

Hence I = %an—%.



