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. ()y=(c+=x) sinz, so y =(c+x) cosx + sinx giving y =ycotz + sinx.

(ii):czcexp(—%), SO c:xexp<§>, 0= exp( >+x<§—x5—;) exp(%).
2

Hence 0 =1 + g—@) Y sothat y = ¥+ (£)2.

T

dy dx
. (1) S ble : =

(i) Separable o e
But y(0) =1, givingln2=Inl1+¢. Hencec=Imn2, y+1=2(z+1), y=2zx+1.
(ii) Separable : %y = —‘jiiﬂg, so In|y|=—-2In|1+ 2% +c.

But y(0) =3, givingln: = —2In1+c. Hencec=-In2, y=1/(2(1+2%)?).

,80 Inly+1|=In|z+ 1| +c.

(iii) Separable : ld_—yy = 24 5o —In[l—yl=—3I[1—2% +c.
But y(0) =2,soln|l| = —iIn|1|+c. Hencec =0, (1-y)? = (1-2?), y= 1+(1—22)2 .
(iv) Not separable but homogeneous : % = (%)2—% . Soput v(z) = Lie. y(z) =zv(z).
Then d—g =x d Y 4+ v and the equation becomes
d
x d_v +v=12—v so x d—v =v(v—2). Now separable, and using partial fractions,
x x
[ =1 f(viz —%) dv. Hence 2Inz +2c=Inv — 2| —Infv| =In |1 — 2|.
So 1———k::13 where k = e%¢. y—2x(1—km)1
(v) Slmllar to (iv), now with % = —%% -3¥.
3 4 4
(vi) Again homogeneous Z—z = if_yQ;Zs = 33_2:}’3 , where v(z) = £, then separable.

(vii) Not homogeneous or separable, but linear, so use integrating factor.

LF. =exp [2tanzdz = exp(—2Incosz) = (cosz) 2.

Multiplying by the L.F.,

4 {(cosz) 2y} =sinz (COS x)72, so that (cosx) 2y = (cosz)" ! + ¢,

y— (I1+ccosz)cosx. But y(mr) = —-3,s0 -3=c—1, c=-2. y=(1—-2cosx) cosz.
(viii) Again not homogeneous or separable, but linear, so use integrating factor.

LF. =exp [ 2zdz = exp(z?). Multiplying by this L.F., proceed to solve j—x {er y} =2.

(ix) Again linear, but NOTE to rearrange as % + %y = x—1+271, before using L.F.
method. LF. =exp (f %) dr = exp(2 Inz) = 2?2, giving

4 (2%y) =2® -2 4=, 2y =2t — 38 + J2% +c.
-1 i_1_1 1 - _1 —1,2_1 1_1,.-2
But y(1) = 5,sothat 3 = ;-5 +5+c, soc=—g. Hence y = g0°—s0+5— 527 °.



3. Withz =X+ A and y =Y + B, the ODE becomes — =

dy 2X +2Y +2A+2B -2

dXx 3X+Y+3A+B -5
Therefore choose A and B so that both 24 +2B —2=0and 3A+ B —-5=0, i.e.
A =2and B=—1. This makes the equation for Y (X) homogeneous in X and Y, so
put Y(X) = X V(X) to find that

dv 2+2V dv 2 42V -3V - V? 2+V)(1-V)
X — V = X— = = )
ax 3y v BV Aax 34V 3+ V.
X 1 4 1
Using partial fractions, dy = 5/(1—‘/ + 2+V> dv.

Hence 3In|X|= —4ln|1-V|+In|2+V|+c,s0 X>(1-V)*2+V)' =k,
ie. (X—-Y)=k(2X+Y) where X =2—-2andY =y +1,

sothat (z—y—1)* = k(2x+y—3).

(i) The ODE is exact if a—(9:L"2+ —1)—8—(:1;—4) le. if 1=1

: o9 y =5 y) ie. =1

0 0
Hence there exists a function ¢(z,y) such that a_(é =92% +y—1 and a_gzﬁ =x—4y,
T Y

so that ¢(z,y) = constant is the general solution of the ODE.

0
Using partial integation of a_(b =922 +y—1, é(z,y) =32 +ay—2+g(y).
x
op 0 ..
Then 7 = a—y(i’w3 tay—z+g(y) =x—4y giving ¢'(y) = —4y, g(y) = —27,
and hence solution é(z,y) = 323 + 2y — x — 2y* = constant.

0 0
(ii) This ODE is exact if 8—(wy2 +y) = 8—(x2y+x) ie. if 2zy+1=2zxy+1. Then
y x

use the same method as in (i).

. The ODE becomes (522" + 122177y — 32"y?) dz + (32?7 — 221Ty)dy = 0.
0 0
The ODE is exact if a—(5:v2+” + 1221y — 32™y?) = a—(3x2+" — 221t "y)
Yy T
ie. if 122'7" — 62"y = 3(2 +n)ax'™™ —2(1 +n)z"y. Hence, on comparing coefficients,
one needs
12=3(24+n) AND —6=—-2(1+n), sothatn=2.

Hence ¢(x,y) = constant is the general solution of the ODE, where

0
—= =5zt + 1223y — 322%y? and —¢ = 32% — 223y .
Ox oy

0
Using partial integation of —ai = b5t + 1223y — 3222, Pz, y) = 2+ 32y — 23y +g(y) .
0
Then a—gb = 32" —22%y  giving ¢'(y) =0, g(y) = 0,

Y
and hence solution é(x,y) = 25 + 32ty — 23y? = constant.



6. Multiply the ODE by f(z) where z = zy?. The equation is exact if

5 £G) 0 = 2) = 5 £ (o — 4oy + 1)
i.e., since g—yf(z) = 22yf'(2) and %f(z) = y°f'(2),
(y' —2¢%) 20y f" + (4y° —4dy) [ = Bay’ —day +y)v°f + By’ —4y+0) f

giving f' (zy?> +1) = f so that f(z), with z = 2y?, must satisfy f'(z) (z +1) = f(2).
Hence take f(z) = (1+ z2).

Hence ¢(x,y) = constant is the general solution of the ODE, where

0
g_é; = (14 zy?) (y* —247) ie. a—i = y;b— 2y% + 2y° — 229 and
% = (1 +zy?) Bzy® — dzy +9), ie. o = 3xy® — dxy +y + 32%y° — 42y + a1
0
Using partial integation of a—i, P(z,y) = zy* — 2zy® + 122y® — 2%y + g(y).
3} 1
Then a—y(xy4 — 2xy? + §x2y6 — 2%yt + g(y)) = 3z — dwy + y + 32%y° — 422y + xy
giving ¢'(y) =y, and take g(y) = 3v°,
and hence solution é(x,y) = vyt — 22y% + %xzyG — %yt + %yz = constant.

1
7. When the fluid is at depth y, the volume V of liquid is V' = §7rr2y, where r = %R.

R2
Hence V = gﬁ y>.  The rate of change of volume is
av
- = (velocity of escaping fluid) x (area of hole) = — ky'/? 7a?.
Hence E—m?)y%——ky ma®, giving y pril R
. 2 5/2 ]{JIZTQCL2
Solving, gy /2 = _ 2 t + c

R2 2 RZH1/2

“%H?2 ~ 5 ka?

2
For t =0, y = H,sothat ¢ = 5H5/2. Then, wheny =0, t =



