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1. The function u(z, t) satisfies the heat equation
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with the boundary conditons
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7 L,t)=0 and u(z, 0) = f(z) .

Show that its solution is

>0
nmwx
u(z, t) = %ao + Z y, COS <T> e /L )

n=1

L
an = %/0 f(z)cos <T> dz .

Hence find the solution when

where

1 for 0<:1;<%L
0 for %L<$<L.

What happens as ¢t — oc?

2. A metal bar of length 7 and thermal diffusivity & is initially at room temperature, Tg.
Its ends are suddenly cooled, so that subsequently the temperature distribution along the
bar, u(x, t), is the solution to the problem

U = KUy mn 0<zr<mt>0
together with the boundary conditions
u(0,t) =u(r,t) =0 and u(z, 0) =Ty .

Show that the solution of this problem is

0 .
sSinnaT

47T,
u(z, t) = -9

exp[—n’kt]
n odd



3.

A heat-releasing chemical reaction takes place in a long pipe with insulating walls and
fixed temperature at each end. The reaction proceeds at a rate which is proportional to
the temperature, so that the temperature distribution u(z, t) obeys the equation

U =1U + ktipp m O<z<L, t>0
where r and k are known constants. The boundary conditions are
u(0,t) =u(L,t)=0 and u(z,0) =T(z),
for known T'(x). Using separation of variables, show that the temperature is given by

u(z, t) = i b exp(Apt) sin (%)

n=1

where

22k 2 ("
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Under what conditions will the temperature increase without limit, leading to an explosion?
(A question from the 1997 exam:) wu(z, y) obeys Laplace’s equation in a square:
Upr + Uyy =0 m O<zr<m, O<y<m,
with the boundary conditions
u(z, 0) = u(z, 7) =u(0,y) =0 and u(r, y) =sin’y .

Use the method of separation of variables to find the solution.
[Hint: sin3y = 3siny — 4sin® y.]

In terms of polar coordinates (r, #), Laplace’s equation for u(r, ) is

Upr U
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Show that the separable solutions u = f(r)g(#) which are 27-periodic in 6 and finite at
r=0areu = A,r" cosnf and u = B,,r" sin nf where n is an integer and A,, and B,, are

constants.

Using the formula from the previous question, deduce that the problem
Viu=0 in 0<r<l1, 0<6<2r, with  u(1,8) = sin® 6 ,

has the solution

u(r, ) = %r sinf — ir?’ sin 36 .



