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1. On the grid (nh, jk), for integers n and j, derive the finite difference scheme
U,?;"H = T‘U,{_l +(1— QT’)Ui + rU,{_H , where r = Dk/i12 \
for the heat equation for u(z, t),
Uy = Duyy with  wu(z,0) = e'PT

for some constants D and p. [We take u(xz, t) to be complex for simplicity.]
Look for a solution

Ul = (/\)]‘em5 where & = ph
and show that such a solution exists provided
A=1-2r(1—cosf) .

By considering ¢ = 7, show that it is possible for [A| > 1 if r > % How does the solution
U} behave as j — oo in that case?

2. The truncation error of the Crank-Nicolson scheme for the equation uy = u,, is defined by

. Uittt -uj B (Ui—l — 20U}, ‘|‘U£+1> B (Uf——i - 203" ‘|’Ui:|j)

J
En = k 2h2 2h2

Show that E} = O(k?, h?) .

3. The function u(x, y) obeys Laplace’s equation in a rectangle
Ugy + Uyy = 0 m 0<z<l, O<y<?2,
with the boundary conditions
u(0,y)=0, u(l,y) =4, u(z,0) =0, and wu(z,2)=4.

Formulate a numerical scheme to solve this problem on a square grid of size h where
Nh = 1, writing the equations in the form Av = b. Define the matrix A, the unknown
vector v and the known vector b precisely.

When h = %, obtain three simultaneous equations in the unknowns vy = u(h, h), vy =
u(h, 2h) and vs = u(h, 3h).

Set up the Jacobi and Gauss-Seidel iterative schemes to solve this problem and perform
two iterations of each method. Which method seems to be converging faster?



