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ABSTRACT. For an arbitrary open, nonempty, bounded set Q@ C R", n € N,
and sufficiently smooth coefficients a, b, ¢, we consider the closed, strictly pos-
itive, higher-order differential operator Aq 2 (a,b,q) in L?(Q) defined on
WO2 m‘Q(Q), associated with the higher-order differential expression
n m
Tom (a, b, q) = ( Z (=105 — bj)a k(—i0 — by) +q) , meN,
G k=1

and its Krein—von Neumann extension A o 2m(a,b,q) in L?(Q2). Denoting by
N\ Ak.0,2m(a,b,q)), A > 0, the eigenvalue counting function corresponding
to the strictly positive eigenvalues of Ax o 2m(a,b,q), we derive the bound

om n/(2m)
N\ Ag,0,2m(a,b,q)) < Cun(2m)™" (1 + ) An/Gm) x>0,
T 2m+n
where C = C(a,b,q,Q) > 0 (with C(I,,0,0,9Q) = |Q]) is connected to the
eigenfunction expansion of the self-adjoint operator ggm(a, b,q) in L?(R")
defined on W2™:2(R"), corresponding to 7am (a, b, q). Here vy, := n™/2/T((n+
2)/2) denotes the (Euclidean) volume of the unit ball in R™.

Our method of proof relies on variational considerations exploiting the fun-
damental link between the Krein—von Neumann extension and an underlying
abstract buckling problem, and on the distorted Fourier transform defined in
terms of the eigenfunction transform of Ay (a,b,q) in L2(R™).

We also consider the analogous bound for the eigenvalue counting function
for the Friedrichs extension Ap q om(a,b, q) in L2(Q) of Agq,om(a,b,q).

No assumptions on the boundary 99 of Q2 are made.
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1. INTRODUCTION

We briefly recall some background material: Suppose that S is a densely defined,
symmetric, closed operator with nonzero deficiency indices in a separable complex
Hilbert space H that satisfies

S > ely for some ¢ > 0. (1.1)

Then, according to M. Krein’s celebrated 1947 paper [59], among all nonnegative
self-adjoint extensions of S, there exist two distinguished ones, S, the Friedrichs
extension of S and Sk, the Krein—von Neumann extension of .S, which are, respec-
tively, the largest and smallest such extension (in the sense of quadratic forms). In
particular, a nonnegative self-adjoint operator Sis a self-adjoint extension of S if
and only if S satisfies

Sk <S5 < Sk (1.2)
(again, in the sense of quadratic forms).
An abstract version of [44, Proposition 1], presented in [6], describing the fol-
lowing intimate connection between the nonzero eigenvalues of Sk, and a suitable
abstract buckling problem, can be summarized as follows:

There exists 0 # vy € dom(Sk) satisfying Sgvy = Avy, A #0, (1.3)
if and only if
there exists a 0 # uy € dom(S™S) such that S*Suy = ASuy, (1.4)

and the solutions vy of (1.3) are in one-to-one correspondence with the solutions
uy of (1.4) given by the pair of formulas

Uy = (Sp)ilsKU)\, Uy = )\71511,)\. (15)

As briefly recalled in Section 2, (1.4) represents an abstract buckling problem. The
latter has been the key in all attempts to date in proving Weyl-type asymptotics
for eigenvalues of Sk when S represents an elliptic partial differential operator in
L2(2). In fact, it is convenient to go one step further and replace the abstract
buckling eigenvalue problem (1.4) by the variational formulation,

there exists uy € dom(S)\{0} such that

1.6
a(w,uy) = Ab(w,uy) for all w € dom(S), (16)
where the symmetric forms a and b in H are defined by
a(f,9) = (5f,89)n, f.g € dom(a) := dom(S), (1.7)
6(f,9) = (f,59)n, [ g€ dom(b):=dom(3). (1.8)

In our present context, the role of the symmetric operator S will be played by
the closed, strictly positive operator in L?(12),

AQ,Qm(av ba q)f = T2m (aa ba q)f, f S dom(AQ,Qm (0,, b, q)) = W(]zm’Z(Q)v (19)
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where the differential expression 7o,,(a, b, q) is of the type,
n

Tom(a, b, q) = ( Z (—i0; — bj)a;j k(—i0k — bg) + q)m, m € N, (1.10)

jk=1

under the assumption that # # ©Q C R" is open and bounded and under suffi-
cient smoothness hypotheses on the coeflicients a, b, ¢ (cf. Hypothesis 3.1 (7)). The
Krein—von Neumann and Friedrichs extensions of Agq 2., will then be denoted by
Ak aom(a,b,q) and Apq om(a,b, q), respectively.

Since Ak q,2m(a,b,q) has purely discrete spectrum in (0, c0) bounded away from
zero by € > 0, let {Axq,j}jen C (0,00) be the strictly positive eigenvalues of
Ak 0.2m(a, b, q) enumerated in nondecreasing order, counting multiplicity, and let

N(}\;AK7Q72m(a,b, q)) = #{] eN | 0< AK7Q7‘7‘ < )\}, A>0, (111)

be the eigenvalue distribution function for Ak q 2m(a, b, ¢) (which takes into account
only strictly positive eigenvalues of Ak qam(a,b,q)); N(-; Ak .a2m(a,b,q)) is the
principal object of this note. Similarly, N(X; Ar.q.2m(a,b,q)), A > 0, denotes the
eigenvalue counting function for Ap g 2 (a,b, ).

For convenience of the reader, we recall the basic abstract facts on the Friedrichs
extension, Sr and the Krein—von Neumann extension Sk of a strictly positive,
closed, symmetric operator S in a complex, separable Hilbert space ‘H and describe
the intimate link between the Krein—von Neumann extension and the underlying
abstract buckling problem in Section 2. Section 3 focuses on basic domain and
spectral properties of the operators, Ao, (a,b,q), Agam(a,b,q), Arxa2m(a,b,q),
and Apq.am(a,b,q), m € N, and their associated quadratic forms, on open, bounded
subsets 2 C R™ (without imposing any constraints on 9€2). In our principal Section
4 we derive the bounds

U 2m n/(2m) ) )
N(X; Ak ,0,2m(a,b,q)) < @) (1 t om T n) 5561%?1 6(- 3 )12y A 2™,

A>0, (1.12)

and

" o\ 7/ 2m) ) )
N Arsan(ab.a) < G (14 52) T sup o0 €0y 37/

A>0, (1.13)
where v, := 7"/2/T'((n + 2)/2) denotes the (Euclidean) volume of the unit ball in

R™ (I'(-) being the Gamma function), and ¢( -, - ) represent the suitably normalized
generalized eigenfunctions of As(a, b, q) satisfying

As(a,b,9)6(-,€) = [€°(-,€), €ER, (1.14)
in the distributional sense (cf. Hypothesis 4.1). In particular, whenever the property
sup  |p(z,§)] < oo (1.15)

(z,£)€EQXR™

has been established, then

sup [lo(-, |72y <1 sup  (|o(x,9)[?), (1.16)
£€Rn (z,6)EQXR"
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explicitly exhibits the volume dependence on € of the right-hand sides of (1.12)
and (1.13), respectively (see also Section 5).

Our method of employing the eigenfunction transform (i.e., the distorted Fourier
transform) associated with the variable coefficient operator ggm(a, b,q) (replacing
the standard Fourier transform in connection with the constant coefficient case in
[38]) to derive the results (1.12) and (1.13) appears to be new under any assumptions
on JQ. A comparison of (1.12), (1.13) with the existing literature on eigenvalue
counting function bounds will be provided in Remark 4.6.

We remark that the power law behavior A/ (™) coincides with the one in the
known Weyl asymptotic behavior. This in itself is perhaps not surprising as it is a
priori known that

N(}\;A[QQ’Qm(a,b, q)) < N(}\;AF"Q’Qm(a,b, q)), A > 0, (117)

and N(\; Ar.q.2m(a,b,q)) is known to have the power law behavior A/ (™) (cf. [61]
in the case a = I,,, b = ¢ = 0, extending the corresponding result in [63] in the case
m = 1). We emphasize that (1.17) is not in conflict with variational eigenvalue
estimates since N(\; Ak 0.2m(a,b,q)) only counts the strictly positive eigenvalues
of A 0,2m(a,b,q) less than A > 0 and hence avoids taking into account the (gen-
erally, infinite-dimensional) null space of Ax o 2m(a,b,¢). Rather than relying on
estimates for N(-; Apq,2m(a,b,q)) (ctf., e.g., [12]-[18], [36], [37], [47], [48], [61], [63],
[64], [68], [71], [78], [79], [81], [83], [95], typically for a = I,, b = 0), we will use
the one-to-one correspondence of nonzero eigenvalues of Ag g 2m(a,b,q) with the
eigenvalues of its underlying buckling problem (cf. (1.3)—(1.5)) and estimate the
eigenvalue counting function for the latter. Section 5 illustrates the purely abso-
lutely continuous spectrum and eigenfunction assumption we impose on f~12,n(a7 b,q)
in L2(R"). Finally, Appendix A derives a crucial minimization result needed in the
derivation of the bound (1.12), it also compares (1.12) with the abstract bound
(1.17), given (1.13), and points out that the bound (1.12) is always superior to the
abstract one guaranteed by combining (1.13) and (1.17).

In the special case a = I,,, b = ¢ = 0, the bound (1.12) was derived in [38], while
the bound (1.13) is due to [61] in this case.

Since Weyl asymptotics for N(-; Ax q2m(a,b,q)) and N(-; Arq.2m(a,b,q)) is
not considered in this paper (with exception of Remark 4.7), we just refer to the
monographs [62] and [84], and to [69], [70], but note that very detailed bibliogra-
phies on this subject appeared in [5] and [7]. At any rate, the best known result on
Weyl asymptotics with remainder estimate for N(-; Ax q.2m(In,0,q)) to date for
bounded Lipschitz domains appears to be [9] (the case of quasi-convex domains hav-
ing been discussed earlier in [5]). In contrast to Weyl asymptotics with remainder
estimates, the estimates (1.12), (1.13) assume no regularity of 9 at all.

We conclude this introduction by summarizing the notation used in this paper.
Throughout this paper, the symbol H is reserved to denote a separable complex
Hilbert space with (-, - )% the scalar product in A (linear in the second argument),
and Iy the identity operator in H. Next, let T be a linear operator mapping (a
subspace of) a Banach space into another, with dom(T") and ran(7") denoting the
domain and range of T. The closure of a closable operator S is denoted by S. The
kernel (null space) of T is denoted by ker(T'). The spectrum, point spectrum (i.e.,
the set of eigenvalues), discrete spectrum, essential spectrum, and resolvent set of
a closed linear operator in H will be denoted by o(-), op(+), 04(:), Tess(-), and p(-),
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respectively. The symbol s-lim abbreviates the limit in the strong (i.e., pointwise)
operator topology (we also use this symbol to describe strong limits in #).

The Banach spaces of bounded and compact linear operators on H are denoted
by B(H) and B, (H), respectively. Similarly, the Schatten—von Neumann (trace)
ideals will subsequently be denoted by B,(H), p € (0,00). In addition, Uy + Us
denotes the direct sum of the subspaces U; and Us of a Banach space X'. Moreover,
X1 — X, denotes the continuous embedding of the Banach space X} into the
Banach space A5.

The symbol L?(€2), with @ C R"™ open, n € N, is a shortcut for L?(Q,d"z),
whenever the n-dimensional Lebesgue measure d"x is understood. For brevity,
the identity operator in L2(Q) will typically be denoted by Ig. The symbol D(2)
is reserved for the set of test functions C§°(2) on Q, equipped with the standard
inductive limit topology, and D’ () represents its dual space, the set of distributions
in 2. The distributional pairing, compatible with the L2-scalar product, (-, - )12(Q)>
is abbreviated by p/()(-, - )p(@).- The (Euclidean) volume of €2 is denoted by |©|.

The cardinality of a set M is abbreviated by #M.

For each multi-index @ = (ay, ..., ) € Ny (abbreviating Ny := N U {0}) we
denote by |a| := a3 + - -+ + a5, the length of a. In addition, we use the standard
notations 9; = (9/0z;), 1 < j < mn, 0% = Og}l---0g», V = (Op,,...,0z,), and
A= Z;;l 8?.

2. Basic FAcTs ON THE KREIN-VON NEUMANN EXTENSION AND THE
ASSOCIATED ABSTRACT BUCKLING PROBLEM

In this preparatory section we recall the basic facts on the Krein—von Neumann
extension of a strictly positive operator .S in a complex, separable Hilbert space H
and its associated abstract buckling problem as discussed in [5, 6]. For an extensive
survey of this circle of ideas and an exhaustive list of references as well as pertinent
historical comments we refer to [7].

To set the stage, we denote by S a linear, densely defined, symmetric (i.e.,
S C S§*), and closed operator in H throughout this section. We recall that S
is called nonnegative provided (f,Sf)x = 0 for all f € dom(S). The operator
S is called strictly positive, if for some & > 0 one has (f,Sf)y = e||f||3, for all
f € dom(S); one then writes S > el. Next, we recall that two nonnegative,
self-adjoint operators A, B in H satisfy A < B (in the sense of forms) if

dom (31/2) C dom (A1/2) (2.1)
and
(AY2f,AY2 ), < (BY2f,BY?f),, f€dom(B"?). (2.2)
We also recall ([33, Section 1.6], [54, Theorem VI.2.21]) that for A and B both
self-adjoint and nonnegative in H one has

0< A< B ifand only if (B+aly) ' <(A+aly)™! forall a>0. (2.3)

Moreover, we note the useful fact that ker(A) = ker(A/2).
The following is a fundamental result to be found in M. Krein’s celebrated 1947
paper [59] (cf. also Theorems 2 and 5-7 in the English summary on page 492):

Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator
in H. Then, among all nonnegative self-adjoint extensions of S, there exist two
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distinguished ones, Sk and Sg, which are, respectively, the smallest and largest such
extension (in the sense of (2.1)—(2.2)). Furthermore, a nonnegative self-adjoint

operator Sisa self-adjoint extension of S if and only if§ satisfies

Sk <5< Sp. (2.4)

In particular, (2.4) determines Sk and Sp uniquely. In addition, if S > ely for
some € > 0, one has Sgp > €ly, and

dom(Sr) = dom(S) + (Sr)~* ker(S*), (2.5)
dom(Sk) = dom(S) + ker(S™),
dom(S*) = dom(S) + (Sp) ! ker(S*) + ker(S*)
= dom(SF) + ker(S™), (2.7)
and

ker(Sk) = ker ((Sk)'/?) = ker(S*) = ran(S)*. (2.8)

One calls Sk the Krein—von Neumann extension of S and Sg the Friedrichs
extension of S. We also recall that

SF = 8" dom(s*)ndom((S)1/2)- (2.9)
Furthermore, if S > el3 then (2.6) implies
ker(Sx) = ker ((Sx)'/?) = ker(S*) = ran(S)*. (2.10)

For abstract results regarding the parametrization of all nonnegative self-adjoint
extensions of a given strictly positive, densely defined, symmetric operator we refer
the reader to Krein [59], Visik [92], Birman [11], Grubb [42, 43], subsequent exposi-
tions due to Alonso and Simon [2], Faris [33, Sect. 15], and [45, Sect. 13.2], [46], [85,
Ch. 13], and Derkach and Malamud [27], Malamud [66], see also [41, Theorem 9.2].

Let us collect a basic assumption which will be imposed in the rest of this section.

Hypothesis 2.2. Suppose that S is a densely defined, symmetric, closed operator
with nonzero deficiency indices in H that satisfies S = eIy for some € > 0.
For subsequent purposes we note that under Hypothesis 2.2, one has
dim (ker(S* — zI3)) = dim (ker(S*)), z € C\[e,00). (2.11)
We recall that two self-adjoint extensions S; and Sy of S are called relatively

prime (or disjoint) if dom(S7) N dom(S2) = dom(S). The following result will play
a role later on (cf., e.g., [5, Lemma 2.8] for an elementary proof):

Lemma 2.3. Suppose Hypothesis 2.2. Then the Friedrichs extension Sp and the
Krein—von Neumann extension Sk of S are relatively prime, that is,

dom(SF) Ndom(Sk) = dom(S). (2.12)

Next, we consider a self-adjoint operator T" in H which is bounded from below,

that is, T > aly for some a € R. We denote by { E7(A)}xer the family of strongly
right-continuous spectral projections of T', and introduce for —oco < a < b, as usual,

Er((a,b)) = Er(b-) — Er(a) and Ep(b-) = s—ljgrlET(b —e). (2.13)

In addition, we set
pr,; :=inf {A € R| dim(ran(Er((—o0,N)))) =4}, jeN. (2.14)
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Then, for fixed k € N, either:

(7) pr is the kth eigenvalue of T counting multiplicity below the bottom of the
essential spectrum, o.ss(T), of T,

or,

(49) prk is the bottom of the essential spectrum of T,

prg =inf {A € R| A € 0ess(T)}, (2.15)

and in that case prr+¢ = prg, £ € N, and there are at most k — 1 eigenvalues
(counting multiplicity) of T below pr k.

We now record a basic result of M. Krein [59] with an extension due to Alonso
and Simon [2] and some additional results recently derived in [6]. For this purpose
we introduce the reduced Krein—von Neumann operator S k in the Hilbert space

= (ker(S*)) " = (ker(Sk)) " (2.16)
by
§K = P(ker(SK))iSK‘(ker(SK))L7 dOm(S’\K) = dom Sk N 7:[\, (2.17)

where Pyey(s,))- denotes the orthogonal projection onto (ker(Sg))t. One then

obtains
1

(SK) ™ = Plrer(si)* (S7) ™ ker(si) -+ (2.18)
a relation due to Krein [59, Theorem 26] (see also [66, Corollary 5]).

Theorem 2.4. Suppose Hypothesis 2.2. Then
€S USpj S Mg, JTEN (2.19)

In particular, if the Friedrichs extension Sgp of S has purely discrete spectrum,
then, except possibly for A = 0, the Krein—von Neumann extension Sk of S also
has purely discrete spectrum in (0,00), that is,

Gess(SF) =0 implies 0ess(SKk) C {0}. (2.20)

In addition, if p € (0,00], then (Sp — zol3)™' € B,(H) for some zy € C\[e,0)
implies

(Sk — ZIH)_l’(ker(SK))J- € Bp(ﬁ) for all z € C\[e, 00). (2.21)

In fact, the €°(N)-based trace ideal B,(H) (resp., By (7-7)) of B(H) (resp., B(’;’:Z))

can be replaced by any two-sided symmetrically normed ideal of B(H) (resp., B(ﬁ))

We note that (2.20) is a classical result of Krein [59]. Apparently, (2.19) in the
context of infinite deficiency indices was first proven by Alonso and Simon [2] by a
somewhat different method. The implication (2.21) was proved in [6].

Assuming that Sp has purely discrete spectrum, let {\x ;}jen C (0,00) be the
strictly positive eigenvalues of Sk enumerated in nondecreasing order, counting
multiplicity, and let

N\ Sk) =#{j e NJ0O < Ak <A}, A>0, (2.22)

be the eigenvalue distribution function for Sk. Similarly, let {Ap;}jen C (0,00)
denote the eigenvalues of Sp, again enumerated in nondecreasing order, counting
multiplicity, and by

N\ Sp) =#{j e N|Ar; <A}, A>0, (2.23)
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the corresponding eigenvalue counting function for Sg. Then inequality (2.19)
implies
N\ Sk) < N(A; Sp), A>0. (2.24)

In particular, any upper estimate for the eigenvalue counting function for the
Friedrichs extension Sp, in turn, yields one for the Krein—von Neumann exten-
sion Sk (focusing on strictly positive eigenvalues of S according to (2.22)). While
this is a viable approach to estimate the eigenvalue counting function (2.22) for Sk,
we will proceed along a different route in Section 3 and directly exploit the one-to-
one corrspondence between strictly positive eigenvalues of Sk and the eigenvalues
of its underlying abstract buckling problem to be described next.

To discuss the abstract buckling problem naturally associated with the Krein—
von Neumann extension as treated in [6], we start by introducing an abstract version
of [44, Proposition 1] (see [6] for a proof):

Lemma 2.5. Assume Hypothesis 2.2 and let A € C\{0}. Then there exists some
f € dom(Sk)\{0} with

Sk f=Af, (2.25)
if and only if there exists w € dom(S*S)\{0} such that
S*Sw = ASw. (2.26)

In fact, the solutions f of (2.25) are in one-to-one correspondence with the solutions
w of (2.26) as evidenced by the formulas

w=(Sp) 'Sk, (2:27)
f=X2"5w. (2.28)

Of course, since Sk > 0 is self-adjoint, any A € C\{0} in (2.25) and (2.26) neces-
sarily satisfies A € (0, 00).

It is the linear pencil eigenvalue problem S*Sw = ASw in (2.26) that we call the
abstract buckling problem associated with the Krein—von Neumann extension Sk of
S.

Next, we turn to a variational formulation of the correspondence between the
inverse of the reduced Krein-von Neumann extension S x and the abstract buckling
problem in terms of appropriate sesquilinear forms by following [56]-[58] in the el-
liptic PDE context. This will then lead to an even stronger connection between the
Krein—von Neumann extension Sk of S and the associated abstract buckling eigen-
value problem (2.26), culminating in the unitary equivalence result in Theorem 2.6
below.

Given the operator S, we introduce the following symmetric forms in H,

a(f,g) = (Sf,89)n, [ g€ dom(a) := dom(S), (2.29)
b(fvg) = (fa Sg)'H, fvg € dom(b) = dOI’Il(S) (230)
Then S being densely defined and closed implies that the sesquilinear form a shares

these properties, while S > 13 from Hypothesis 2.2 implies that a is bounded from
below, that is,

a(f.f) = llfl3,  f € dom(S). (2.31)

(The inequality (2.31) follows based on the assumption S > el by estimating
(Sf,8f)n = ([(S — eln) + elulf, [(S — eln) + elx]f),, from below.)
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Thus, one can introduce the Hilbert space

W = (dom(S’), (-, -)W), (2.32)
with associated scalar product
(f,9)w =a(f,9) = (Sf,Sg)u, f g€ dom(S). (2.33)

In addition, we note that tyy : W — H, the embedding operator of W into H, is
continuous due to S > el3;. Hence, precise notation would be using

(wl,’w2>w = Cl(Lle, Lng) = (SLle, Sbwwg)y, wi, Wy € W, (234)

but in the interest of simplicity of notation we will omit the embedding operator
ty in the following.

With the sesquilinear forms a and b and the Hilbert space W as above, given
we € W, the map W 3 wy — (wy,Sws)y € C is continuous. This allows us to
define the operator Twsy as the unique element in W such that

(w1, Twa)yw = (w1, Swa)y for all wy; € W. (2.35)
This implies
a(wy, Twy) = (w1, Twe)w = (w1, Swa)y = b(wy, ws) (2.36)
for all wy,ws € W. In addition, the operator T satisfies
0<T=T*€B(W) and |T|sw) <c " (2.37)

We will call T' the abstract buckling problem operator associated with the Krein—von
Neumann extension Sk of S.
Next, recalling the notation H = (ke]r(S*))l (cf. (2.16)), we introduce the op-
erator
S W—=H, w— Sw. (2.38)
Clearly, ran (§) = ran(9) and since S > ely for some € > 0 and S is closed in
H, ran(S) is also closed, and hence coincides with (ker(S *))L This yields

ran (S) = ran(S) = H. (2.39)

In fact, it follows that S € B(W,H) maps W unitarily onto H (cf. [6]).
Continuing, we briefly recall the polar decomposition of .S,

S = Ugl|S|, (2.40)
where, with € > 0 as in Hypothesis 2.2,
1S| = (8*8)Y? > el and Us € B(’H,ﬁ) unitary. (2.41)

Then the principal unitary equivalence result proved in [6] reads as follows:

Theorem 2.6. Assume Hypothesis 2.2. Then the inverse of the reduced Krein—von
Neumann extension Sk in H and the abstract buckling problem operator T in W
are unitarily equivalent. Specifically,

(5x) ' = 87(3) "
In particular, the nonzero eigenvalues of Sk are reciprocals of the eigenvalues of T .
Moreover, one has

(2.42)

(Sk) ™" = Us[|S]7 81871 (Us) 2, (2.43)
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where Ug € B(H, ﬁ) is the unitary operator in the polar decomposition (2.40) of S
and the operator |S|71S|S|! € B(H) is self-adjoint and strictly positive in H.

We emphasize that the unitary equivalence in (2.42) is independent of any spec-
tral assumptions on Sk (such as the spectrum of Sk consists of eigenvalues only)
and applies to the restrictions of Sk to its pure point, absolutely continuous, and
singularly continuous spectral subspaces, respectively.

Equation (2.43) is motivated by rewriting the abstract linear pencil buckling
eigenvalue problem (2.26), S*Sw = ASw, A € C\{0}, in the form

1S|7 8w = (§*8) 28w = A7H(S*9) Y 2w = A7 S|w (2.44)
and hence in the form of a standard eigenvalue problem
IS|71S1S)| 7w = Ay, A e C\{0}, wv:=|S|w. (2.45)

Again, self-adjointness and strict positivity of [S|~1S]S|~! imply A € (0, 00).
We continue this section with an elementary result (recently noted in [38]) that
relates the nonzero eigenvalues of Sk directly with the sesquilinear forms a and b:

Lemma 2.7. Assume Hypothesis 2.2 and introduce
op(a,b) := {\ € C| there exists gx € dom(S)\{0}
such that a(f,gx) = Ab(f,gr), [ € dom(S)}. (2.46)

Then

o3(8,8) = 0, (S1)\ {0} (2.47)
(counting multiplicity ), in particular, op(a,b) C (0,00), and gx € dom(S)\{0} in
(2.46) actually satisfies

gx € dom(S*S), S*Sgxn = ASgx. (2.48)
In addition,
A € op(a,b) if and only if ™' € 0,(T) (2.49)
(counting multiplicity). Finally,
T € Boo(W) <= (Sk) " € Boo(H) <= 0css(Sk) € {0}, (2.50)
and hence,
op(a,b) = o(Sk)\{0} = 0a(Sk)\{0} (2.51)

if (2.50) holds. In particular, if one of Sg or|S| has purely discrete spectrum (i.e.,
Oess(SF) =0 or ge55(|S]) = 0), then (2.50) and (2.51) hold.

One notices that f € dom(S) in the definition (2.46) of o, (a, b) can be replaced
by f € C(S) for any (operator) core C(S) for S (equivalently, by any form core for
the form a).

We conclude this section with three auxiliary facts to be used in the proof of
Theorem 4.3 and start by recalling an elementary result noted in [38]:

Lemma 2.8. Suppose that S is a densely defined, symmetric, closed operator in
H. Then |S| and hence S is infinitesimally bounded with respect to S*S, more
precisely, one has

for alle >0, |ISfllsa = 18I f s < elS™SFI5 + (4) 7 I £ 113,

f € dom(S5*9). (2:52)
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In addition, S is relatively compact with respect to S*S if |S|, or equivalently, S*S,
has compact resolvent. In particular,

Oess(S™S — AS) = 0.55(S*S), A eR. (2.53)

Given a lower-semibounded, self-adjoint operator T' > crly in H, we denote by
qr its uniquely associated form, that is,

ar(f.9) = (IT1"?f,sen(D)|T|?g),,.  f.g € dom(q) = dom (|T]"/?),  (2.54)

and by {E7(A)}aer the family of spectral projections of T. We recall the follow-
ing well-known variational characterization of dimensions of spectral projections
Er([er, p), p > cr.

Lemma 2.9. Assume that cply < T is self-adjoint in H and p > cp. Suppose
that F C dom (|T|/?) is a linear subspace such that

ar(f, ) < ulflz, feF\o} (2.55)

Then,

dim (ran(Er([er, p)))) = s S%I‘)T‘l/z)(dim (F)). (2.56)

We add the following elementary observation: Let ¢ € R and B > cly be a
self-adjoint operator in #H, and introduce the sesquilinear form b in H associated
with B via

b(u,v) = ((B — cly)?u, (B — CIH)l/Qv)H + c(u, v)y,
u,v € dom(b) = dom (|B|1/2).
Given B and b, one introduces the Hilbert space H;, C H by
Hy, = (dom (|B]Y?), (-, )2,),
(u, )3, = blu,v) + (1 —¢)(u,v)x (2.58)
((B — CIH)l/QU, (B — CIH)1/2U)H + (u,v)y
((B+ (1= o))" u, (B + (1 = ¢)Iy) " ?v),,

(2.57)

One observes that
(B+ (1 —¢)Iy)Y?: Hy — H is unitary. (2.59)
Finally, we recall the following fact (cf., e.g., [40]).

Lemma 2.10. Let H, B, b, and Hy be as in (2.57)—(2.59). Then B has purely
discrete spectrum, that is, gess(B) =0, if and only if Hy, embeds compactly into H.

3. PRELIMINARIES ON A CLASS OF PARTIAL DIFFERENTIAL OPERATORS

In this section we set the stage for our principal results in the next Section 4
and introduce the class of even-order partial differential operators As,,(a,b,q) in
L2(R™) as well as Aq am(a,b,q) in L2(2) (see (3.6) for the underlying differential
expressions), with ) £ Q C R™ open and bounded (but no other conditions imposed
on ). In particular, we provide a detailed study of their domains and quadratic
form domains, including spectral properties such as strict boundedness from below
for the Friedrichs extension Ag.q 2m(a,b,q) of Aqam(a,b,q) in L?(£2), employing a
diamagnetic inequality.
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Hypothesis 3.1. (i) Let m € N. Assume that
b= (b1,ba,...,by) € [W(Qm_l)’oo(]R")]n, b; real-valued, 1 < j < n, (3.1)
0 < g e Wem=200Rn), (3.2)
Suppose that a := {a; i }1<j k<n 1S a Teal symmetric matric satisfying
ajr € CCM V(R NL®R"), 1<j,k<n, (3.3)

and that there exists €, > 0, such that
n
> ain@yiuk = calyl’, 2 €R™, y=(y1,...,yn) ER™. (3.4)
Jk=1
(i7) Let O # Q C R™ be open and bounded. In addition, assume that the n X n
matriz-valued function a equals the identity I,, outside a ball B, (0; Ry) containing
Q, that is, there exists Ry > 0 such that

a(z) =1,, |z|> Ry, Q C B,(0;Ry). (3.5)

For simplicity we introduced the ball B, (0; Ry) containing © in Hypothesis
3.1(i%), but for any fixed £ > 0, one can of course replace B, (0; Ry) by an open
e-neighborhood 2, of €.

We will consider various closed (and self-adjoint) L2-realizations of the differen-
tial expression

Tam(a, b, q) = ( D (i) = bj())a; k(@) (—i0) — bi(w)) + Q(x)> :
jik=1 (3.6)

meN, zeR"

We note that Hypothesis 3.1 (i) was of course chosen with 7o, (a,b, ¢) in mind.
In some instances we only consider the special case m = 1, that is, m2(a, b, ¢), and
then choosing the most general case m = 1 in Hypothesis 3.1 (7) will of course be
sufficient. We will tacitly assume such a relaxation of hypotheses on the coeflicients
a, b, q without necessarily dwelling on this explicitly in every such instance.

In the following we find it convenient using auxiliary operators corresponding to
the leading and the lower-order terms of the differential expression (3.6). To this
end we first introduce the differential expression 7o, (a) = T2m(a, 0, 0),

n

)= (= Y

ﬁjaj7k(z)3k> , meN, zeR", (3.7)
j k=1

and the associated linear operator Ta,(a) in L2(R™) given by
Tom(a)u := Tom(a)u, u € dom (Tom(a)) := W2™2(RM). (3.8)

Second, we observe that due to boundedness of the coefficients a, b, ¢ (cf. (3.1)) and
sufficiently many of their derivatives, one has

Tom(a, b, Q)u = Tom(a)u+ > gala,b,q,x)0%,
0<]al<2m—1 (3.9)
Tom(a, b, q)u € LQ(R”), u € W2m’2(R”),
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for some g, (a,b,q, ) € L*(R"), 0 < |a|] < 2m — 1. The sum of the lower-order
terms in (3.9) gives rise to a linear operator Sa,,_1(a,b,q) in L?(R™),

§2m71(a3b7 q)u = Z ga(a,b,q,x)ﬁau,
0<|a|<2m—1 (310)
u € dom (Sam—1(a,b,q)) = W2™2(R").

Next, we introduce the operator Ay, (a,b,q) in L2(R™) by

Agp(a,b, q)u := Tom (a,b,q)u, u € dom (/Tgm(m b,q)) == W¥™3(R™), (3.11)
and its restriction Ag o, (a,b,q) to C§°(R™) in L2(R™) via

Ao .2m(a, b, Q)u := Tom(a,b,q)u, u € dom (go’gm(a, b,q)) :=C°(R"). (3.12)

Making use of standard perturbation results, it is convenient to view the operator
Agm(a,b,q) as perturbation of Ty, (a) by Som—1(a,b,q) and state the following
auxiliary fact.

Theorem 3.2. Assume Hypothesis 3.1(i). Then gogm(a,b, q) is essentially self-
adjoint in L?(R™), its closure equals Aa,,(a,b,q), and hence,

Agyn(a,b,q) > 0. (3.13)

In addition, the graph norm of /~12m(a, b, q) is equivalent to the norm of the Sobolev
space W?2™2(R"), that is, there exist constants 0 < ¢ < C, depending only on
a,b,q,m,n, such that

e 2
C||U||%V2m,2(Rn) < ||A2m(a, b, (J)UHLz(Rn) + ||UH%2(JRTL) < CHU”%/V?mﬂ(Rn)a

(3.14)
u e WH2(R").

Proof. We introduce the minimal operator f072m(a) in L2(R") by
Tvogm(a)u = Tom(a)u, ué€ dom(fogm(a)) = C§°(R™), (3.15)

and will show that it is essentially self-adjoint and that fgm(a) = (fo,gm(a))*;
the operator ggm(a,b, q) will then be considered as an infinitesimally bounded
perturbation of fzm (a).

Let u € L2(R™) N W2™*(R") and 7o,(a)u € L2(R™), then for arbitrary v €

loc

dom (Tp,2m(a)) = C§°(R") one has

(u7 CZN—‘O,Qm(a)v) L2(Rn) = (’LL, 7—2m(a)v)L2(R") (3 16)

= pr(rr)(T2m(@)u, V) p@ny = (Tom(a)u, v) L2 ®n),
hence u € dom ((Togm(a))*) and (fo,gm(a))*u = Tom(a)u, implying
{ue L*R™) |u € W2 (R"), om(a)u € L*(R™)} C dom ((Tp2m(a))”). (3.17)

Using the interior regularity for elliptic differential operators, one obtains the
converse inclusion: Indeed, if u € dom ((fo,gm(a))*), then u € L?(R™) C D'(R")
and for some v € L2(R") one has 7o, (a)u = v, implying u € W27*(R") (see, e.g.,
[73, Theorem 1.3], see also [90]).

Our next objective is to show that dom ((To’gm(a))*) = W2m2(R"). Let g, €
Cs°(R™) and ¢g,(r) = 1, = € B,(0; Ry), cf. (3.5). Since upr, € W?™2(R") for
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any u € dom ((Tp.2m(a))”), in order to prove that dom ((Tp 2m(a))”) C W22 (R™)
it suffices to obtain the inclusion u(1 — ¢pg,) € W?"™2(R™). This, in turn, will be
guaranteed once we prove the following fact,

dom ((To.2m(@) (1 = pr,)) = dom (HF'(1 - or,))- (3.1)
Here the self-adjoint operator Hy in L?(R™) is defined by
Hou = (=A)u, u € dom(Hp) = W*%(R"), (3.19)
and hence
H{u= (-A)u, wu€dom(H§)=W?>**R"), ac¢€(0,00). (3.20)

For u € dom(H"(1—pg,)), the expression (fogm(a))*(1f<pRO)ufH6"(1fcho)u
does not contain derivatives of u of order higher than 2m — 1, therefore, for any
e > 0 there exists k() > 0 such that

| (To2m (@) (1 = @y )u— HE'(1 = o )ul[ 32 )

< el HP (@~ o )ull3a gy + HOulany. u € dom (HP'(1— gr,)-
(3.21)

Combining (3.21) and [54, Theorem IV 1.1] one obtains equality of the domains in
(3.18), and hence also dom((Tp 2m(a))*) € W2™2(R™). The opposite inclusion is
clear from (3.17).

Next we will show that

(To.2m(a))* u = Tom(a)u, u € dom ((Tpam(a))*) = WH2(R™). (3.22)

To this end we fix v € dom (Tvogm(a)) = C§°(R™). Then using the inclusion
Tam(a)u € L*(R™), one obtains

(Ua T‘O,Zm(a)v) L2(R") (u, TQm(a’)v)L2(R") (3.23)

= pr(rn)(T2m(@)u, V) p@n) = (Tom(a)u, v) L2 ®n),

and hence (foygm(a))*u = Tom(a)u, implying that (fg,gm(a))* is symmetric. There-
fore Ty am (a) is essentially self-adjoint and thus Ty, (a) = (fg72m(a)) " is self-adjoint.
The proof thus far showed an important fact: The graph norms of the operators
Tom(a) and HF', both defined on W?™2(R"), are equivalent, that is, there exist
constants 0 < ¢; < C7, depending only on the coefficients a, b, ¢, m,n, such that

c1 [HHSQUH;(RH) + ||“||%2(Rn)] < H@m(“)“HiZ(Rn) + H“||2L2(1R")

o2 9 o (3.24)
<Gy [HH(] uHLZ(]R”) + ||U‘||L2(R“)]a ue W= (R )

In particular, the graph norm of Th,,(a) is equivalent to the norm of W2m2(R™).
Finally we show that (ﬁojm(a, b,q))" is symmetric, actually, self-adjoint, prov-
ing that goﬂn(a, b, q) is essentially self-adjoint. To this end, we recall the operator
ggm_l(a, b,q) in (3.10), corresponding to lower-order terms in the differential ex-
pression 7o, (a, b, q). Since §2m_1(a, b, q) has bounded coefficients and its order is
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at most 2m — 1, it is infinitesimally bounded with respect to the polyharmonic
operator HJ". Thus, for any € > 0 there exists k() > 0 such that

Q 2 m m n
Hng_l(a,b, Q)UHLz(Rn) < E||1T{0 “”%’L’(R") + k(E)HUH%’A’(R")’ ueWw? 72(R )
(3.25)
Combining this inequality with the equivalence of the graph norms of Ty, (a) and
H{, one concludes that Sa,—1(a,b,q) is infinitesimally bounded with respect to
Ty, (a). Hence, Agom(a,b,q) = To2m(a) + Som—1(a,b,q) is essentially self-adjoint,
and dom((Ao,m(a,b,q))*) = dom (Tom(a)) = W2™2(R"). The fact (3.14) follows
from [28, Proposition 7.2] and the fact that ggm(a, b,q) and H{" have the common
domain W?™2(R™) and both are closed (in fact, self-adjoint). O
Lemma 3.3. Assume Hypothesis 3.1 (i). Then for all « € (0,1],
dom ((Aam(a,b,q))*) = W2m2(R™), (3.26)
and there exist constants 0 < ¢ < C' depending only on a,b,q,m,n, such that
~ 2
el aey < 1B (00,0020l + ) < Cllimsaers o
u € W™2(R"),
and hence,
cllullfyma@ey < (4, Azm(a,b,)u) o gy + 1l 22 @ny < Cllullfyman), (3.28)
u € WH™2(R™).

Proof. We start with a well-known interpolation argument: Let S and T be closed
operators in H satisfying dom(S) O dom(7"). Then S is relatively bounded with
respect to T (cf., e.g., [28, Proposition II.7.2], [54, Remark IV.1.5]) and hence
there exist a > 0 and b > 0 such that

I1S1f13, = 1SF15 < a®ITFIF + 1 F 15 = a®IT1f113 + 01 F 113
= [[a®IT? + 0 1) /2 £ |5, f € dom(T) = dom(|T]). (3.29)

Thus, applying the Loewner—Heinz inequality (cf., e.g., [51], [60, Theorem IV.1.11]),
one infers that (see also [39])

dom (|S]*) 2 dom ((a*T|* + bQIy)a/Q) =dom (|T]%), «€(0,1]. (3.30)
In particular, if dom(S) = dom(7T') one concludes that
dom (|S|*) = dom (|T'|*), « € (0,1]. (3.31)

Identifying S with Agp,(a,b,q) and T with H{, (3.20) and (3.31) prove (3.26).
Employing (3.26) with o = 1/2 one infers that

[ Azm (., @)%l gy + Nl 2y = [|HG 0] 2 oy + Ntl e geny,
ue W™2(R™).

Assuming, in addition, that u € W?™2(R"), (3.32) can be rewritten as

(3.32)

(ua AQm(av ba q)U’)LZ(Rn) + HUH%Z(R") ~ (ung)nu)L2(Rn) + ”’U‘H%Z(R”)v (333)

and together with the fact that the right-hand side of (3.33) is equivalent to the
norm || - ||%,V,,L,2(Rn), one arrives at (3.28). O
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Given Lemma 3.3, the sequilinear form Q3 v in L?(R™) associated with

/ngm(a,b, q) is given by
ngm(mb,q) (’LL7 U) = (A2m (a7 b, Q>1/2u7 A2m(a7 b, Q)I/QU) L2(R")?

_ (3.34)
u,v € dom(ngm(a b,q)) = dom (Az (a, b,q)1/2) = W™2(R™),

and we also introduce

Qup (u,v) = (Hy"*u, H'*0) s w0 € dom(Qup) = WM2(R™). (3.35)

In addition, we will employ the explicit representation of the form @ Ao (@bq) in
terms of As,,(a,b,q),
(T2eu, T2ev) L2 mmy, m =20, £ €N,
Qi (abrg) (W 0) = 205 ket (105 = bj)T20u, (=10, — bi) T20v) 2 ()
+ (720, ¢ T20V) 2Ry, ™ =20+ 1, L€ NU{0},
u,v € W™2(R™).  (3.36)
Here, in obvious notation, 79 = 1.

Assuming Hypothesis 3.1 (), we introduce one of the main objects of our study,
the symmetric operator Ag om(a,b,q) in L?(Q) by

Agom(a,b,q)f = Tom(a,b,q)f, f € dom(Agam(a,b,q)) = Wg™*(Q), (3.37)

and note that ng(a,b, q) formally represents its extended version in L?(R™). In
addition, we introduce the associated minimal operator A,in 0 2m(a,b,q) in L*(Q)
by

Amin,&l,Zm(av bv Q)f = TZm(av bv Q)fv
f S dom(Amin,Q,Qm(aa b7 q)) = C(())O(Q>

Clearly, Amin.0,2m(a, b, q) is symmetric (hence, closable) in L?(2) (upon elementary
integration by parts) and nonnegative,

Amin,Q,Zm(aa b7 Q) = 0. (339)

Theorem 3.4. Assume Hypothesis 3.1(i). Then the closure of Apmin.0,2m(a,b,q)
in L2(Q) is given by Ag.om(a,b,q),

(3.38)

Amin,Q,Qm(av ba Q) = AQ,Qm (a7 ba Q) (340)
In particular, Aq am(a,b,q) is symmetric and nonnegative in L*(Q),
Ag 2m(a,b,q) > 0. (3.41)

In addition, there exist 0 < ¢ < C, depending only on a,b,q,m,n, such that
el flyzm ) < 1Ao.2m (@b, ) L2 (0) + 11220y < ClSIG2m2
fewg™2(9).

Proof. Using (3.14) with v € C§°(R™), supp(v) C €2 one concludes that the graph

norm of Ag am(a,b,q) is equivalent to the norm of W2™2(Q) on C§°(12). Therefore,

dom (Ammg,gm(a, b, q)) = J2m:2 (Q). In order to prove that A,uin.0,2m(a,b,q¢)f =
Tom(a, b, q) f, we consider {f;}jen C C§°(S2), f,g € L?(£2), such that

jlir{:o Hfj - fHLZ(Q) =0 and ]1520 HAmin,Q,2m(aab7 Q)fj - gHLZ(Q) =0. (343)

(3.42)
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Since Aumin.0,.2m(a, b, q) is symmetric and hence closable in L?(2), one infers that

f € dom (Aminzm(a,b,q)) = W5™*(Q) and Amingzm(a,b,q)f =g (3.44)
Taking arbitrary ¢ € C5°(£2), and recalling our notation for the distributional pair-
ing pr(){-, - )p(o) (compatible with the scalar product (-, -)z2(q)), one concludes
that

(9, %) 2() = D) (9 V)D(r) = hm n (@) (T2m (a0, 4) fi, ) p(a)
= Jim [ F@ (b 0) @) d's = | T (b)) )
= pr(e)(T2m(a,b,9) f, )by, (3.45)

lmplylng g = T2m(aa b7 Q)f and hence, Amin,ﬂ,Qm(a/, b7 q)f = AQ,Qm(a7b7 q)f lmply'
ing (3.40). This also completes the proof of (3.42). Finally, being the closure of
the symmetric operator Ayin.0.2m(a,b,q), also Ag am(a,b, q) is symmetric in L?(£2)
(cf., e.g., [96, Theorem 5.4 (b)]). O

Next, still assuming Hypothesis 3.1 (i), we introduce the form Q4 .. (a,b,q) i
L?(Q) generated by Agq am(a,b,q), via
QAQ 2m (a,b q)(f’ ) = (fa Agq Qm(a’ b, Q)g)L2(Rn),
fa g € dOH’l(QAQ 2m(ﬂ b q)) W()2m Q(Q)

Lemma 3.5. Assume Hypothesis 3.1(i). Then the form Qag, .. (a,b,q) i closable
and its closure in L*(S)), denoted by QAp.qom(abg)s 18 the form uniquely associated
to the Friedrichs extension Apq om(a,b,q) of Ag.om(a,b,q), that is,

(3.46)

QAF‘S2yzm,((l7b,q) (fv g) = (AF,Q,Qm(av b7 q)l/Qfa AF.,Q,2m (CL, bv Q)1/2g) L2(Q)’

- (3.47)
f.9 € dom (Qapqam(aba) = dom (Apgom(a,b,q)t/?) = W*(Q).

Proof. That Qg ,,,(a,b,q) is closable follows from abstract results relating sectorial
(in particular, non-negative, symmetric) operators and their forms (cf., e.g., [28,
Theorem IV.2.3], [54, Theorem VI.1.27], [74, Theorem X.23]). In order to prove

(3.47), we fix f € VVOQm"2 (©) and denote its extension by zero outside of Q by j‘v
Then f € W?™2(R") and employing (3.28) with u replaced by f, and using the
fact that supp(@) C ), one obtains

el flymz oy < (F Aazm(a,b.9) 2y + 112y < CIS G maq (3.48)
that is,
el lym2 ) < Qaasm@ba (5 ) + 11720 < ClFImaq); (3.49)

for some constants 0 < ¢ < C, proving that the domain of the closure of the
form Qg .. (a,b,q) €quals Wy (Q). Together with [54, Sect. VI1.2.3] or [74, Theo-
rem X.23], and the second representation theorem for forms (see, e.g., [28, Theorem
IV.2.6, Theorem IV.2.8], [54, Theorem VI.2.23]), this proves (3.47). O
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In Section 4 we will also use the following explicit representation of the form
QAr.qom(abg)
(T2ef, T209) 12(), m =20, LEN,
QAroom(aba) (fr9) = 37 k1 ((—i0; — bj)Toe f, @k (—i0k — br)T2eg) 12 ()
H(Toef,am209)12(), m=20+1, k€ NU{0},
frg € WJH2(Q). (3.50)

(Again, we use the convention 79 = 1.)
Finally, we introduce the following symmetric form in L?(Q),

aQ,4m,a,b,q(f7 g) = (AQ,2m (a; b7 Q)f7 AQ,Qm (CL, b; q)g)L2(Q)a

3.51
fa g€ dom(aﬂAm,a,b,q) = dom(AQ,Qm (a7 ba q))7 ( )

and the Hilbert space
HAag,am(a,b,q) :=(dom(Agq 2m(a,b,q)), a0.4m.abq( "> *)) (3.52)

2m,2
=(W5"™"(Q), ag.am.apbaq( 5 +)),
equipped with the scalar product ag 4m a,b,q( > - )-
Lemma 3.6. Assume Hypothesis 3.1 (i). Then the Hilbert space Hag ,,. (ab,q) €M-
beds compactly into L*(Q).

Proof. This is a consequence of the compact embedding of W2™2 into L2(Q) (see,
e.g., [28, Theorem V.4.18]) and the inequalities (3.42). O

At this point we strengthen the lower bounds (3.39), (3.41):

Theorem 3.7. Assume Hypothesis 3.1 (i) with m = 1. Then there exists € > 0,
only depending on a and Q, such that Anina2(a,b,q) defined as in (3.38) with
m =1 satisfies
Amin,Q,2(aa b, Q) = elq, (353)
and hence,
Aqa(a,b,q) = elg and Apaa(a,b,q) = elg. (3.54)

Proof. It suffices to derive Apq2(a,b,q) > elq. Since dom (AFyQ_]Q(CL,ZL q)l/g) =
Wy2(2) according to (3.47), one recalls that

f e Wy?(Q) implies |f] € W, %(Q) (3.55)
(cf., e.g., [28, Corollary VI.2.4]), and that by [72, Proposition 4.4],
0;|f| = Re(sgn (£)(9;/)) ae., feWy?(Q), 1<j<n, (3.56)

with
_Jg(@)/Ig(z)|, if g(z) #0,
sgn(g(r)) = {o, if o) = 0.

Thus, V|f| = Re(sgn (f)(Vf)), f € Wol’Q(Q)7 and hence one obtains the diamag-
netic inequality on €2,
V111 < [Re(sen (F) (V)| = [Re(sen (F) (V = b)) | < |(~iV — b)f| ae.,
feW2(Q), (3.58)

(3.57)
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since b, 1 < j < n, are real-valued, according to a device of Kato [53] and Simon
[88] (see also [8 Theorem 4.5.1], [65, Theorem 7.21]). Hence, employing the min-
max principle for the infimum of the spectrum of self—adjoint operators bounded
from below one estimates,

inf(o'(AF,Q,Q(afa ba Q))) = 12 inf QAF,Q’z(a,b,q) (f7 f)
FEW, (), [1fll 2 ()=1
= inf Apo(a,b,q) 2 f, Apaa(a,b,q)/? f
f’EVVO1 2(9), 1 £llL20y=1 ( )Lz(Q)
n
= inf ( bi)f,a;k(—i0k —br) f)r2(0
fEW1 29, I ll2@y=1 ]%::1 : )

+ (fan)L2(9)>

> e inf (—1 = b)f. (—i¥V — b)) p2(y
fewol’z(g)v HfHL2(Q):1

>éeq o inf UVIAIL VD L2 @)
FeWy=(Q), HfHLZ(Q):l

=&, inf (VI VI 2@
FEWE2(Q), £l 20 =1

2 &q inf (Ve, Vo) L2 n)

PEW, 2 (), el L2 (o) =1
> g4 inf (0( — Ag))
= g8 =€, (3.59)
using the fact that —Ag > eqlq for some eq > 0, since  is bounded (see, for

instance, [26, p. 31], or use domain monotonicity, [76, p. 270] together with the
well-known strictly positive lower bounds for a ball or cube that encloses Q). O

The result (3.54) holds under more general assumptions on the coeflcients a, b, ¢
and also for certain boundary conditions other than Dirichlet, but the current
setup suffices for our discussion in the next Section 4 (we intend to revisit this issue
elsewhere).

Next, we note that as a consequence of Hypothesis 3.1 (¢) also all higher-order
powers Ag om(a,b,q) = Ag2(a,b,q)™, m € N, m > 2, of Aga(a,b,q) are strictly
positive.

Lemma 3.8. Assume Hypothesis 3.1 (i). Then there exists €., > 0 such that
Aqom(a,b,q) > emla, meN. (3.60)

Proof. We employ induction with respect to m € N. The case m = 1 holds by
Hypothesis 3.1 (7). Assume that the statement holds for all £ < m and fix any
0 # f € dom(Ag am(a, b, q)). We consider two cases:

(i) m = 2¢, £ € N. Then due to symmetry of Ag 2(a,b,q)* one obtains
2
(fa AQ,Qm(a7b7 Q)f)Lz(Q (f7 Ag 2(a b q)ZEf)Lz = HAQ,Q(aybv q)szLz(Q)

(3.61)
By the induction hypothesis, Aq 2¢(a,b,q) > ¢, and hence

eoll 720 < (f Aa2e(a,b,0) o) < If 2@l Ag2e(a, b, @) fll2),  (3.62)
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implying
(f, Aq.am(a,b,0) ) r2) = ||An.2(a, b, Q)KfHQLz(Q) > &l 72y = emll 20,
(3.63)
with g, = 2.
(#6) m =20+ 1, £ € N. Then by (3.53)
(f: Agzm(a, b, a) )z = (f; Ae2(a,0.0)* 7 f) o)
= (Aaz2(a,b,9)'f, Aa2(a,0,0) Ao2(a,5,0) ) 12 g
> e[| Ana(a,b,0) fl ey = 21 13ei0) = eml Fl3ei),  (3:64)
with ¢, = EE?. O

4. AN UPPER BOUND FOR THE EIGENVALUE COUNTING FUNCTION FOR THE
KREIN-VON NEUMANN AND FRIEDRICHS EXTENSIONS OF HIGHER-ORDER
OPERATORS

In this section we derive an upper bound for the eigenvalue counting function
for Krein—von Neumann extensions of higher-order differential operators on open,
bounded, nonempty domains 2 C R™. In particular, no assumptions on the bound-
ary of Q will be made.

In the following we denote by Ak g am(a, b, q) and Ap g om(a,b, ¢) the Krein—von
Neumann and Friedrichs extensions of Ag 2 (a, b, q) in L?(). Since by Lemma 3.6,
H A 2 (a,h,q) €Mbeds compactly into L3(9), Ag.om(a,b,q)* Ag.om(a, b, q) has purely
discrete spectrum by Lemma 2.10. Equivalently, Ao om(a,b, q)*Aq om(a, b, ¢) has a
compact resolvent, in particular,

[Ag.2m(a,b,q)* Ag.2m(a,b,q)] ™ € Buo (Lz(Q)) (4.1)
Consequenty, also
|AQ,2m (a7 b7 q)|_1 = [AQ,Zm(av b7 Q)*AQ,2m (a» bv Q)]_1/2 S Boo (L2(Q))a (42)
implying
(Ak0.0m(a:0,)) " € Buoo (L2(9)) (43)
by (2.43). Thus,
Uess(AK,Q,Qm(aa b7 q)) g {O} (44)
We recall that the form ag 4mapq(-, ) in L?(Q) associated with the operator
Aq.am(a, b, q)* Aq.2m(a,b, ¢) has been introduced in (3.51).
Let {Ak,0.}jen C (0,00) be the strictly positive eigenvalues of Ak g 2m(a,b,q)
enumerated in nondecreasing order, counting multiplicity, and let
N\ Ak oom(a,b,q) =#{j e N[0 <Ak qa,; <A}, A>0, (4.5)
be the eigenvalue distribution function for Ax o 2m(a,b, q).
To derive an effective estimate for N(A; Ak q,2m(a,b,q)) we need to introduce
one more spectral hypothesis imposed on Ay, (a, b, q):

Hypothesis 4.1. Assume Hypothesis 3.1.
(i) Suppose there exists ¢ : R™ x R™ — C, such that the operator

ENE© = m™" | [@)é@e)de, R, (4.6)
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originally defined on functions f € L*(R™) with compact support, can be extended
to a unitary operator in L*(R™), such that

feW»A(R™:d"x) if and only if |¢*(Ff)(€) € L*(R";d"¢), (4.7)
and _

Ay(a,b,q) =F 'MqF, (4.8)
where M\¢2 represents the mazimally defined operator of multiplication by €2 in
L%(R™; d"€).

11) In addition, suppose that
1) In add h

sup [[¢(-,&)|lL2(n) < oo (4.9)

£€R™

Remark 4.2. (i) As becomes clear from Theorems 4.3 and 4.4 below, our primary
concerns are the operators Ax g am(a,b,q) and A g om(a,b,q) in L*(Q), and hence
we are primarily interested in the coefficients a, b, ¢ on the open, bounded, but oth-
erwise arbitrary, set (). However, since the existence of an eigenfunction expansion
of a self-adjoint “continuation” of this pair of operators to all of R™, denoted by
ng (a,b,q), is a crucial tool in our derivation of the bound on the corresponding
eigenvalue counting functions of Ax g om(a,b,q) and Ap g om(a,b,q), the continu-
ation of the coefficients a, b, ¢ through a possibly highly nontrivial boundary 0f2 of
Q) becomes a nontrivial issue. To avoid intricate technicalities, we chose to simply
assume a sufficiently smooth behavior of a, b, ¢ throughout R™ in Hypothesis 3.1 (7).

(i1) Hypothesis 4.1 (i) implies that Ay (a,b,q) (and hence any of its powers) is spec-
trally purely absolutely continuous (i.e., its point and singular continuous spectra
are empty), while Hypothesis 4.1 (ii) requires a uniform L?(Q)-bound on ¢(-, &),
¢ € R™. In particular, ¢(-, -) represent the suitably normalized generalized eigen-
functions of /ng(a, b, q) satisfying

A2(a’ba q)¢(7€) = ‘€|2¢(7§)7 5 € Rn7 (410)
in the distributional sense. In the special Laplacian case a = I,,, b = ¢ = 0, one
obtains

o(,€) =7 6(+, )12y =191, (2,€) R, (4.11)
(#i1) In the case a = I,,, and with the exception of a possible zero-energy resonance
and/or eigenvalue of Ay (I, b,q) in L?(R™), we expect Hypothesis 4.1 to hold for
Zg([n, b, ¢) under the regularity assumptions made on b, ¢ in Hypothesis 3.1 (7) as-
suming in addition that b and ¢ have sufficiently fast decay as |x| — oo (e.g., if b, ¢
have compact support). While we have not found the corresponding statement in
the literature, and an attempt to prove it in full generality would be an indepen-
dent project, we will illustrate in our final Section 5 explicit situations in which
Hypothesis 4.1 holds for a = I,,. The case a # I,,, on the other hand, is much more
involved due trapping/non-trapping issues which affect the existence of bounds of
the type (5.25); we refer, for instance, to [22], [23], [25], [93], [94], and the literature
therein.
(iv) We note from the outset, that a zero-energy resonance and/or eigenvalue of
Kgm cannot be excluded even in the special case a = I,, b = 0, and ¢ € C§°(R").
However, the existence of such zero-energy resonances or eigenvalues is highly un-
stable with respect to small variations of a,b,q and hence their absence holds
generically. In particular, by slightly varying Ry > 0 in Hypothesis 3.1 (i), or
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the e-neighborhood €. of Q mentioned after (3.5), or by slightly perturbing the
coefficients a, b, or ¢ outside B, (0; Ry), or outside ()., one can guarantee the ab-
sence of such zero-energy resonances and/or eigenvalues. Since we are primarily
interested in the operators Ax qam(a,b,q) and Apqom(a,b,q) in L?(Q2), we can
indeed freely choose the form of a, b, ¢ in an e-neighborhood outside of 2, especially,
in a neighborhood of infinity. o

Recalling the standard notation
24 :=max (0,2), xz€R, (4.12)
then N(-; Ak 0.2m(a,b,q)) permits the following estimate (extending the approach
in [61] in the special case a = I,,, b= ¢ =0):
Theorem 4.3. Assume Hypothesis 4.1. Then the following estimate holds:
n/(2m)
v 2m
N(\: A m(a,b <" (14 = . 2 A7/ (2m)
(i nanaba) < g (15 g ) s (- Ol 4,
A>0,  (4.13)

where v, = 7"/2/T((n + 2)/2) denotes the (Euclidean) volume of the unit ball in
R™ (T'(+) being the Gamma function), and ¢( -, -) represents the suitably normalized

generalized eigenfunctions of As(a,b,q) satisfying gg(a, b,Q)¢(-,€) = [€]7¢( -, &) in
the distributional sense (cf. Hypothesis 4.1).

Proof. Following our abstract Section 2, we introduce in addition to the symmetric
form ag a4m,a.p,q in L2(Q) (cf. (3.51)), the form

b0,2m,a,0,4(f,9) == (f, Aa2m(a,b,9)9)12(0), (4.14)
f,9 € dom(bq,2m.a,b,4) = dom(Aq,2m(a,b,q)).
By Lemma 2.7, particularly, by (2.49), one concludes that
N(X; Ak a.2m(a,b,q)) < max (dim {f € dom(Aq 2m(a,b,q)) ’
a0.am.a.b,q(fr ) = A0 2miabq(f, f) < 0}),

by also employing (2.51) and the fact that

(4.15)

A, 4m,ab.q(fK..5: fK.0.5)) = Aba 2m ab,q( 0., fK05)
= (Ak0,j — /\)||fK,sz.,j||2L2(Q) <0,
where fr o, € dom(Aq 2m(a,b,q))\{0} additionally satisfies
fr.0,; € dom(Ag om(a,b,q)*Aq2m(a,b,q)) and
Ao,2m(a,b,9)" Ag 2m(a,0,9) fr.0,j = Ar.0,j Ao,2m(a, b, 9) i 0,5-

(4.16)

(4.17)

To further analyze (4.15) we now fix A € (0, c0) and introduce the auxiliary operator
LQ,4m,)\(aa bv (1) = AQ,Qm (a7 ba q)*AQ,Zm(av b7 q) - A AQ,2m (CL, bv Q)a
dom(Lq 4m,x(a,b, q)) := dom(Aq 2m(a, b, q)" Aq,2m(a, b, q)).

By Lemma 2.8, L am.a(a,b,q) is self-adjoint, bounded from below, with purely
discrete spectrum as its form domain

dom (‘LQAm,)\(aa b, Q)‘1/2) = HAQ,zm(a,b,q) (419)

(4.18)
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embeds compactly into L?(Q) by Lemma 3.6 (cf. Lemma 2.10). We will study the
auxiliary eigenvalue problem,

LQ,4m,)\(aa b7 Q)SDJ = H]QOJ, SDJ S dom(LQ,4m,)\(a7 bv Q))7 (420)

where {,}jen represents an orthonormal basis of eigenfunctions in L?(2) and for
simplicity of notation we repeat the eigenvalues p; of Lo 4m r(a,b,q) according to
their multiplicity. Since ¢; € WO2 m’2(9), we denote by

gi(x) = {gj(x)’ ﬁ E ]12;1\9, (4.21)
the zero-extension of ¢; to all of R™ and observe that
G, € WP2(R™), 0°3; = 0°9;, 0< |a| <2m. (4.22)
Next, given p > 0, one estimates

P (p—p) et Y wp) et Y n

jJEN jEN, jEN,
Hj<p <0, pi<p <0, pi<p (4'23)

=n_ (LQAm,/\(aa b) q))’

where n_(Lg am,x(a,b,q)) denotes the number of strictly negative eigenvalues of
Lo am 2 (a, b, ¢). Combining, Lemma 2.9 and (4.15) one concludes that

N(X; Ak 0.2m(a,b,q)) < max (dim {f € dOm(AmanQm)’

aQ.4m.a b,q(fv f) — Abg 2m,a b,q(.ﬂ < O}) (424)
=n_(Laama(a,0,9) <p ' > (n—py) =p "> [p—pile, n>0.
JjeN JEN
Mg <p

Next, we focus on estimating the right-hand side of (4.24).
N Ak 0om(a,0,0) < p= Y (=) =Y [(@5, (= 1)@ 12@) 4
jEN jEN
=173 [l IR0 — I Aa.2m(a,b, @) 320
jEN
M), Aq2m(a, b, Q)on)Lz(Q)} .
_ - ~ 2
=y [ull%II%z(qu — [ Az (a, b, @) 75| 2 gy
JEN
+ )\((,5]'; A~2m(a7 b, Q)SZJ)Lz(Rn)} N
— T | [ a6 A EE O P e

jEN +

i S [ Tl NI FB) O e

JEN

\H_ + 80] .
<pt R[ — [E1"™ + AEP™] Y I(FG) () dne. (4.25)

jEN
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Since 2 is bounded, ¢; has compact support and hence

(F3;)(€) = (2m) "2 / &5(2) 8w, &) "z, (4.26)

n

and
2

SIFE)EF = 2r) S / 5, ()@ 8 d"e
jeN jeN IR (4.27)
— Y / 03 (2080, 6 o> = @) 6 )2 aggranny

JeN

are well-defined. Combining (4.25) and (4.27) one arrives at
Nidrcaan(abia) < [ = I+ AP, S IFE O a6
" JEN

=yt [l e N 10 Ol

<@m)" sup 10 o [ n €17+ N, e
(4.28)

Introducing a = A2y, changing variables, ¢ = A\/(2™)y, and taking the minimum

with respect to a > 0, proves the bound,

N\ Ak a2m(a,b,q) < (2m)7" Esuﬂg (- 75)H2L2(Q)
e n
(4.29)
: -1 _ 4m 2m n n/(2m)
><1g1>118<a /Rn[a [n*™ + | Ldn))\ , A>0.

Explicitly computing the minimum over « > 0 in (4.29) yields the result (4.13).
This minimization step is carried out in detail in Appendix A. O
Next, we also derive an upper bound for the eigenvalue counting function of the

Friedrichs extension Apq om(a,b,q) of Agom(a,b, q).

Theorem 4.4. Assume Hypothesis 4.1. Then the following estimate holds:

. om\ ™/ 2m) ) )
N()‘v AF,Q,Zm(aa b» (])) < (27‘(‘)” (1 + n) §S€L1H£L ||(;5( : 7§)||L2(Q) )\n/( m)7

A>0, (4.30)
with v, := /2 /T((n +2)/2) and ¢(-, -) given as in Theorem 4.3.
Proof. First, one notices that
N(X\; Arqom(a,b,q)) < max (dim {f € dom(Arq.2m(a,b, q)) |
(f, Ara2m(a,b,q)f)r2) — >\||f||%2(9) < 0}),

To further analyze the right—hand side of (4.31) we now fix A € (0, c0) and introduce
the auxiliary operator

KQ,Qm,)\(aa ba q) = AF,Q,Qm (CL, b7 q) - AIQa
dom(KQ,Qm,)\(aa bv q)) = dom(AF,Q,Qm(aa bv Q))

(4.31)

(4.32)
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We will study the eigenvalue problem,

Ka2mx(a,b,9)p; = pjpj, ¢ € dom(Kq m x(a,b,q)), (4.33)
where {¢;};en represents an orthonormal basis of eigenfunctions in L?*(Q2) and for
simplicity of notation we repeat the eigenvalues p; of Kq om x(a, b, ¢) according to
their multiplicity. Since ¢; € Wi (), we denote by

Bi(x) = {gj(x)’ i E}E;\Q, (4.34)
their zero-extension to all of R™ and note that
G, e W™RY), 0°3; =09;, 0<|a| <m. (4.35)
Next, given p > 0, one estimates

T S (7 =N T N (TR 11 =N T N

JjEN JjEN JEN
g <p /J.j<0,/l,;'<[l, /l.j<0,/l,;'<'u, (436)

=n_ (KQ72m,/\(aa b) q))’

where n_ (Kq 2m,x(a,b, ¢)) denotes the number of strictly negative eigenvalues of
Kq am.a(a,b,q). Then one has

N(X; Ara2m(a,b,q))
< max (dim {f € dom(Ar,0.2m(a,b,q)) |
(fs Ara.2m(a,0,9) f)r2@) — M FlIZ2) < 0})
=n_(Kaama(a,b,q) <p™" Y (p—pg) =p~ ") =)y, p>0.

(4.37)

To estimate the right-hand side of (4.37) we rewrite (11, Ar,02m(a,b,q)¥2)r2q)
for 91,19 € dom(Arq.2m(a,b,q)), as follows

(1, Ar,2m (a0, Q)¥2) 12(0) = Qap g 2m(aba) (V1 ¥2) = QF, (apg) (¢1,9)
= ((Azm(a,0,0)) 01, (Azm(a,b, @) ") (4.38)

the second equality in (4.38) following from representations (3.36), (3.50). Next,
we focus on estimating the right-hand side of (4.37).

N(X; Apg2m(a,b,q)) < p! Z(M —p)e =pt Z (@, (1= 13)ei) 2@ 4
JEN JEN

L2(Rn)’

=p 'y _ﬂ”@j”%?(ﬂ) + Mleilliz () — (95, Arg.am(a, b, (J)@j)H(Q)L

=pu! Z _/~L||F@j||%2(mn) + TG |7 2 ey — |H5|mF@j||%2(Rn)L

M RS AT

jEN - +

<pt Z/Rn [ X = P I F ) () de

jEN
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<ut [ A= i, S IEE R e (439)
< N j : :

R™ :
JEN

Combining (4.27) and (4.39) one arrives at

N Arg2m(a,b,q) < p! /]R A= 1P I®E)©P e
JeN

=0 [ ek A P00 Ol '€
<@m7 s 00 Ol [ [+ A- ] e (o)

Introducing o = A~ 'y, changing variables, £ = \/(?™)y and taking the mini-
mum with respect to a > 0, proves the bound,

N(X; Arg.am(a,b,q)) < (%)‘";uﬂg lp(- 5 E)Z2 (0
€ n

(4.41)
: -1 _ 2m n n/(2m)
Xgl;%(a /n[a—i-l n| ]+dn))\ . A>0.
Denoting
Ir(a) :=a ! / [a+1—[n[*"] d"n, (4.42)
one explicitly computes Zp(«) and obtains
2mu
T — n —1 1 (2m+n)/(2m) 4.4
Ple) = 5o 1) , (1.3
nv 2m
Tp(a) = —2 N2 (o - = 4.44
H0) = 5o+ 12 (o 22 (4.49)
2m n/(2m)
iy (2 (@) = Ze(2m/m) o, (1422) . (4.45)
Equation (4.45) together with (4.41) yields (4.30). O
Remark 4.5. (i) One notes that whenever the property
sup  (|p(x,¢)]) < oo (4.46)
(z,£)€QxXR"
has been established, then
sup [|¢(+,€)[[ T2 <192 sup  (lg(z, ), (4.47)
EER™ (z,£)EQXR"

explicitly exhibits the volume dependence on 2 of the right-hand sides of (4.13)
and (4.30), respectively. We will briefly revisit this in Section 5.

(#i) Given two self-adjoint operators A, B in H bounded from below with purely
discrete spectra such that A < B in the sense of quadratic forms, then clearly
N(A\;B) < N(A;A), X € R; in addition, N(A\;ad) = N(Aa; A), « > 0, A € R.
Thus, since a is real symmetric, the uniform ellipticity condition (3.4) implies a >
€aln, and hence Ap g 2(a,b,q) > e Ara 2(In,b, ¢) assuming ¢, € (0, 1] without loss
of generality. Combining this with (2.24) then yields

N\ Ak o2(a,b,q9)) <K N(X;Apg2(a,b,q) < N(XeaAra2(In, b,q))

4.48
= NN ea;Ara2(In,b,q)), AER. (4.48)
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Finally, we note that estimates of the type N(X; A) < ca\Y for A > 0 yield lower
bounds for the jth eigenvalue A;(A) of the form \;(A) > daj'/7, clearly applicable
in the context of (4.13) and (4.30). o

Remark 4.6. As far as we know, employing the technique of the eigenfunction trans-
form (i.e., the distorted Fourier transform) associated with the variable coefficient
operator ng (a,b,q) (replacing the standard Fourier transform in connection with
the constant coefficient case in [38]) to derive the results (1.12) and (1.13) is new.

On the other hand, the literature on eigenvalue counting function bounds in
connection with arbitrary bounded open sets @ C R™ (or even open sets Q C R™ of
finite Euclidean volume) is fairly extensive, originating with the seminal work by
Birman—Solomyak, Rozenblum, and others. More specifically, starting around 1970,
in this context of rough sets 2, Birman and Solomyak pioneered the leading-order
Weyl asymptotics and eigenvalue counting function estimates for generalized (linear
pencil) eigenvalue problems of the form Af = ABJf for elliptic partial differential
operators A of order ny and lower-order differential operators B of order ng <
na and obtained great generality of the coeffcients in A and B by systematically
employing a variational formulation of this generalized eigenvalue problem. The
boundary conditions employed are frequently of Dirichlet type, but Neumann and
Robin boundary conditions are studied as well. In particular (focusing on the
Dirichlet case only), the variational form of the problem associated with

Z D*(aa,5(x)D"u)(z) = Ap(z)u(z), ue W2 (Q), (4.49)
la|=[B]=m

with special emphasis on the polyharmonic case, (—A)™u = Apu, and extensions
to the situation

Z D*(aa,5(x)DPu)(z) = A Z D7 (by,5(z)D%u) (),
lal=1Bl=m o<yl I8l<m (4.50)
Y+ 18] = 26,0 < £ < m, ue Wy (Q),

including the scenario where a, b are block matrices, or b is an appropriate (matrix-
valued) measure, were studied in [12]-[18], [78]-[81], [82, Ch. 5]. In particular,
the hypotheses on a, g are very general (a € L}, ()%™, a positive definite a.e.,
a~t € LY(Q)™*™ for appropriate a > 1) permitting a certain weak degeneracy
of the ellipticity of the left-hand side in (4.49), (4.50). The case of the Friedrichs
extension for m = 1 corresponding to 72 (a, b, q) was treated in [67].

Thus, in the case m = 1, p(-) = 1, and in some particular higher-order cases,
where m > 1, in the context of Ap g 2m(a,0,0) (i.e.,, b = ¢ = 0), there is clearly
some overlap of our result (4.30) with the above results concerning (4.49). The same
applies to the magnetic field results in [67] in connection with 7»(a, b, ¢). Similarly,
considering the perturbed buckling problem in the form

(=A™ = X (=A)"u, ue W™3Q), (4.51)

there is of course some overlap between our result (4.13) (actually, the result in
[38]) and the results concerning (4.50) with m € N, a = I,, b = ¢ = 0, but
since lower-order terms are not explicitly included on the left-hand side of (4.50), a
direct comparison is difficult. According to G. Rozenblum (private communication),
the left-hand sides in (4.49), (4.50) can be extended to include also lower-order
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terms under appropriate hypotheses on the coefficients, but this seems not to have
appeared explicitly in print.

Since we focused on the case of nonconstant coefficients throughout, we did not
enter the vast literature on eigenvalue counting function estimates in connection
with the Laplacian and its (fractional) powers. In this context we refer, for instance,
to [34], [48], [97], [98], and the extensive literature cited therein. o

Although Weyl asymptotics itself is not the objective of this paper, we conclude
this section with the following observation.

Remark 4.7. The Weyl asymptotics of N(-; A a,2(a,b, ¢)) in [5, Sect. 8] in the case
of quasi-convex domains and in [9] in the case of bounded Lipschitz domains derived
an error bound of the form O()\("*(l/z))m) as A — oo. If one is only interested in
the leading-order asymptotics results, combining the spectral equivalence of nonzero
eigenvalues of Ak o om(a,b,q)) to the (generalized) buckling problem (cf. Lemma
2.5), with results by Kozlov [56]-[58], and taking into account that lower-order
differential operator perturbations do not influence the leading-order asymptotics
of N(-; Ak 0,2m(a,b,q)) (cf. [15, Lemmas 1.3, 1.4]) imply

()\ AKQ2mabq

" —3 n/(2m) n/(2m)
e T (/d /f dwn (6 ale )E)Rn))\ 4 o(an/em)
- (/d" (deta(z))” 1/2) A/ Zm) (A (2m)), (4.52)
Q

A—)oo (27’()

for any bounded open set {2 C R™. Here dw, —1 denotes the surface measure on the
unit sphere S"71 = {¢ € R"|[£] = 1} in R™. Of course, the same leading-order
asymptotics applies to N(-; Apq.2m(a,b,q)).

Since N(A; A) Nt c(A)X* is equivalent to \;(A) Pl (j/c(A))M/*, relation

(4.52) yields the corresponding result for the eigenvalues of Ax o om(a,b,q) and
AF,Q,Zm(a7 b7 q) <o

5. ILLUSTRATIONS

To demonstrate why we expect Hypothesis 4.1 to hold under Hypothesis 3.1
alone in the case a = I, (with the obvious exception of zero-energy resonances and
eigenvalues, which generically will be absent), we discuss three exceedingly complex
scenarios in this section.

We start with the most elementary case which nevertheless served as the guiding
motivation for this paper:

Example 5.1. Leta:=1,, n € N, b =g =0, then the operator F from Theorem
4.1 is the standard Fourier transform in L*(R™), and ¢(&,x) = €%, (&, 2) € R,
Thus, Hypothesis 4.1 obviously holds for As(I,,0,0) = Hy, and

sup [[6(+, )lZ2() = 19 (5.1)
£eRP

In this rather special case the estimate for the eigenvalue counting function
N(X; —Ak o) was previously obtained in [38], while that of N(\; —Ap o) was de-
rived in [61].

Next, we turn to Schrédinger operators in L2(R™).
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Example 5.2. Assume that a = I,,, b =0, and 0 < g € L>®(R"), supp(q) com-
pact. In addition, suppose that zero is neither an eigenvalue nor a resonance of
Ay(In,b,q) (cf. [30]). Then Hypothesis 4.1 holds.

In addition, in the special case n = 3, there exists C(q) € (0,00) such that

sp[6(z,6)| < Cla). (52)

(z,£)€ER

Indeed, the absence of strictly positive eigenvalues of /ng(In, 0, q) was established
by Kato [52] (see also [86]), and the existence of the distorted Fourier transform F
and hence an eigenfunction transform was established by Ikebe [49, Theorem 5] for
n = 3 and Thoe [91, Sect. 4] for n > 4, and Alsholm and Schmidt [3] for n > 3 (see
also [75, Theorem XI.41], [76, Theorems XIII.33 and XIII.58], [77], [87, Sect. V.4]),
implying, in particular, that

o(A2(I1,0,)) = 0uc(A2(1n,0,9)) = [0, 00),
USC(ZQ(L” 0,q)) = UP(AVQ<In, 0,9)) N (0,00) = 0.
Moreover, it is shown in [49] and [91] that for all R > 0,

sup lp(x,&)| =: c(q, R) < 0. (5.4)
£€B, (0;R), z€ER™

(5.3)

Thus we will focus on proving that

sup H¢( . 7€)||L2(Q) < 00, (55)
Ee]Rn

and in the special case n = 3 that for sufficiently large R > 0,
sup lo(x, &) =: Cg, R) < 0. (5.6)
£ER3\ B3 (0;R), z€R3

Clearly, estimates (5.4) and (5.6) imply (5.2).

The distorted plane waves ¢( -, -) can be chosen as one of ¢4 (-, -) or ¢_(-, -),
which are defined as solutions of the following Lippmann—Schwinger integral equa-
tion,

b (2,6) = €% — / G (€ £ i0;2,y)q()bs (4, €) Ay, (2,6) R, (5.7)

Rn
where
. (2-n)/2
i [ 2m|lz— (1)
z( Tlf/ayl) H oy (2w —yl), n>2 zeC\{0},
Gn(z;:my) = %ln(|x—y|), 77/22; Z:O?
eyl Al T nz3 2=0,
Im(zl/Q) >0, z,yeR", z#y, (5.8)

represents the fundamental solution of the Helmholtz equation (—A —2)¥(z; -) =
in R™, that is, the Green’s function of the n-dimensional Laplacian, n € N, n >
Here H, l(,l)( -) denotes the Hankel function of the first kind with index v > 0 (cf. [1,
Sect. 9.1]) and w,,_1 = 27™/2/T'(n/2) (T(-) the Gamma function, cf. [1, Sect. 6.1])
represents the volume of the unit sphere S”~! in R". For simplicity we focus on
n > 3 for the rest of this example, but note that the cases n = 1,2 can be treated
exactly along the same lines (see, e.g., the results in [19]-][24]).
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Multiplying both sides of this equation by the weight w > 0 satisfying

1 0< |zl <R,
weC®R"), 0<w<l, w@):=4" , ||
exp(—|z[*), |z| > 2R, (5.9)
Q C B,(0; R),
for some R > 0, (5.7) can be written as follows

- s 2 L i0r . o)) L) 3
4 (z,8) = Bo(z, £) /Rn (2)Gn (1€ & i0; 2, y)wy) 5 5 P2(1,€) . (5.10)

(x,€) € R*",

where

Oo(z,8) = w(x)ps(x, &), o(z,&) = w(x)e®?®, (z,€) € R, (5.11)
In this form (5.10) becomes an integral equation in L?(R™) since ®¢( -, &) € L?(R™).
In fact, (5.10) will be viewed in L?(R") as

DL(+,8) =Po(+,8) + KL(Myju2®s(-,§), §€ER", (5.12)
or equivalently, as
[IL2(R",d”w) - Ki(f)Mq/wQ]q)i( : 75) = (I)O( : 75)7 § € an (513)

where we introduced the Birman—Schwinger-type operator K.(§), £ € R", in
L2 (R™),

K+ (€) € B(L*(R")),

(K+(§)f)(z) := —/ w(@) Gy ([€]* +i0; 2, y)w(y) f(y, €) d"y, (5.14)
feL*R"), (z,6) e R™,
and the operator of multiplication by the function ¢/w?, Mg w2 in L?(R"),

]\4q/w2 € B(LQ(RH))v (Mq/wa)(x) = q(m)w(w)_2f(x), f € LQ(Rn)a r € R™.
(5.15)
One recalls from [87, Sect. V.4] for n = 3 and [32] for n > 3 (the case n = 2 being
analogous) that

K+ (OllsL2@ny — 0, (5.16)
|€]—o00

and hence,
[@+(-,&) — Po(-, )l z2mm
= || (rz@n) = Urz@n) — K (€)Mgpu2)) ™) @o(,€)|[ 1 gy
< Nw)llz2@m) |12 @ny — Tr2@ny — Ki(f)Mq/wQ))71||B(L2(Rn))
=_o(1), (5.17)

|00
implying,

[@+(-, )2 ®n) 5o 0(1), (5.18)

and hence (5.5).
In the special case n = 3, where
Gs(zi2,y) = (d4mlz — y|) e

1/2

2=yl Im(zl/Q) >0, 2,y cR® z £y, (5.19)
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one can easily go one step further: Using the Cauchy—Schwarz inequality, (5.18),
and the fact that ¢ has compact support, one estimates the second term in (5.10)
as follows,

YeFilElle=vly(y) q(y) ,
‘/Rs T AL

<m o [ e, 0)aty

upp(q) |$ - y| w2( )

2 1/2
<(47f)1w(95)||qw2|Loo(1R3)< / L) d”y> 10, )l 2

upp(q) [z -yl
= w(x)0(1), zcR3, (5.20)
gl o0
with the O(1)-term bounded uniformly in (z,£¢) € RS. Combining (5.11), (5.12),
and (5.20) one obtains

sup (0@ = O(1), (5.21)

zeR3
proving (5.4) since ¢ is continuous on R® (see, e.g., [49, Sect. 4], [91, Sect. 3]). O

Example 5.3. Assume thatn € N, a =1,, b € [Wl’oo(]R")]n, supp(b) compact,
0 < g € L>®(R™), supp(q) compact. In addition, suppose that zero is neither an
eigenvalue nor a resonance of Az(Ip,b,q) (cf. [30]). Then Hypothesis 4.1 holds.

We start verifying this claim by noting that under these assumptions on a, b, g,
EQ(IR, b, q) has empty singular continuous spectrum and no strictly positive eigen-
values, see, for instance, Erdogan, Goldberg, and Schlag [29], [30], Tkebe and Saitd
[50], (see also, [4], [10], [31], [35], [55], [89]); in particular, the analog of (5.3) holds
for Avg(ln,b, q).

Next, we recall the unperturbed operator Hy := —A, dom(Hy) = W22(R"), and
introduce the first-order perturbation term,

Lif=2i Z bk f + (idiv(b) + [b]* + q)f, f € dom(L;) = WH?(R"™). (5.22)
k=1

We denote the distorted plane waves associated with Zg([n, b,q) by &(-, ), and
abbreviate

dolx,€) = €57, (2,6) € RM. (5.23)
In the following we will show that
sup [|¢( -, &)l r2(0) < oo. (5.24)
£€R™

To this end, we employ [30, Theorem 1.2] (see also [29, Theorem 2]) with a = 0,
o =1 and infer

K= sup (€N ()2 (Aa(In, b, q) — (1€ +1i0))

‘ /

- < 00, (5.25)

—2
) HB(LQ(]R")))
abbreviating () := [1 + (-)2}1/2.

The distorted plane wave ¢(-, -) can again be chosen as one of ¢, (-, ) or
¢_(-, ) and be decomposed in the form

(;Si(lﬂ,f) = ¢0($7£) + 1/&(%5)7 (1’,5) € RQn, (526)
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where

1/&(5575) = _((AVQ(Invba Q) - (|€|2 + io))il(quSO))(wvg)v ((E,f) € R2n' (527)

(In this context we recall that
|£|2¢:|: (IE, g) = (ZQ(Inv ba Q)¢:|:) (.’ﬁ, 5)

, _ (5.28)
= ‘§| ¢O(I7§) + (L1¢0)(x7£) + (AQ(Ina ba q)¢i)(x7£)7

or equivalently,

in the sense of distributions, illustrating (5.27).)
One then infers

(- )l @
= [[xa(-)2() 72 (Aa(Ln,b,g) — (€2 £00)) ()20 )2 (La60)| o oy
()2 (As(In, b, q) — ([¢]* £ 40))

—1

2 —2
< Ixef-) ”LOO(R") ) HB(LQ(JR"))

<12 (E160)| o o (5.30)

Employing (5.25), the fact that Q is bounded, and that the coefficients of L; have

compact support (cf. (5.22)), one concludes
1

H (A2 1,0, Q) (|§|2 iiO)) 2||B(L2(R"))H *(L1v) HL2(R"
KEN™¢) (72b~§+zd1v( )+|b|2+q)||L2(Rn)
2I(|§| ‘§| 1” bH[L2(]Rn)]n + K |£‘ 1|| (Z le + ‘b|2 + q) ||L2(]Rn
= 0(1). (5.31)
|§]—o00
Combining (5.30) and (5.31) one obtains the required estimate (5.24). O

APPENDIX A. THE MINIMIZATION OF I (o) = a™" [5. [a = [n|*" + [n|*™]  d™n
IN EQUATION (4.29)

In this appendix we carry out the explicit minimization in « for @ > 0 of the
integral

Zu(@)ima™ [ a4 ], d, (A1)

Since the integral is only over the region of n-space where a—|n|*™+|n|?>™ is positive,
and this function is radial, our problem immediately reduces to the minimization of

a~! times a radial integral in 7 = |n|. Since the function r4™ — r2m = p2m(p2m —1)
is negative on 0 < r < 1 and is positive and increasing for r > 1, for a > 0 the
relation a = r4™ — 2™ implicitly determines a unique value 7, > 1, with 72™ given

explicitly by
2m 1 1\1/2
ro, = 5 —+ <Oé + Z) . (A2)
It is clear that the value of r,, is a strictly increasing function of o and runs from
1 to oo as a runs from 0 to co.

By the reductions mentioned above, one obtains

To
Tk (o) = nv,a™! / [+ r2™ — ™) =L gy, (A.3)
0
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where v, is the volume of the ball of unit radius in R™ as mentioned with (4.13).
Since the v, here is included explicitly in (4.13), to prove (4.13), in what remains
we will show that the function f, »,(a) defined by

fnm(@) :=na™? / ) [ + 2™ — ™) =L g (A.4)
0

has minimum given by

~ 2m n/(2m)
Fom = (1 + 2m) . mneN. (A.5)

By integrating (A.4), it is easy to see that
frnm(a) == na~! {

n n+2m n+4m
ar,, T Ta

n n+2m n44m|

(A.6)

dm

Replacing the explicit o appearing inside the square brackets here using o = r,

r2™ and simplifying, one finds
o 2mrg (A7)
n+4m n+2m
We shall have need of this expression shortly.

Next, some further properties of f, ,, and its derivative will be developed. One

has

Oéfn,m(a) _ dmr

o fom(a) =n / "o ]t gy (A8)
0

and therefore, by Leibniz’s rule,
[ frm(@)] =n[a +r2™ —pim]pn=tye! 4 n/ "l dr =", (A.9)
0

with the simplification in the last step occurring due to the implicit relation defining
To. From (A.9) it follows that

& T/L,m(a) = TZ - fn,m(a)a (A].O)
and hence, using (A.7) and o = ri™ — 2™ that
Am Tn+4m 2m ,,,n+2m :|

a2f1{b,m(a) :067‘3 - |: n_’_a4m ’I’L—|—a2m

om N 4mY rotim
— _ ) A1l
n<ra n—|—2m)n+4m ( )

It is now clear that f, ,(«) has a minimum on « € (0,00), and that it occurs at

I
(one notes that this value is clearly larger than 1, and hence corresponds to an
a > 0). The corresponding value of «, denoted by @, may then be computed as
n+4m 2m 2m(n + 4m)

~ _ 2m2
— p2mE2mo 1y = . A.13
a=ra" ) n+2mn+2m (n+2m)? ( )

2m n+4m _:"'2m

(A.12)

Finally one computes fmm using (A.7), (A.12), and (A.13), which leads to
~ _ n + 4m\ n/(2m) 2m n/(2m)
I, Frm (@) (n+2m> ( Jrn—l—?m

in accordance with our statement above. This completes the proof of Theorem 4.3.

, myneN, (A.14)
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We conclude with some remarks comparing the constant fmm found here with
the corresponding constants g, ., (our notation) found by Laptev in [61] (the com-
parison is most apt if we restrict our attention to the case of the Laplacian (i.e.,
a=1TI,, b=q=0), as that is the main case considered by Laptev [61]). Laptev’s
Jn,m are given by

_ 2 n/(2m)
Inm = (1 + —m) , m,n €N, (A.15)
n
It is clear from these expressions that
fom < Gnm, myn €N (A.16)

This shows that the bound given in Theorem 4.3 is always better than the bound
(2.24) combined with the earlier work of Laptev [61]. Of course in the large n limit
(for fixed m) both constants become arbitrarily close, since the limit of either g,
or fvnm as n — 00 is e & 2.71828. On the other hand, in the large m limit (with
n fixed) both constants go to 1 from above (with 1 being the best possible value
of the constant that could obtain in our upper bounds, at least in the case of the
Laplacian).
In fact, it is generally true that

1< ﬁhm < Ggnm <€, myneN, (A.17)
that is, that
1< (1+2m/(n+2m)"*™ < (1+ (2m/n))"*™ <e, m,n €N, (A.18)

with 1 and e being the best possible lower and upper bounds for both ﬁLm and
gn,m for all m,n € N. These claims can be proved using elementary calculus by
focusing on the functions G(x) := (In(1 + z))/x and F(z) := (In(1 + z/(1 + z)))/x
for > 0 (note that with the identification x = 2m/n these are the logarithms of

n,m and fp ., respectively, and that all z > 0 can be approximated arbitrarily
closely by such ratios for m,n € N). In fact, one can show that the functions G(z)
and F(z) are both strictly decreasing on (0, 00), with limiting value 1 as x — 0t
and with limiting value 0 as x — co. This implies, in particular, that in all upper
bound formulas for counting functions N(-) in this paper the bound would continue
to hold (as a strict inequality) if the constant represented by (14-2m/(n+2m))"/?™
were replaced by the value e.
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