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Abstract

In this paper we develop a new approach to the theory of Fourier integral operators. It allows us to
represent the Schwartz kernel of a Fourier integral operator by one oscillatory integral with a complex
phase function. We consider Fourier integral operators associated with canonical transformations,
having in mind applications to hyperbolic equations. As a by-product we obtain yet another formula
for the Maslov index. © 1994 John Wiley & Sons, Inc.

0. Introduction

Let M be a C*°-manifold without boundary, dimM = n, and T*M\0 be the
cotangent bundle without the zero section. We consider the Lagrangian manifold

A C(T*M\0) X (T* M\0)

generated by a smooth homogeneous canonical transformation G : T*M\0 —
T*M\O. Let
o, y,0) € C® (M x M X (RM\0))

be a complex-valued smooth homogeneous function of degree 1 with non-negative
imaginary part, and

zﬁp = {(x’yvg) : ‘Pg(x,}’aC) = O} .

We say that ¢ locally parametrizes the Lagrangian manifold A if in some neigh-
borhood of a given point of A and in some local coordinates x, y we have

A = {le:y0), 0,0)x3.0) : (,y,) €L, }.

Functions parametrizing Lagrangian manifolds are usually called phase functions.
A phase function is said to be non-degenerate if the differentials d(p,), ... , d(pg,)
are linearly independent on Z,,.
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Denote by S™ (M XM X(RN\0)) the class of smooth functions p(x, y, {) defined
on M x M x (RM\0) which admit the asymptotic expansion

Py, 0 ~ Y pmj(x, 3.0
=0

with p,,_j(x, y, ) homogeneous in { of degree m — j. The integral

(0.1) / 00 p(x, y,0) dl

with a non-degenerate phase function ¢ and p € S™ (M XM x(RV\0)) is called an
oscillatory integral with amplitude p. This integral does not converge absolutely
but it is interpreted as a distribution on M X M see, for example, L. Hérmander, (5],
[6], and F. Treves, [14]. A distribution which can be represented locally as a finite
sum of oscillatory integrals (0.1) with real phase functions locally parametrizing
the Lagrangian manifold A is called a Lagrangian distribution associated with A (or
with the corresponding canonical transformation G). An operator, whose Schwartz
kernel is a Lagrangian distribution, is said to be a Fourier integral operator.

Analogous notions are introduced when G depends on an additional “time”
parameter ¢, for example, when G is a Hamiltonian flow. Then

A C T*R! X (T*M\0) X (T*M\0)

and all the functions and distributions depend also on ¢. The most common ex-
ample of a Fourier integral operator depending on ¢ is the operator exp(—itA)
where A is a first-order elliptic pseudodifferential operator on M. In this case G is
the Hamiltonian flow generated by the principal symbol of the pseudodifferential
operator A.

It was observed in [10] that Lagrangian manifolds in general do not allow a
global parametrization by one real phase function ¢. One of the obstacles of its
global parametrization is the non-triviality of some cohomology class which is
usually called the Maslov class. Besides, in the non-stationary case, this fact is
motivated by the presence of the so-called caustics. It might be one of the reasons
why the classical global theory of Fourier integral operators, developed in [5], was
based on the study of local oscillatory integrals (0.1). It leads, nevertheless, to
some global objects such as the Maslov index, the Keller-Maslov bundle, etc.

The main purpose of this paper is to propose another approach to Fourier
integral operators. We find it to be simpler, and develop it when A is generated by
a homogeneous canonical transformation. We apply this approach (instead of the
classical one) to the study of the asymptotic distribution of eigenvalues in [13].

In this case we prove that the Lagrangian manifold can be parametrized by a
global complex phase function. This allows us to represent a Lagrangian distribu-
tion by only one oscillatory integral with a global complex phase function ; see
Sections 1 and 3. We prove its invariance, with the phase variables n € Ty M\0 in-
stead of { € RY with some N. (Note that here the number of phase variables N = n
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is the least possible.) In Section 1 we first introduce a class of non-degenerate
complex phase functions ¢ globally parametrizing the Lagrangian manifold, and
then study how the amplitude p depends on the choice of . It leads us to some
new definitions of well-known global geometric objects. In particular, in Section
2 we obtain a definition of the Maslov class and the Maslov index by means of
de Rham cohomology; see [4] for various definitions of the Maslov index.

In Proposition 2.3 we introduce an integer-valued function © related to caus-
tics. It is also an invariant of the Lagrangian manifold A, which allows us to give
another definition of the Maslov index. This definition has the advantage of being
suitable for arbitrary (not necessarily closed) curves. An analogous approach has
been developed by V. Arnol’d (see [1]) for generic Lagrangian manifolds.

In Section 3 we prove two theorems on the asymptotics of Fourier transforms
clarifying the connection between © and the properties of the Lagrangian distri-
bution. In fact, for a Riemannian manifold and the geodesic flow G the value of
—O along a geodesic curve coincides with its Morse index; see Section 4.2.

As a corollary, we obtain that the Schwartz kernel of the operator exp(—itA)
can be represented by only one oscillatory integral. In Section 4 we give an
independent proof of this result for those readers who are not familiar with the
theory of Lagrangian distributions.

This paper is a recast and extended version of the preprint [9]. Note that
complex phase functions have been applied to different problems earlier; see, for
example, [11], [12], and [3]. The main idea of this paper is based on the use of
such phase functions for the study of global properties of Lagrangian distributions.

1. Time-Independent Distributions

1.1. Global Phase Functions

Let G be a smooth homogeneous canonical transformation in the cotangent
bundle T*M\O. For (y,n) € T*M\O0 let us denote

Gly,n) = (. ().

Then G(y,An) = (x*(y,n),\*(y,n)) for all A > 0. We consider the Lagrangian
manifold

A = {x9,0.-n: (& = Gly,n} C(T"M\0) X (T*M\0) .

It is clear that A is naturally parametrized by (y,n) € T*M\0, and this allows
us to identify all objects (functions, cohomology classes, etc.) defined on A with
those on T*M\0.

A complex homogeneous function of degree 1

olx;y,m) € C*M X (T*M\0))

such that Imy = 0 is said to be a phase function. We shall always assume that
Im ¢(x; y,n) > 0 for x lying outside a small neighborhood of the point x*(y, 7).
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Denote by & the class of phase functions ¢ satisfying the following three
conditions:

(1.1) e(x*,nsy,n) =0,
(1.2) e (X i) = £,
(1.3) det e (x* (v, m)iy,m) # 0.

Remark 1.1. The condition (1.3) is invariant. Indeed, when we change the
coordinates x — ¥ and y — § we obtain

dgxp = (85/8) - By - (05/0%)™!
and therefore det 95z is not equal to zero for ¥ = X*.

LEMMA 1.2. Any phase function ¢ satisfying the conditions (1.1)H1.3) gives
a global parametrization of the Lagrangian manifold A.

Proof: Let us differentiate with respect to n the identity (1.1). In view of
(1.2) we obtain

o (X*umyom) + € Gm)-xn(yn) = 0.

Since the transformation G preserves the canonical 1-form £ - dx we have

(1.4) £ xy; = 0, £ xy = M.
Therefore
(1.5 onlxy,m) = 0

for x = x*(y,7n). On the other hand, the Euler identity

n- e y.n = ey, n)

implies that ¢(x;y,n) = 0 if ¢,(x;y,m) = 0. So p,(x;y,7n) can be equal to zero
only if x is sufficiently close to x*(y, 7). In view of (1.3) in a small neighborhood
of the point x*(y, n) the equation (1.5) may have only one solution with respect to
x. Therefore the equation (1.5) has the only one global solution x = x*(y, 7). By
analogy, differentiating (1.1) with respect to y and taking into account (1.2), (1.4),
we obtain

oy (" nky,m) = —n.

This completes the proof.
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Denote
Oy = Pplyim) = O] pe
&, = Qxx(y’ 77) = axx‘f"x:x‘ ’
@x,, = ‘qu(y, 77) = 6xn‘P|x=x' s
(16) q’r;x = Q1pc(y» 77) = q),{n(yv 77) .

The condition (1.3) is equivalent to the fact that the matrix ®,,(y, n) (or ®,(y, 7))
is non-degenerate for all (y,n).

Remark 1.3. In view of (1.1) and (1.5) the symmetric matrix ®,, behaves as
a tensor. Changing the coordinates y — ¥ we obtain

) By = (95/0Y) By - (05/09) |, -
By analogy, since the function Im ¢(x; y, ) of the variables x has a second-order
zero at the point x = x*(y,7), the imaginary part Im ®,, of the matrix ®,, is a

tensor over the point x*. This fact together with Im ¢(x; y,n) = 0 implies also

(1.8) Im®,, =2 0.

On account of the conditions (1.1) and (1.2), in any coordinate system
* * 1 * *
(19) plwym) = -x7)-£" + 5 Pulr—x )-(x—x%)

+ O(x=x* P,  x—x", Inl o0,
where O(jx — x*|?|n]) is homogeneous with respect to n of degree one. Differen-
tiating the identity (1.9) with respect to x and 7 and taking into account (1.4), we
obtain
(1.10) @y =& — Ooxy, By = —() &5 + ) B xy .

As the matrix ®,, is symmetric we also have

By = —ENT x5 + O - Bpe - xy
Consequently
(1.10) O, = —() By = B xy .

With account of (1.3) this gives ker ®,, = kerx; . Moreover, (1.8) and (1.10) yield
Im®,, = 0.
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The matrices x, and £, will be used very often later on. Since the transfor-
mation G preserves the canonical 2-form dx A d§ we have

(L.11) €N -xp - g =0

(in fact this also follows from (1.10) and the symmetry of ®,,). Changing the
coordinates x — % and y — ¥ we have

%5 = (0%/0x)-x; - (85/8y),

i.e., x; behaves as a tensor. The matrix £, also behaves as a tensor with respect to
y. This is not true, however, with respect to x. Indeed, passing from coordinates
x to X we obtain

&) = 0x/007 | ;5. £° (1)
Differentiating this identity with respect to 1 we see that
(1.12) Ox/%)" | ;5 - & um) = & Gum) — Clym) - %5 ()

where C = {C;;} is the symmetric matrix-function with elements

- Bzxk
Cijy,n) = zk: (Biiaij)

Here 8%x;/0%;0% ; are the second Taylor coefficients of x(%) at the point ¥ = X*
which for fixed (y,n) can be chosen arbitrarily. Thus given coordinates %, an
arbitrary real symmetric matrix Cy and a fixed point (y, n) we can find coordinates
x such that in (1.12) C(y,n) = C.

& (,m) -

X=

1.2. Existence of Global Phase Functions

To demonstrate the existence of phase functions satisfying the conditions (1.1)-
(1.3) we shall prove the following lemma, which gives a natural example of the
function ¢ .

Let us introduce on M a Riemannian metric g. For sufficiently close points
X €M,y €M let v,,(s) be the “shortest” geodesic connecting y and x, ie.,
the geodesic defined in the normal system of coordinates with origin at y. We
shall choose the parameter s such that y,,(0) = y, v,.(1) = x. We denote
v(y,x) = ¥,.(0) € T,M, and smoothly extend v onto M X M. Let b(x;y,n) be a
smooth function positively homogeneous in 7 of degree 1 such that

*

bly,n) = O(x—x*12[nD), x—=x*, |nl = oo,

Imex()’an) > 0, By = axxb|x=x‘ P

and
Imb(x;y,n) > 0
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for x # x*.
LEMMA 1.4. The phase function
oy, m) = vix*,x)-£* + blx;y,n)
satisfies the conditions (1.1)<(1.3).

Proof: The conditions (1.1) and (1.2) are obviously fulfilled. Thus it remains
to verify (1.3). Let us choose a local coordinate system. Then, in view of (1.10),

Red,, = & — Red,-x, , Im®,, = —Im®,,-x,,

where
Im®,, = ImB,,(y,n) > 0.

By (1.10') Re ®,-x; —(x;)" -Re ®,, = 0. This formula and formula Im ®,, =
-Im®,, - x; imply

(1.13) (Re®%, - iIm®L) - Imd; - (Red,, + ilmd,,)
= Re®l -Im®; -Red,, + Im®L - Imd;! - Imd,, .

The real matrix on the right-hand side of (1.13) is non-negative, and we obtain
for any vector ¢ from its kernel

- ..
¢ =0, &c = 0.

But since the transformation G is non-degenerate then ¢ = 0. This completes the
proof.

Example 1.1. Given a Riemannian metric g on M we can take

* * i *
ploy,n) = v, 06 + v 012

for x sufficiently close to x* (for x far from x* we can take an arbitrary smooth
extension with Imy > 0). In particular, when M = R” with Euclidian metric the
conditions (1.1)~(1.3) are fulfilled for the phase function

* * i *
pliy,) = (e-x")-£0 + Slx—x 1210l .

We shall see below (Section 2.4) that in general there is no real phase function
satisfying the conditions (1.1)«1.3) globally. One can, however, always find a
phase function which is real in a given small neighborhood.
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PROPOSITION 1.5. Let (yo,m0) be a fixed point from T*M\O, and xp =
x*(yo,m0). Then in a neighborhood of the point x, there exists a coordinate system
x such that

(1.14) det&; (yo.mo) # 0.

Proof: Let % be arbitrary coordinates in a neighborhood of the point xp. In
view of (1.11)

%2 (yo.m0) © ker&y(yo,m0) — ker (€3 (yo,m0))”

and since the transformation G is non-degenerate, the rank of this map is maximal.

Let C° be the orthogonal projection on ker (£2(yo,n0))”. Then C° - £2 (yo,n0) = 0
and therefore

(€: 0o, m0) — C°- %2 (o, m0))” - (€ (o, m0) — C°- %3 (o, m0))
= (£:00,m0)" - &G0, m0) + (B2 (0.,m0))7 - C°- %2 (yo,m0) -

The matrix on the right-hand side of this equality is strictly positive, consequently
the matrix

& (o, m0) — CY- %2 (yo, 7o)

is non-degenerate. Choosing now coordinates x such that

Z 62Xk

(see (1.12)) we obtain (1.14). The proof is complete.

£ (o,m0) = Ci(yo,m0)

X=xp

Obviously, if (1.14) is fulfilled then in a neighborhood of the point (xo; yo, 70)
the real phase function

(1.15) x—x%)-¢*

satisfies the conditions (1.1)~(1.3), and thus it gives a local parametrization of the
Lagrangian manifold A.

We shall need the following two lemmas. The first one implies that a phase
function satisfying the conditions (1.1)-(1.3) locally can always be extended up to
a phase function satisfying the conditions (1.1)}-(1.3) globally. The second lemma
states that the class # is connected.

LEMMA 1.6. Let V be a closed conic subset of T*M\O and let W= {(x; y,n) :
(y,m) €V, x =x"(y,n)} C M X(T*M\0). Let ¢ be a phase function satisfying
(1.3) on V, and (1.1), (1.2) on some (open) conic neighborhood 7 C T*M\0 of
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the set V. Then there exist a phase function py € % and a conic neighborhood
W CMX(T*M\O) of the set W such that o9 = g on ¥ .

Proof: Let y(x;y,n) be an arbitrary phase function from the class # with
Im¥,, > 0, ¥,, = Oy¥|,_,+, and with Im¢ > 0 for x #+ x*; such a phase
function exists due to Lemma 1.4. Let us choose two small neighborhoods #" C
W C M x(T*M\0) of the set W and a real-valued function p(x; y,n) € C*(M X
(T* M\0)) positively homogeneous in 1 of degree 0 such that 0 = p(x;y,n) = 1
on M X(T*M\0), p=0o0n #, and supp(l — p) C # . Set

wolx;y,m) = (1-plx;y.m) el y,n) + plxy,n)el(x;y,n) .

It is easy to check, repeating the arguments from the proof of Lemma 1.4, that
the constructed phase function ¢ satisfies the requirements of Lemma 1.6 if %
is a sufficiently small neighborhood of the set W. This completes the proof.

LEMMA 1.7.  Any phase function gy € F can be continuously transformed in
the class & into any other phase function o) € %.

Proof: For(0 =s=1 set
(1.16)  osx;y,m) = (1= s)oolx;y,m) + seilxy,n) + s(1—9)bx;y,19),
where b(x;y,n) is as in Lemma 1.4. By (1.8) and Lemma 1.4 ¢; satisfy (1.1)«1.3)

for all s € [0, 1]. The proof is complete.

1.3. Global Oscillatory Integrals

Let us introduce a “function” d, € C*(M X T*M\0) homogeneous in 7 of
degree zero such that

(1.17) |d,| = /| det D]

for x close to x*. Under change of coordinates ./| det 8,,¢| behaves as a %-density

with respect to x and as a (— %)-density with respect to y, and we assume that |d,,|
has the same property.
Lemma 1.2 immediately implies the following

THEOREM 1.8. Let u(x,y) be a Lagrangian distribution associated with the

Lagrangian manifold A. Then for any phase function ¢ € ¥ there exists an
amplitude p(x;y,n) such that

(1.18) ulx,y) = @2=n)™" / €5 pix;y, ) [d, 0y, m) dn
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modulo a smooth half-density.

Remark 19. Usually Lagrangian distributions are supposed to be half-
densities. When we consider p in (1.18) as a function on M X (T*M\0) the
properties of |d,| yield that the integral [e*p |d,|dn behaves precisely as a
half-density in x and in y.

Proof of Theorem 1.8; By the condition (1.3) the phase function ¢ is non-
degenerate. Therefore according to Theorem 25.4.7 from [8], a (local) oscillatory
integral with an arbitrary phase function locally parametrizing A modulo a smooth
function is equal to a (local) oscillatory integral with phase function ¢. Since a

Lagrangian distribution is a locally finite sum of such oscillatory integrals, the
same is true for the whole Lagrangian distribution # with some global amplitude

D-

DEFINITION 1.1.  The Lagrangian distribution # and the oscillatory integral in
(1.18) are said to be of order m if the amplitude p € S™.

LEMMA 1.10.  The oscillatory integral (1.18) of order m can be written in the
form

(1.19) (21r)‘”/ei“’ pley, m) ldy(x; y,n)| dn
= 2m)™ / e plx™; ) 1dy(x; y, Ml dn
+ 2m)™ / €% plx; y,m) |d,(x; y,m)| dn
with p € S™1. If in a local coordinate system for x close to x* we have
(1.20) plsy,m) — pesy,m) = —x")-rGsy,m), res”,
then in these coordinates
Py, m) = Lx;y,n,Dp)rix;y,n),
where L is a first-order differential operator such that
Loy, M, \7!D) = Ny, n,.Dy), A>0.
Proof: Without loss of generality we may assume that the amplitude p has

a small support with respect to x. If p is equal to zero in a neighborhood of the
set {x = x*}, then Im (x;y,n) > 0 on the support of p, and (1.18) is a smooth
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half-density. Therefore we may assume also that x is sufficiently close to x* and
that (1.20) holds.

Let us consider the oscillatory integral with amplitude (x — x*) - r. We can
replace (x — x*)e’ by B~'V,(e'), where B = B(x;y,n) is a homogeneous non-
degenerate matrix of degree zero, and B(x*;y,n) = —i ®,,(y,n). Now, integrating
by parts with respect to n we obtain an oscillatory integral with the same phase
function and amplitude

p = ld,|'div,(ld, | B Y r) € sm1.

The proof is complete.

Remark 1.11. Lemma 1.10 implies that if p(x*;y,n) = 0 then we can de-
crease the order of the amplitude by 1. If the amplitude p(x;y,n) has a zero of
the order 2N — 1 or 2N at x = x*, however, then generally speaking, the order
of the amplitude can be decreased by N. This happens because in the process of
integrating by parts we differentiate the remaining factors (x — x*) with respect to
n. (In the special case x* = y these derivatives are equal to zero, and in this case
the order of the amplitude can be decreased exactly by the order of the zero of p
atx = x*))

Iterating formula (1.19) we obtain the following

COROLLARY 1.12.  For any amplitude p(x;y,n) € S™ there exists an amplitude
q(y,n) € S™ independent of x such that modulo a smooth function

@0 [ éptusyn) ldytsiyl dn = @) [ ¢4 dytxs 3.

By Theorem 1.8 and Corollary 1.12 any Lagrangian distribution u(x, y) can be
written modulo C* in the form

(1.21) ulx,y) = (ZW)_"/ei‘P(";y”” q(y,m) |d,(x;y,m)| dn .

1.4. Principal Symbol

Obviously, there are many amplitudes p(x;y, ) determining the same Lagran-
gian distribution (1.18). In (1.21), however, the amplitude g (independent of x!) is
defined almost uniquely by the Lagrangian distribution » and the phase function
. We deduce this fact from the next theorem, but first we formulate

DEFINITION 1.2. Let C = C; + iC, be an n X n complex symmetric matrix
with C; = 0 (C; and C, are real symmetric matrices). We denote by Ilc the
orthogonal projection on ker C and introduce

det, C = det(C +Il¢).
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We choose the branch of the argument of det. C such that it is continuous with
respect to C on the set of matrices C with a fixed kernel and is equal to zero when
C; =0.

Note that under the conditions of Definition 1.2 ker C = kerC; N kerC,. In-
deed,

ce€kerC = Re(CGA)=(Ci¢,A)=0 = (Fe€kerC; = c€E€kerC,.
Therefore there exists a real orthogonal matrix J such that

C‘O)

--T=
J-C-J (00

with some non-degenerate C . By Definition 1.2 det, C = detC and the branch of
the argument is chosen as explained in [6], Section 3.4. When C{ = 0, we obtain

(1.22) argdet, C = %sgnCz,

where sgn C; is the signature of C5; see [6], Section 3.4.
We will also use the following simple

LEMMA 1.13. Let J be a non-degenerate real matrix. Then

argdet, C = argdet, (JCJT).

Proof: Let k = rankIl¢. Then det., C coincides with the coefficient attached
to £* in the polynomial det(C + l), i.e.,

det, C = e *det(C + D), -
For any non-degenerate real matrix J we have

det, (JCJT) = e*detUCIT +eD)|,_,
= det’J det(C + Mc(JTN) ') = det?J det, (Mc(JTJ) ') det, C ,
and therefore argdet, C = argdet, (JCJT) + 2nk for some integer k. Since
arg det, C continuously depends on C on the class of matrices with a fixed kernel

and argdet, C = argdet, (JCJT) = 0 for a real non-negative matrix C, we obtain
k = 0. The proof is complete.

THEOREM 1.14.  Let q,, be the leading term of the amplitude q in (1.21). Then
the (non-smooth) function

(1.23) e"%(a"gdeh (‘I’m,/l'))qm
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is uniquely determined by the Lagrangian distribution u and is independent of the
phase function ¢ € # and of the choice of coordinates y.

Remark 1.15.  Since (1.23) is independent of the choice of coordinates y and
of the choice of the phase function, this function is an invariant. It can be called
the principal symbol of the the Lagrangian distribution u. Usually the principal
symbol is defined as a section of the Keller-Maslov bundle; see comment after
Proposition 2.8, as well as [5] and [14]. Our aproach allows us to interpret the
principal symbol as a non-smooth function defined on 7*M, and not as a section
of the Keller-Maslov bundle.

Theorem 1.14 immediately implies

COROLLARY 1.16. All the homogeneous terms of the amplitude q in (1.21)
are uniquely determined by the Lagrangian distribution u and the phase function
p EF.

Proof of Corollary 1.16: If u is a smooth half-density then by Theorem 1.14
all the homogeneous terms of the amplitude ¢ are equal to zero. Thus, if u is
represented by two different oscillatory integrals with the same phase function
then all the homogeneous terms of the amplitudes must be equal.

The proof of Theorem 1.14 is based on two auxiliary lemmas. Let us fix a
point (yg, 7o) and denote xo = x* (yo, 10), &0 = £* (0, 70)- Choose a local coordinate
system x in a neighborhood of x¢ such that (1.14) is fulfilled, and introduce the
matrix-function

b, &
v - v = (3 7))

Taking into account (1.10) we obtain
(B Ba) (15) < (B &),
¢, @, 0 I ¢, O
Therefore, in view of (1.3) and (1.14), ¥ is non-degenerate and
(1.24) |det®| = |deté; | |det®y,| = |detér| |dyI? ], -

LEMMA 1.17. At the point (yo,m0)

argdet, (¥/i) = argdet, (/i) — msgn () -€7)/2.

Proof: In view of (1.11) we have for ¢ > 0

(1.25) (or —e&3) - (xy +e&y) = ) -xy — &) &, .
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By (1.14) the matrix (£;)7 - &, is strictly positive at the point (yg, o). Multiplying

(1.25) from both sides by ((6;)7 - ¢&5) Y2 we see that for sufficiently small & > 0
the matrix (1.25), and thus the matrix x, + &£;, is non-degenerate.
The equalities (1.10) imply

wao (55597 0)-(3 o) (3% )

(e 0 L (AT €)%
‘( "o @nn/i) ’8( &6 0 ")

— ie? ((gs)r'g)xx'&; g)

Since ¥ is non-degenerate, the deteminant det, of the matrix on the left-hand
side of (1.26) is equal to

detz(xr,; + 8677) det+ (\I’/l) = Ck82k det+ (\I}/i) + 0(82k+l) ,

where k = dim ker x, and ¢; # 0 is independent of ¢.
Let C be the restriction of the matrix

(2(67’; Y& (€37 <I>m,)
®,, - & 0
to the kernel of
((xi; Y& 0 )
O Q7171 '
By (1.10"), (1.11)

)T - & 0)_ (x; 0)
ker( 0 ®,, = ker 0 x

and Py |yers = &5 |ery- Therefore the matrix C is independent of . As the

coefficient attached to & in the expansion for the determinant of (1.26) is non-
zero, we have rank C = 2k. Therefore, the determinant det, of the matrix in the
right-hand side of (1.26) modulo O(%**!) is equal to

G -€x/i 0O .
det+[( " 0 K <I>,,,,/i) —teC]
= e dety ((x;)7 - &, /i) det, Cdet. (®,,/i)

(in the proof of this lemma the sign “=" means also the equality between the
respective branches of the arguments).
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Thus at the point (yg, 7o)
det+ (lI’/l) =C det+ (q)rm/i) s

where ¢ # 0 does not depend on . To compute the constant ¢ we take a special
phase function which coincides with (1.15) in a neighborhood of (xo; yo, 7o) (by
Lemma 1.6 such a phase function exists). For this phase function

&, =0, (I)xn = 677 s q)'l'l = —(x’;)T'ﬁ;; :

The upper left block ®,, of the corresponding matrix ¥ is zero, and so sgn¥ = 0.
By (1.22) we have
det, (U/i) = det’¢;

with zero branch of the argument. This implies
¢ = det’s; dety! (ix;)€r) | o) °
Therefore for an arbitrary phase function ¢
det, (B/i)] () = det’éy dets' (i(x))7&7) dets (@pn/i)| )
and, consequently, at the point (yo, 70)
argdet, (U/i) = argdet, (®,,/i) — argdet, (i(x;)" - &) .
From (1.22) it follows that

(1.27) argdet, (i(x;)7 - &) = - sgn((x;)-&7) .

T
2
This completes the proof.

LEMMA 1.18. Let u be a Lagrangian distribution (1.21) of order m, and g,
be the leading homogeneous term of the amplitude q. Let (1.14) be fulfilled. Then
for any smooth function p(x) which is equal to 1 at the point xo and which has
sufficiently small support, we have

(1.28) / e ™% p(x)ulx, yo) dx

= \" e—iMO'fo (eiw sgn ((x;)TAEJ)M e—i(argdeu (@,,,,/i)/Z I det 5; |—1/2 (Im) o)
0,170

+ ooy, AN — +00.

Proof: Let us replace in the left-hand side of (1.28) the distribution u by the
oscillatory integral (1.21) and change the variables n = \f. Then we obtain the
integral

Q2m)~"\" / eNE0=x40) 5(x)a(yo, NO) |d ,(x; Yo, 8)| dx A8 .
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Now we apply the stationary phase method. Recall that the equation
wply,m) = 0
has the unique solution x = x*, and by (1.14) the equation
ex(x*;y0,8) — & = £ (30,0 — & =0
also has the unique solution § = . Thus, the function (x;ye,0) — x & has

a unique stationary point x = xg, # = ng9. Obviously, its Hessian at this point
coincides with . Using the stationary phase formula we obtain

/ e ™0 p(x)ulx, yo) dx

+ 0(xn+m—l) .

. —-1/2
= \ntm e—t)\xo-fo (det+ (7\‘1’/1)) |d¢| qm
(xo03y0.70)

By (1.24) we have at the point (xo; yo, 170)

-1/2 -1/2
(dets /) ldyl = A7 (dety (/D) | detéy |72 [det, (/0] V2
= A"l detgy |2 g lameden @) 2

This equality and Lemma 1.17 imply (1.28). The proof is complete.

Proof of Theorem 1.14: The coefficient attached to \™ in the asymptotic
formula (1.28) for the Fourier transform of the distribution p(x)u(x, yo) depends
on the choice of the coordinate system but not on the phase function . Therefore
the function (1.23) is also independent of ¢. Lemma 1.13 and (1.7) imply that
arg det, (®,,/i) (and thus (1.23)) is independent of the choice of coordinates y.
Since this function cannot depend on the coordinates x, it is uniquely determined
by the Lagrangian distribution u. The theorem is proved.

2. Cohomology Classes and Existence of Real Phase Functions

2.1. The Maslov Index

In this subsection we recall the definitions of some geometrical objects con-
nected with a Lagrangian manifold. Almost all these objects are well known.
Their definitions, however, are based on some auxiliary technical results which
will be proved in the next subsection.

Let us choose a covering of A by small open neighborhoods U, and real phase
functions ¢, parametrizing A in these neighborhoods. We shall always assume
for definiteness that the U, are contractible.
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For (y,n) € U, N Uy we denote

1 1
(2.1)  oap = g4ply,n) = 5 sen O Pe | x=xt T 5 SEM Omes | rex®
It is known that 0,4 are integers independent of (y,n) € U, N Up (see [5] or
Lemma 2.5 below). The cocycle {U, N Up, 045} generates a cohomology class
in the Cech cohomology group H'(A,Z). This class is said to be the Maslov
cohomology class of the Lagrangian manifold A. The value of this class on a
closed curve v (i.e., the sum of o, along y) with sign minus is called the Maslov
index of this curve and denoted by ind y. (Such an approach based on the local
parametrization of A by real phase functions ¢, was suggested by L. Hormander
in [5].)

The factor class modulo 4 of the Maslov cohomology class from H'(A, Zy) is
called the reduced Maslov class of A. The value

ind;y = ind y (mod4)

is said to be the reduced Maslov index of y. The reduced Maslov class is naturally
associated with a complex linear bundle over A which is called the Keller-Maslov
bundle. By definition every real phase function ¢, gives a local trivialization of
this bundle over U,, and the transition function for two different phases ¢, and
wp is equal to exp(imoap/2).

All the given definitions are independent of the choice of U, and the phase
functions ¢, (see Theorem 2.6). Note that the reduced Maslov cohomology class
(and therefore the Maslov cohomology class) might be non-trivial. The Keller-
Maslov bundle, however, is always trivial, i.e., there exists its global section which
is never equal to zero; see [5]. Such sections in general cannot be obtained by use
of real phase functions. We shall see that they naturally appear when one deals
with the global complex phase functions introduced in Section 1.

2.2. Auxiliary Functions # and ©

Let us introduce the integer-valued function
R(y,n) = rankx,(y,n)

on T*M\0. Obviously, #(y,n) = n—1. The set of points (y,n) where Z(y,n) <
n— 1 is called the singular set of the Lagrangian manifold A. Its projection on
the manifold M is said to be the caustic set.

We shall need the following lemmas.

LEMMA 2.1. Let the phase function o satisfy the co~nditions (1.1), (1.2) (not
necessarily (1.3)). For fixed local coordinates let 1 and 11 be the orthogonal pro-
jections on kerx, and ker (x; Y correspondingly, T = (I — I), II' = (I - II).
Then

22) det(f1-¢; T # 0,
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2.3) detd,, = det(f1-¢&; - M) det (T’ - &, - IT) ,

where by det in the right-hand side we mean the determinants of the restrictions
of these matrices to the corresponding subspaces.

Proof: The identity kerx; Nker; = {0} and formula (1.11) imply that the
restriction of IT- ¢, - I is a non-degenerate % X %#-matrix. Therefore (2.2) is
fulfilled. From (1.11) it follows also that

m.¢-M=0.
This fact and (1.10) imply that in special bases associated with orthogonal decom-
positions R" = kerx; @ Im(x;)7 and R" = ker(x;)” ® Imx, the matrix ®,, is

triangular, and its diagonal blocks are I1- &} - T1 and IT' - ®,, - IT'. This implies
(2.3) and completes the proof.

LEMMA 2.2. For any phase function ¢ € F and any coordinate systems x
and y we have

(2.4) det, (®,,/i) = i® f det®,,,

where f = f(y,n) is a (non-smooth) real-valued function independent of o (here
we do not mean that the branches of the arguments necessarily coincide). If for
coordinates x the inequality

2.5) deté;(y,m #0

holds (see (1.14)), then

(2.6) fO,m) = i (det£y)" dets (i(x;)T - €7) .

Proof: By (1.10")
2.7 &, = (I ()7 -11') - (T - ®,, - TT') .

Thus _ -
det. (®,,/i) = #det(Il' - (x3)7 - IT') det(IT' - &, - IT') .

This equalitiy and (2.2), (2.3) imply (2.4) with a real function f independent of .
When (2.5) is fulfilled we can take the phase function (1.15) and then obtain

det, (®,,/i) = dety (ix;) &),  detd,, = detsy .

This yields (2.6). The lemma is proved.
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Let us choose some coordinates and consider the complex function det’®,,.
The argument of this function does not depend on the choice of local coordinates
x and y (see Remark 1.1); this is why we use det’®,, instead of det®,,. We can
now globally define on T* M\0 the smooth multi-valued function

dp = 9s(y,n) = argdet?®,(y,n)

(the branches of which differ by 2x).
Let us introduce the non-smooth multi-valued function

(2.8) 00, = Q2n) "9 — nlargdet, (8,,/i) + %/2.

Obviously, the function ® is multi-valued only due to the fact that 94 is multi-
valued. On a simply connected open set we can always fix a particular smooth
branch of ¥, and this uniquely determines the values of ® on this set. Since
argdet. (®,,/i) is independent of the choice of local coordinates y (see the proof
of Theorem 1.14), the function @ is independent of the choice of local coordinates
x and y.

PROPOSITION 2.3.  The function © takes integer values, and it is independent
of . The branches of ® are continuous along any curve on which rankx, is
constant.

Proof: The first statement of the proposition immediately follows from (2.4)
and the fact that f is real and does not depend on ¢.

By (1.10’) rank ®,,, = rank x; . Therefore, arg det, (®,,/i) can have jumps only
when rank @, changes. This implies the second statement. The proof is complete.

Proposition 2.3 implies, in particular, that © is smooth outside the singular set
of the Lagrangian manifold A.

Below we prove the important Lemma 2.4 which will allow us to compute the
function ® explicitily in some special cases (see Section 3).

DEFINITION 2.1, For a real symmetric matrix C we denote by r..(C) and r_{C)
the numbers of its positive and negative eigenvalues respectively.

LEMMA 2.4. Let U C T*M\O be a connected and simply connected open set,
and let ¢ be a phase function satisfying (1.1){1.3) and such that ®,, is real on
U. Then the difference

0 - r.(@,)

is constant on U. In other words, the jumps of the function ® on U coincide with
the jumps of r . (®,,).
Proof: The equalities (1.22) and (2.8) give in U
® = (#+sgnd,,)/2 + k,
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where k is an integer depending on the choice of the branch of ¥ . By (1.10") we
obtain
rank®,, = % .

These two equalities imply the lemma.

Lemma 2.4 implies that given local coordinates x satisfying (2.5), we have on
a connected and simply connected open set

0 = r () &)

modulo some additive integer constant. Indeed, this fact immediately follows from
Lemma 2.4 if we take the special phase function of the form (1.15).

2.3. Another Definition of the Maslov Index

Let us fix a complex global phase function ¢ and an open covering {U,} with
corresponding real phase functions ¢, (see Section 2.1). By Proposition 2.3 in
every neighborhood U, the difference

(19@ — 2a.rgdet+ (@171,/1)) - (190‘, - 2argdet+ (aﬂﬂ‘pﬂ/i)lx=x')
= (9p — 2argdet, (®,,/i) — 7sgndypal o

modulo 27 is equal to zero. It means that on U, the function
1 ) 1
(2.9) 0o = —arg det, (®,,/i) + 5 sen C I

coincides with a branch of the multi-valued function (27)~!9s. This fact imme-
diately implies the following

LEMMA 2.5.  On the intersection U, NUg the difference o, — 0 is an integer,
and

" Oq — 08 = Oag,

where 04z is defined in (2.1).
Let us introduce the 1-form
Qs = 2m) 'dos .

In every neighborhood U, we have Q33 = do,. Therefore the value of the cocycle
{Ua NUgp,04p} on a closed curve v is equal to the integral of Qg over this curve.
It means that the de Rham cohomology class generated by Qg is the image of
the Maslov cohomology class provided by the standard isomorphism of the Cech
cohomology group and the de Rham cohomology group; see, for example, [15].
This shows that the definition of the Maslov cohomology class does not depend
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on the choice of U, and ¢,, and the corresponding de Rham cohomology class
is independent of . The last statement aiso follows from Lemma 1.7. Indeed,
in view of this lemma any two phase functions from % can be continuously
transformed one into another in this class. But the considered cohomology class
is integer-valued, and a continuous transformation can not change its values on
closed curves.

Thus we have proved

THEOREM 2.6.  The definition of the Maslov cohomology class does not depend
on the choice of U, and ¢,. For any global phase function ¢ € ¥ its value on a

closed curve vy is equal to
indy = — /Qq; .
Y

Since the reduced Maslov class is a factor of the Maslov cohomology class, it
also does not depend on U, and ¢, and

ind4y = _/Q(p (mod4).
Y

Theorem 2.6 allows us to interpret the Maslov index of a curve y as the sum
of jumps of the multi-valued function —® (introduced in (2.8)) along .

THEOREM 2.7.  For any closed curve vy

indy=—/d®,
y

and, respectively,
ind 4y = —/d@ (mod 4) .
Y

Proof: By (2.8) we have
oy, m — 2n) s = R/2 ~ 7 'argdet, (D,,/i) .
The right-hand side of this equality is a non-smooth, single-valued function.
Therefore the integal of its differential along the closed vy is equal to zero. Con-

sequently [, Qs = [, d®. The proof is complete.

Using the function ® we can define the Maslov index for an arbitrary (not
necessarily closed) curve. Let vy be a curve on A with initial point (yo,n0) and
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end point (y;,m). Since @ is independent of ¢ and takes integer values (see
Proposition 2.3), it implies that

(2.10) - /d@ = — {R/2 — n'argdet, (<I>,m/i)} | &')z;; - /Qcp

Y Y
is an integer depending only on vy and the Lagrangian manifold A. Therefore it
is natural to introduce the following

DEFINITION 2.2. Let y be a curve on A with initial point (yo,n0) and end
point (y;,n;). The number (2.10) is called the Maslov index of vy, and its residue
modulo 4 is called the reduced Maslov index.

2.4. Principal Symbol and Global Oscillatory Integrals Revisited

Let us consider now the multi-valued function ¢’**/*, Every real phase function
@ determines the branch €™a/2 of this multi-valued function on U, (here o, is
defined by (2.9)). On the intersection U, N Ug we have &7«/2 = ¢i™%es/2 ¢in0s/2,
This allows us to interpret ¢/**/* as a global section of the Keller-Maslov bundle,
the local trivialization of which on U, is ¢™=/2 (here the procedure of local
trivialization is simply the choice of a branch of the multi-valued function e*/4).
Obviously, this section is nowhere equal to zero, and it trivializes the Keller-
Maslov bundle.

By (2.8) %arg det, (®,,/i) = 9s/4 — 7©/2 + 7R /4. Therefore Theorem 1.14
immediately implies

PROPOSITION 2.8. The section e **/*q, of the Keller-Maslov bundle is
uniquely determined by the Lagrangian distribution (1.21).

The section e #/4g,, is usually called the principal symbol of the Lagrangian
distribution u. It determines ¥ modulo a Lagrangian distribution of order m — 1.

Assume now that the reduced Maslov cohomology class is trivial. In this
case the variation of the multi-valued function ¥ along any closed curve is a
number divisible by 87. Then every branch of e~%*/4 is a smooth globally defined
function on T*M\Q. Thus, in this case the sections of the Keller-Maslov bundle
are canonically identified with complex functions on 7* M\0 (or on A).

Let us define in a small neighborhood of the set {x = x*} the multi-valued
function

(2.11) B,(5y,m) = argdet’dp(x;y,n) .

Fixing a smooth global branch of ¥4 we obtain a smooth global branch of ¥,,.
It allows us to define in this neighborhood the single-valued function e’»»7/4,
We arbitrarily extend it to all (x;y,n) as a smooth function preserving the same
notation, and put

(2.12) dOy,m) = €PN/ \d ()|,
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where |d,| is defined by (1.17). It is clear that for x close to x* the function d,,
is a global smooth branch of (det?d,,y)"/*.
Now we obtain from (1.21) and Proposition 2.8 the following result.

PROPOSITION 2.9. Let us assume that the reduced Maslov cohomology class
of A is trivial. Then any Lagrangian distribution u(x, y) of order m associated with
A can be written as an oscillatory integral

(2.13) u(x,y) = Q@n)™" / e gy )y d, 0y, ndn

with an arbitrary phase function from % . The leading homogeneous term qn of
the amplitude q in (2.13) is independent of the choice of ¢ and is identified with
the principal symbol of u.

2.5. Existence of a Real Phase Function

Let Ap be an open conic subset of A. The restriction of the Maslov cohomology
class to Ag is trivial (i.e., indy = O for any closed curve y lying in Ag) if and
only if for some phase function ¢ € # there exists a smooth branch of ¥s on
Ao (then, in view of Lemma 1.7, the latter is true for any ¢ € ). Consequently,
if there exists a real phase function parametrizing Ag then the restriction of the
Maslov cohomology class to Ay is trivial (in this case we can take d5 = 0). Thus,
the non-triviality of the Maslov class is an obstacle to existence of a real phase
function parametrizing Ao. This obstacle, however, is not unique.

THEOREM 2.10. Let v C A be a closed simple (i.e., without self-intersec-
tions) curve. Then A can be parametrized by a real phase function satisfying the
conditions (1.1)41.3) in a small neighborhood of vy if and only if the following
two conditions are fulfilled:

(1) indy=0;
(2) there exists an integer p such that

(2.14) 0= 06yn+p = Zb,n), Yiney.

The proof of this theorem is based on the following two auxiliary lemmas.

LEMMA 2.11.  Let (yo,m0) € T*M\O be an arbitrary point and k be an arbi-
trary integer such that

k € [-ZA(yo,n0), Z(yo,10)]

and k + Ry, no) is even. Then there exists a neighborhood of the point

((x* o, m0) €* (o, m0)) » (y0,—m0)) E A
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which is parametrized by a real phase function ¢ satisfying (1.1)~(1.3) and such
that sgn ®,,,(yo.m0) = k.

Proof: Let us fix local coordinates in the neighborhoods of the points yo and
xo = x"(yo,m0) such that (2.5) is fulfilled, and denote by C the symmetric matrix
()T - €5 )(v0, m0). Choose a real phase function ¢ satisfying the conditions (1.1),
(1.2) and such that at the point (yo, 7o)

B, = & - fO)- (),
where f is a real function. Then by (1.10) at (yo, 7o)

®,, = —-C + C*f(C).
It is clear that we can find a function f which provides at (yp,n0) the equalities
rank ®,, = # and sgn ®,,, = k. By Lemma 2.1 and (2.7) the equality rank ®,,, = #

is equivalent to the non-degeneracy of the matrix ®,,, and therefore the condition
(1.3) is also fulfilled in a neighborhood of (yo, 7). The proof is complete.

LEMMA 2.12.  Let g and ) be real phase functions defined in a neighborhood
of a fixed point (xo; yo, n0), X0 = x*(yo, no), and satisfying (1.1)-(1.3). If

580 Jyyp0(X0; Yo, M0) = 8N Bnnep1 (X03 Y0, M0)

then there exists a smooth family of real phase functions p;, 0 = s = 1, satisfying
(1.1)<1.3) in a small neighborhood of (xo; yo, no), such that o, = g for s = 0 and
ps =1 fors = 1.

Proof: Choose local coordinates in the same way as in the proof of the pre-
vious lemma and denote

Bo,m) = Bu0licrrymy »  BIDM = Bupi] i -
. S 4Y)

It is sufficient to construct a smooth transformation B(y,n) of these matrix-
functions satisfying the condition

det(é; — Bs;-x;) # 0,
and then to take a family of phase functions ¢, such that
os = (x—=x")- €& + Blx —x*)-(x—x*) + O(x—x*1?|n)) .
Since the matrices

Ompolxo; yo,mo) = (x3) - (&5 — Bo-x; )|(y0,,,0)
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and
Ogm01(x0; y0,m0) = O3) - (&r — By -x:,’)l(m,m)

have the same signatures and kernels they can be smoothly transformed one into
another in the class of real symmetric matrices of the same form and with the
same kernel. This generates the desired transformation B; at (yo,79); see also
Lemma 1.2, Chapter 8, in [14]. Now we can take, for example,

Bi(y,n) = Bi(yo,m0) + s(Bi(y,n) — Bi(yo,m0))
+ (1 =) (Bo(y.m) — Bo(yo,no)) .

By continuity of By and B; the matrix

&) — B(y,n)-x, (y,m)
is non-degenerate when (y, ) is close to (yo, 7). This completes the proof.

Proof of Theorem 2.10:  Firstly, it will be convenient for us to rewrite condi-
tion (2) from the statement of the theorem in the following equivalent form: there
exists an even integer / such that

(2.14) 1280(y,n) — Ry, +1| = Ry,n, VneEy.

Note that in view of Lemma 2.4 the expression 20(y,n) — %#(y,n) appearing in
the left-hand side of (2.14) equals sgn ®,, modulo an integer additive constant.

Suppose there exists a real phase function ¢ satisfying the conditions of the
theorem. We already know that this implies (1), and in this case we can consider
O to be single-valued on y. Let us prove (2). Suppose that (2) is false. Then for
any even integer / the inequality (2.14') fails at some point. Consequently, there
exist two points (y;,n;),(y2,m2) € y such that

| (20(y2,m2) — B(y2,m2)) = (20(y1,m) — R(y1,m)) | > B(y1,m) + Z>2,m) .

But the difference of signatures of two matrices cannot exceed the sum of their
ranks. This contradiction proves the necessarity of condition (2).

Suppose that the conditions (1) and (2) hold. Let us prove the existence of
a real phase function ¢ satisfying the conditions of the theorem. Let us choose
a finite set of distinct points (y,,7ma) € v, @ = 0,1,...,N, and a set of their
neighborhoods U, such that y C UU, and that for each point (y,,n,) and any k
the construction of Lemma 2.11 produces a real phase function ¢, parametrizing
U, and with

sgn6m<pa|x=x.(ym%) = k.

Without loss of generality we assume that the covering {U,} of vy is of multiplicity
two.
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As condition (1) is fulfilled, we can consider ® to be single-valued on . Let
us fix an even integer ! for which (2.14') holds, and let us parametrize each U, by
a real phase function ¢, satisfying (1.1)—(1.3) and such that

Sgnaﬂﬂ‘pﬂl)r:x‘(_vmna) = 2®(ya»"7a) - '%(ymna) + 1.

By Lemma 2.4 on each U,
$gN 8P lx=x.(M) = 20(y,n) — Ry,n) + 1,

and therefore on each intersection U, N Upg
sgn 3nfl‘pa Ix:x‘(y,n) = Sgn a’m‘pﬂ | x=x*(ymn) *

Let Uy, NUg # &. Denote by gp?ﬁ the family of phase functions from Lemma

2.12 defined for (y,n) € U, N Uy and with wgﬂ = Pas (p?ﬂ = pg; here we reduce,
if necessary, the neighborhoods U,, a = 0, 1,..., N, in order to be able to apply
Lemma 2.12.

Let {p,} be a partition of unity associated with the covering {U,}. We intro-
duce

Captiym) = 08 (xy.7) .
s=pp(y.m)

Now we define the phase function ¢ such that ¢ = @,g if (y,n) € U, N Upg, and
¢ = o if (y,n) € U, and (y,n) & Up for all B # a. It is a smooth real phase
function parametrizing A in a neighborhood of y and satisfying the conditions
(1.1)(1.3). The theorem is proved.

Exactly the same arguments lead us to

THEOREM 2.13. Let v C A be a simple non-closed curve. Then A can be
parametrized by a real phase function satisfying the conditions (1.1)<(1.3) in a
small neighborhood of vy if and only if there exists an integer p such that (2.14)

is fulfilled.

Indeed, if the curve vy is not closed then we do not need the equality of sig-
natures in the first and last neighborhoods from the covering {U,}, and therefore
we can omit the first condition.

3. Lagrangian Distributions Associated with Hamiltonian Flows

3.1. Global Time-Dependent Phase Functions

Let h(x, &) € C®(T*M\0) be a positive function homogeneous in ¢ of degree
1. Denote by (x'(y,n),&(y,n)) the Hamiltonian trajectory in T*M\0 generated
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by the Hamiltonian h with initial data (y,n). In this and in the next section we
deal with Lagrangian manifolds

A = {8, (y,—n) 1 x =x'(y,n), £ = '(y,n)} C(T*M\0) X (T*M\0)

with fixed 7 € R! and

Ap = {0, 7), (0,8, (y,—m) : 7 = —h(y,n), x =x'(y,n), E=E'(y,n) }
C T*R! X (T*M\O) X (T*M\0) .

By analogy with Section 1 we say that a complex function
ot;x;y,m) € C*R!' X M X T*M\0)

is a phase function if it is homogeneous in 77 of degree 1 and Im ¢y = 0. As before
we shall assume that Im o(t;x;y,7) > 0 for x lying outside a small neighborhood
of the point x'(y,n). By &, we denote the class of phase functions satisfying the
conditions

(3.1) e(tx'(y,nsy,m) = 0,
(3.2) o (X (ymhiyen) = (.0,
(3.3) det Oy (1; X' (y,m);y,m) # 0.

Then for fixed ¢ all the results of Sections 1 and 2 remain valid with x* and &
instead of x* and £*. We preserve the notation from these sections, and consider-
ing ¢ as a parameter we shall refer to the results obtained there. In particular, by
Lemmas 1.4 and 1.2 phase functions satisfying (3.1}+3.3) exist and they globally
parametrize the Lagrangian manifolds A’.

LEMMA 3.1.  Any phase function ¢ € ¥, gives a global parametrization of
the expanded Lagrangian manifold Ay.

Proof: In view of Lemma 1.2 it is sufficient to prove that
e x5y,m) = —hiy,n) .
Let us differentiate the identity (3.1) with respect to z. We obtain
x5y, m) + X' pltsxy,m) = 0.
Since X' = he(x’, €'), by (3.2) and the Euler identity this implies

ot xy,m) = —h(x', &) = —h(y,n).



1438 A. LAPTEV, Yu. SAFAROV, AND D. VASSILIEV

The lemma is proved.

3.2. Existence of a Global Smooth Branch of arg (det28x,,<p)

Let us consider the complex “function” det? Onpl(t; x;y,m) (it is a density in x
and (-1)-density in y). When ¢t = 0 and x = x’ this “function” is real and positive,
i.e., its argument is equal to zero.

LEMMA 3.2. For x close to x' there exists a smooth branch of arg (det*8,,¢)
which is equal to zero when t = (.

Proof: Let us take a closed curve y lying in a small neighborhood of the set
C, = {x;y.m) :x=x,n}.

Since x is close to x' the curve y can be transformed into a closed curve on
C,. After that we can continuously transform it along the trajectories x' into a

closed curve lying in the set C, N {t = 0}, where arg (det?d,p) is equal to zero.
Therefore the integral of the 1-form

~ 1
Q, = Zd(arg(detzamcp))

over v is also equal to zero. This proves the lemma.

3.3. Fixation of the Global Smooth Branch of arg (detzax,,qo)

From now on we shall deal only with the branch 9, of arg (detzaxngo) introduced
in Lemma 3.2. Respectively, we shall always choose the branches of the functions
¥s,d, and O generated by this branch of V.

3.4. Triviality of the Maslov Class
Since there exists a smooth global branch of J¢ (see Section 3.2), we obtain

COROLLARY 3.3. The Maslov class of the Lagrangian manifold A, is trivial.

Let dy(t;x;y,m) € C®(R' X M X (T*M\0)) be a complex-valued “function”
homogeneous in 7 of degree 0 defined by the formula

i
dy(t;x;y,m) = eXp(Z%(t;x;y,n)) | det By(t; x; v, m)) |12

for x close to x' (cf. (2.11), (2.12)). As in Sections 1 and 2 (see (1.17)), we suppose
that d,, is a (%)—density inx and a (—%)—density in y.
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By analogy with Proposition 2.9 we obtain the following result.

THEOREM 3.4.  Let ult, x, y) be a Lagrangian distribution of order m associated
with the Lagrangian manifold Ay. Then for any phase function p € %, there exists
an amplitude q(t; y,n) of order m such that

(3.4) ult,x,y) = Q2n)™" / e gty m) d,(t; x;, y, m)dn

modulo a smooth half-density. The amplitude q is determined modulo S~ by the
Lagrangian distribution u and the phase function o, and its leading term q,, does
not depend on .

3.5. The Maslov Index in the Time-Dependent Case

Now by our agreement (see Section 3.3) we have a single-valued function
O(r; y, ) (see Section 2.2). This immediately implies the following

PROPOSITION 3.5.  Let y be a curve on Ay, with initial point (ty; yo, o) and end
point (ty;y1,m). Then

/d® = O y1.m) — Ote;¥0,m0) -
Y

Proposition 3.5 allows us to simplify Definition 2.2 for Lagrangian manifolds
associated with Hamiltonian flows.

DerINITION 3.1.  Let vy be a curve on A, with initial point (¢o; yo, 70) and end
point (£1;y1,m1). The number &(rg; yo, n0) — O(ty; y1, M) is called the Maslov index
of v, and its residue modulo 4 is called the reduced Maslov index.

We shall see later (Theorems 3.8, 3.10, Corollaries 3.11, 3.12) that the integer
—0(t; y,n) is an important invariant of the Lagrangian manifold A, which appears
when one studies singularities of the Lagrangian distribution. This integer itself
may now be interpreted as the Maslov index of the (non-closed) curve yo with
initial point (0; y,n) and end point (¢;y,7n). Indeed, since ®(0;y,n) = 0, we have

(3.5) -0ty,n = - | dO = ind vy .
Yo
The next two propositions allow us to compute © explicitly in some cases.
PROPOSITION 3.6. Let rank 8¢ch(x, &) = n— 1 for all (x,€) € T*M\O. Then

forall t
O —0,y,n) = Bt,y,n) = O +0;y,7n),
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if rankx, = n— 1, and

O y,n) — Ot —0;y,n) = —ry(Behlx', &),
O +0;y,m) — Ot y,n) = r_(Bgehlx', &) ,

if rankx;, = 0. In particular, for sufficiently small t

ri (Oph(y,n)), t<O0,
O@y,n = {0, t=0,
r_(Omh(y,m)) , t>0.

PROPOSITION 3.7.  Let r, (Ogeh(x, €) =n—1 forall (x,§) € T*M\O. Then
forallt

0@ +0;y,7) — 6F;y,n) = 0,
0@ y,m) — O —-0;y,n) = 1 — dimkerx;(y,n) .

By Proposition 2.3 the function ® can have jumps along a Hamiltonian trajec-
tory only at points where rankx}, < n — 1. Under the conditions of Propositions
3.6 or 3.7 these jumps are determined by the matrix Jgch(x’, ). In other cases,
generally speaking, the jumps of ® depend on higher order derivatives of A.

Proof of Propositions 3.6 and 3.7: Let us fix (#p;y,n) and choose local co-

ordinates x and y such that detér(y,n) # 0. According to Lemma 2.4 with
¢ = (x — x') - £ the jumps of the function @ coincide with the jumps of

ro (€ x) = ru@me)]

By the Taylor formula for any 7 close to #p we have

+

Xy o= x4 = 10) (el 60), |+ Ol = nol?)

xn + (t = 19) (Bech(x, £°) - X' + Beeh(x®,£0)-€7) + O(t — to]?) ,

& = & — (t—10) (htx.€0), | + Ollr=10]?)
= & — (t — 10) (Oech(x®, £°) - X7 + Bpch(x®,£7)-£7) + O(|t — 10]?) .
Thus

(3.6) (€T -x, = (N -xrf
+ (8 — 10) (67T - Beeh(x®, £0) - £ — () - Dhl(x®e, £0) - x7)
+ O(t — 1]?) .
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For all ¢ the kernel of the matrix
(€7 - Dyl €)- &

is the one-dimensional subspace {cn : ¢ € R'}, and this kernel is a subspace of
the kernels of the matrices x}, and O(|t — #o|?) in (3.6). Now (3.6) implies that if

rankxn = n — 1 then also rankx;, = n — 1 for ¢ close to fy, and © has no jump
at tp. When rank x;, = 0 it follows from (3.6) that

E -xb = (1 —to) (€M) - Beeh(xo, £0) - €7 + O(|t — to|?)

which implies Proposition 3.6. .
Let now r.(Ogch) = n — 1. Then there exists a real matrix C with kernel
{cn : ¢ € R'} such that

CT - (€7 - Ogeh(x,€") - &7 -C = I—TI,,

where I1, is the orthogonal projection on 7 in the chosen coordinates, It allows
us to rewrite (3.6) as follows

CT (&) %, C = CT- (N7 o = (0= 10) () - Berhlx,€°) - 37 ) - C
+ (-t =T, + O(lt—1t]%) .

The eigenvalues of the symmetric matrix
CT (€9 - x — (t — 10) (W) - Dok, €%) - x) - C

are either identically zero or uniformly separated from zero for ¢ close to 1.
Therefore the jump of

r-(CT- &) - xp-C) = r- (&) - xp)

at the point (fo; y, n) equals the jump of the number of negative eigenvalues of the
matrix-function (¢ — #o) (I — I1,) restricted to ker (xr -C). This proves Proposition
3.7.

3.6. Asymptotics of Fourier Transforms
To clarify the role of the function ©® we prove two theorems on the asymptotic
behavior of Fourier transforms.

THEOREM 3.8. Let u be a Lagrangian distribution (3.4) of order m, and q,
be the leading homogeneous term of the amplitude q. Let (t,y,6) be a fixed point
from R' X (T*M\O), and let in local coordinates x in a neighborhood of x'(y, 6)

(3.7 detéy # 0.
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Then for any smooth function p(x) with sufficiently small support which is equal
to 1 at the point x'(y, 8) we have

68) [ PNt x,y)dx
= NP (e WE i r- () e) /2 | det el |12 &79/2 g, ) Y
+ oYy, A— +00.

Proof: From Lemma 1.18 and (2.8) we obtain for the Lagrangian distribution
(3.4)

/ e ™MEOD (e, x, y) dx

= \" (e_i)‘x"f' ei7rx/2| det €%|—|/2 Gm )l ) + O()\m—l) ,
where

k= sgn ()T -€)/2 + 2n) s — n'argdet, (9,,/1)
= re (G - €8)/2 — ro ()T -¢5)/2 + © — R/2
=0 - r()"-&) .

The proof is complete.

Let us now fix points xo and yo. Let p € C°(R') be a function with small
support. We consider the asymptotics of the Fourier transform

(3.9) / &M p(t) ult, xo, yo)

where u is the Lagrangian distribution given by (3.4) and |A\|] — co0. We assume
that the amplitude g in (3.4) has small (conic) support, and that the following
conditions are fulfilled.

ConDITION A. In supp p there is a unique ¢ = g such that x"(yg,n) = xo for
some 71 € supp q(to; yo, - ).

ConpITION B.  The set
Wo = {n€TyuM\O : x*(yo,n) = x0}
is a smooth connected (n — %)-dimensional manifold in 7y, M\0, where

Ro = Rto;y0,m) = rankx(yo, )
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is constant on W,.

Condition B implies that the function ®(to; yo, ) is constant on Wo. We denote
by %o and @y the values of #(tg; vo,n) and Olty; yo,n) for n € Wy

PROPOSITION 3.9. The tangent space T,Wy at the point 1 coincides with
ker x7 (yo, ).

Proof: Obviously,

xR ¢ = chank(x‘—xo) =0
%

for any vector ¢ = (cy,...,cp,) from the tangent space T,(Wy). Since dimWy =
dim ker x'(yo, n) this implies the proposition. The proof is complete.

The Fourier transform (3.9) behaves as a half-density with respect to (xo, yo).
Therefore it is sufficient to study its asymptotic behavior only for some fixed
coordinates x and y in the neighborhoods of the points xp and yp (the asymptotic
formula for other coordinate systems ¥ and 7 is obtained by multiplication by
| det(8x/0%) det(dy/87)|/?). We choose an arbitrary coordinate system y and
coordinates x satisfying (3.7).

Let

6=(0,8"), & =(6,...,8), 6" =(011,...,64), =%,
be (non-linear) coordinates in a neighborhood of supp gm(to; yo. -) such that
Wy = {6 =0}, n(A@) = An(@) for A >0,
and 8" are coordinates on W,. We introduce on Wy the positive density
duo = |det, Gxp) - €|/ | det£5'|'/? | det(@n/06)| /2 do"

which is obviously homogeneous with respect to " of degree n — %o/2. By
Condition B

[det, G -€0)| = |detGd)T - £l , Ry >0.
Let
Wo = {n€Wy:h(yo,m)=1} = {68”: h(y,n(0,6") =1},

and dfig be the smooth density on W, defined in coordinates 6 by the equality
dug = B2/ \dhdji.
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THEOREM 3.10. Under Conditions A and B in coordinates satisfying (3.7) the
Jollowing asymptotic formulas hold

(3.10) /ei)"p(t)u(t,xo,yo)dt = O(\™%), A — —00,

(3.11) f N p(t)ut, 0, yo) dit
= (27.(.)(.@0/2—11+l) i(@)o—g?o/Z) )\(m+n—‘@o/2—l) ei)\to P(lo) /W Gm dﬁO
[1]

+ O R/272) L\ o o0

Proof: Let us substitute in (3.9) the oscillatory integral (3.4) with the standard
phase function

(3.12) p=x-x-¢

and change variables n — |\|6. Then we obtain

(3.13) Q@n) ™" |\|" / ' I {tsignh+o(rx0y0.7(0))) 1)
X q(t o, INI(8)) d, (1;x0; yo, n(0)) | det(n/86)| do dt .

Since the gradient ¢,(t;x0;y0,n) does not vanish outside the set Wy, we can
assume without loss of generality that supp g(to; yo, -) lies in a small neighborhood
of Wo.

We apply the stationary phase method with respect to the variables #'. The
stationary points are determined by the equation

(3.14) o (t;x0;¥0,m0)) = (x0 — x' (y0,7(0))) - B9 € (y0,m(6)) = O,

which has the solution ' = 0 for ¢ = #o. By Condition B the matrix

Ao o (o3 %03 Y0, m(0,07)) = — (xg)T - &4

y=y0,8'=0

is non-degenerate on Wy, and thus for ¢ close to ¢, there exists the unique solution
of (3.14) 8% = 8%(¢,6"), such that %(t9,8") = 0 and (8% (z,8"),8") is close to Wy.
Using the stationary phase formula we see that (3.13) is equal to

(3.15) (271.).4?0/2—n |>\|n—9?o/2 //{eilxl(tsign)\+<p(t;xo;y0,n(0))) p(t)

X gm (£;y0, IN|7(8)) | det(On/06)]

X (dety (dgg v (1;x0; o, 17(0))/1'))_1/2 d, (t;x0; yo, 77(0))} ) ot c0") de” di
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modulo lower-order terms. We define the following time-dependent density
N =172
dp = {|det, (Osep(t;x0;y0,n(8)) /i) |
X|d,, (t; x0:y0,7(6)) | | det(Dn/86)| } | 5y, d8”

homogeneous in 8" of degree n — #y/2. It is clear that for the chosen phase
function

d/J‘] t=ty = d[-l:() :
By (2.8) for the function

o = arg (dets (Bggo(1;x0;y0,70)) /1)) ™" d, (%03 y0, 7)) ’a‘:e’.

we obtain T
A=y = 5(@0 - R0/2) .

Now we can rewrite (3.15) as follows

(3.16) (271')(%/2_") I)\l(n—.@o/Z) / / { &Y eiIxI(tsignk+w(t;xo;yo,n(0))) p(t)
Xgm (50, Nn@) }| | dudr.

Let us now introduce polar coordinates (r, 8”) such that
o' = ré",  h(y,n0,8")) = 1;

here 6" is a point on the “sphere” h(yo,n(0,8")) = 1. We define the density dj on
this “sphere” by the equality du = r"~%/2-\drdji. Obviously, dﬁ|,=,o = djip.
Now (3.16) can be written as

(B.17)  @m)F/27m | |(n=Fe/2) //{eid o IN (£ sign\+r pltxoiyo,n6)) 0

X INI™ g (£ y0,1(6)) } ‘ PR drdrd)

8=(6.(1.8"),6")

We apply to (3.17) the stationary phase method with respect to the variables r
and . The stationary points are determined by the equations

(3.18) o (t:x0; yo,7(04(¢,8"),8") = 0,
(3.19) sign\ + r o, (£;x0; yo, n(8.(6,87),6")) = 0.
Since

o (to; X030, 7(0,6M) = 0,
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and

d ~ ~ ~

(3.20) Eso(t;xo;yo, n(84(t,8"),6")) = o (to;x0; yo. 7(0,6"))

t=tp

= - h(.y()a 77(0, 9”)) = _1 )
1o is the unique solution of the equation (3.18) with respect to 7. In view of (3.20)
for A < 0 the equation (3.19) has no solution. It means that for negative \ there
is no stationary point. This implies (3.10).
For A > O there is the unique stationary point
t = 1, r =1,

The Hessian at this point is

Hr,t = (fti _01)9

and on account of (1.22)
(det, (H,,/i)) "> = 1.

Now from (3.17) by the stationary phase formula we obtain (3.11). The proof is
complete.

COROLLARY 3.11. Let Condition A be fulfilled and x"(yo,m) = xo for all
n € Ty, M\O. Then for any coordinates x and y

/ €™ p(t)ult, xo, yo) dt

— (271')1_" ieo )\m+n—1 eimo P(to) / Gm | det é;) ' 1/2 d’f')
{Alyo,n)=1}
+ 0()\m+"~2) , A — +00 ,

where dfj is defined by the equality dn = h"~' dhd%.

Proof: We can take in (3.11) 8 = §” = n which immediately implies the
corollary.

COROLLARY 3.12.  Let the conditions of Theorem 3.10 be fulfilled with %y =
n — 1. Then there exists the unique point ng € Ty M\O such that

x"(yo,m0) = x0, h(yo,m0) = 1,
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and

(3.21) /emp(t)u(l, X, Yo) dt
— (271,)(1—")/2 i90+(14n)/2 )\m+(n*1)/2 eiMo P(IO)

X | det(x7 - (e7) + Isol*Tlo )17 Inol gmlto; yo, m0) + ON™*=32)
_ -1
as N — +oo. Here co = |no| ™ ((€)7) ™ mo, X = x7 (yo.n0), & = &n'(¥0. o), and

Iy is the orthogonal projection on the one-dimensional linear subspace generated
by the vector <.

Proof: The set Wy is a one-dimensional conic submanifold, i.e., it is a one-
dimensional ray generated by the vector ny. Without loss of generality we choose
orthonormal coordinates n = (n;,7’) such that n; goes along the vector ng. Then
we can take ' = 7', 8" = ny, and djip is the §-measure at the point ng with
coefficient

(3.22) |det.. (i(x7)T - &9) V2 | det &7 1'% |no .

Since the kernel of xi’ at the point (yp, ng) is parallel to Wy, taking into account
(1.11) we obtain at this point

det.. (i(x7)" - &7)12 = |det( (&) -xr - () - &7 + Iy, ) |
= |det&r | [det(xy - o)) + (€))L, - (69)7) ]

Here Il,, is the orthogonal projection on the one-dimensional linear subspace
generated by the vector 9. Obviously, for any vector ¢ we have

(&N -,y - (&)™ ¢ = (€ o)< -
Therefore (3.22) is equal to
| det(x7 - (e)" + lsol*Tlo ) 174 ol ,

and (3.11) implies (3.21). The proof is complete.

4. Applications to Hyperbolic Equations

4.1. Fundamental Solution of a Hyperbolic Operator

Let A = A(x, D,) be a first-order elliptic psendodifferential operator in the space
of half-densities on M (as usual, D, = —id,). Assume that the principal symbol
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a; of A is real and positive. We consider the solution u(t, x, y) of the following
initial value problem

4.1) Du + A(x,D)u
4.2) u(0,x,y)

0,
Sx—y),

which is often called the fundamental solution. It is well known that u is a
Lagrangian distribution of order zero associated with the Lagrangian manifold
A, introduced in Section 3, where h = a; (see, for example, [14]). Therefore
Theorem 3.4 allows us to represent the fundamental solution # modulo C* by
only one oscillatory integral (3.4) with an arbitrary phase function from the class
&, and an amplitude g of order zero. Now we give an independent proof of this
result, and as a by-product we deduce the transport equations for the homogeneous
terms g-; of the amplitude ¢q. For simplicity we assume that in any coordinate
system all the homogeneous terms of the full symbol of A and its derivatives can
be analytically extended with respect to £ onto C"\0. This condition is fulfilled,
for example, when A is a root of an elliptic differential operator. (In general one
ought to use the almost analytic extentions of these homogeneous terms, see [14]).

Let us substitute the oscillatory integral (3.4) into (4.1). Then we obtain an
oscillatory integral with the same phase function and amplitude

4.3) plt;x;y,m) = e ¥ Dqe¥d,) + qe Alx, D)€ d,) .

By the theorem on the action of a pseudodifferential operator on an exponential
function (see, for example, [14]) we have

(4.4) ge PAx,Dy)e¥d,) = qlai(x,¢x) + F(t;x;9,m) d, ,

where F is an amplitude of order zero. Thus we can rewrite (4.3) in the form
4.5) plt;x;y,n) = dy, (¢ + ailx,00) q + d,Dq + d,(d;'Did, + F)q .
By Corollary 1.12 (with d,, instead of |d,|) the oscillatory integral with ampli-

tude (4.5) can be transformed into an oscillatory integral of the form (3.4) with
amplitude § independent of x. In view of Lemma 3.1

or + ailx,ox) = 0

for x = x'. Therefore by Lemma 1.10 the amplitude § is of order zero. Iterating
the formula (1.19) we see that the homogeneous terms §_; have the form

Go = Digo + Foqo,
G-j = Dg-; + Foq-; + ZLj,i‘I—i-

i<j
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Here Fy = Folt;y,m) is a homogeneous function of degree zero, and L;; =
L;t;y,n, D,) are differential operators such that

Lj,i(t;y, A7, )\—an) = N/ Lj,i(t;y, n, Dﬂ) . YA>0.

Thus if the g ; are the solutions of the recurrent system

(4.6) D,qo + Foqo =0,
4.7) D,q_j + Foq_j + ZL,-,,-q_,- =0,
i<j

then after substituting the oscillatory integral (3.4) into the equation (4.1) we obtain
a smooth half-density.
Now let us satisfy the initial condition (4.2). In local coordinates

6x—y) = (27r)""/ei(x'y)"’ dn.

By Lemma A.1 from the Appendix this implies that

Sx—y) = Qm)™ [ 905y w(y,n)d,(0;x;y,n)dn (mod C™)

with an amplitude w of order zero (of course, this fact also follows from Theorem
3.4). The homogeneous terms w_; of the amplitude w are computed in accordance
with (A.4), (A.5), and by (A.4) wyp = 1. Thus if

4.8) 00, y,m) = 1,
4.9) q-iO;y,m) = w_j(y,m,

then the oscillatory integral (3.4) satisfies the initial condition (4.2) modulo C*.
Solving the ordinary differential equations (4.6), (4.7) with initial conditions (4.8),
(4.9) we find all the homogeneous terms g_;. In virtue of the known a priori
estimates, the oscillatory integral (3.4) with amplitude ¢ ~ 3 g differs from the
fundamental solution u by a smooth half-density.

Let us now compute the leading term go. By (4.6) and (4.8)

1
q0 = exp(—/o Fo(s;y,n)dS).

Since g is independent of ¢ the function Fy also does not depend on . Let us
fix a conic open subset of R! X M x (T* M\0) and calculate Fo assuming that in
this subset our global phase function ¢ is (x —x') - £', and det £}, # 0 (see Section
1.2). Obviously,

(4.10) Pxg = &
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and

@11) o = =& + x—x)-¢
= —¢ Ve (t',§) - (x—x)- Ve (x',£)
= —aqi(x", &) — x—x) Vi (X, &) .

Hence in (4.5)

ay(x, &) — ai(x,€') — (x —x) - Vea (X', &)
= Ouai (', €)x —x7) - (x = x")/2 + O(|x —x'1|n]) .

or + ailx, )

We have in our neighborhood
(x —xe = —i(¢h) 'V, e .

Therefore integrating by parts we obtain

/eiw (Oxxar (', €)(x — x) - (x = x')/2 + O(x — x'13|9])) d, dn
— @i / ¢ Tr (E) - Bt (0, €) - 1) d,p

up to an oscillatory integral of order 0 with an amplitude containing the factor
(x — x*). This residual oscillatory integral can be reduced by the same procedure
to an oscillatory integral of order -1. It follows that

Fo = Q) ' Tr (&))" 80, €)-x) + d,'Dd, + F

modulo an amplitude of order -1. Locally, since ¢ is real, J, = 2z« for some
integer « which is determined by the global phase function ¢ (see Section 3.3).
Therefore

d, = explikm/2)|det&h|V?,

and by Liouville formula
d;'Dd, = @' Tr (& @€)™") = —@) " Tr((Vaar(e',€9),, - €))
= —Q2)7'Te((€) ! Ouar (¢, &) - xty + Bxear(x',€)) .
Since the phase function ¢ is locally linear with respect to x, we have
F = aolx,px) = aplx’,£) + O(lx — x'|)

modulo an amplitude of order -1; here qq is the second symbol of the operator A
in the chosen coordinates. The oscillatory integral with amplitude O(|x — x'|) is
reduced to an oscillatory integral of order —1, and so it is not contained in Fy.
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Combining the above formulas we obtain
Fo = aolx',€") — Qi) ' Tr(0xai1(x',€)) = aw(®’.€),

where ag,p is said to be the subprincipal symbol of the pseudodifferential operator
A; see, for example, [7] and [14]. Thus we have proved the following result.

THEOREM 4.1.  The solution u of the Cauchy problem (4.1), (4.2) is represented
by an oscillatory integral (3.4) with any phase function ¢ € %, and with amplitude
q of order zero the leading homogeneous term of which is

4.12) qo = exp (—i/o asub(xs,fs)ds).

Theorem 4.1 allows us to apply the results of the previous section to the fun-
damental solution . In particular, Theorems 3.8, 3.10, and Corollaries 3.11, 3.12
are valid for u with m = 0 and go defined by (4.12).

4.2. The Riemannian Case

Now let M be a Riemannian manifold with metric g, and let the principal
symbol a;(x, £) of the operator A be equal to

1/2
4.13) €lx = (Zgi’(x)ﬁiﬁj) :
ij

Then x'(y, n) is the geodesic with the initial conditions
X0 =y, Hl=o = Opaily,n).

The vector fields x7,(y,n), k = 1,... ,n, are the Jacobi vector fields with the initial
conditions

x:;k(y,"]) I =0 = O ’ x:’)‘,(yvn) I =0 = 31;1;*01(}’,77) ’

where the dot means the covariant derivative. Therefore by Proposition 3.7 the
value of the function —@ (introduced in (2.8)) at the point (#; y,n) is the Morse
index of the geodesic x*(y,n), 0 = s = ¢, i.e,, the number of conjugate points
counted with their multiplicities. Now Definition 3.1 and (3.5) imply that in this
case the Morse and the Maslov indices coincide; this has already been noted in
21

In this case we can simplify the formulation of Corollary 3.12.

THEOREM 4.2. Let M be a Riemannian manifold with metric g, and let A
be a pseudodifferential operator on M with principal symbol (4.13). Let u be the
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solution of the Cauchy problem (4.1), (4.2), and p be a function from C3°(R!). Let
x0,Yo € M be fixed, and suppose that in (supp p) X (T, \0) there is a unique point

(t0, mo) such that x"(yo,no) = xo and ai(yo,n0) = 1. Let rankxi?(yo, no) =n-— 1.
Let x and y be local coordinates such that

(4.14) ai(xo, &) = l¢] = (Ef+---+ €22,

(4.15) ai(yo,n) = Inl = (nf +---+nH/2.

Then the following asymptotic formula holds as A — + o0

(4.16) / e™ p(t)ult, xo, yo) dt
— (271,)(1—")/2 jBo+(1=n)/2 ) (n—1)/2 eMo P(tO)

X |dety (ixk - ()T ~V4 golto; Yo, m0) + O(N=372) .
Here xi7 = x1'(yo,m0) and qq is defined by (4.12).

Remark 4.3. In Theorem 4.2 we can take x and y to be normal geodesic
coordinates with origins xy and yo respectively.

Proof of Theorem 4.2: 1t is sufficient to prove Theorem 4.2 for some coor-
dinate system x satisfying the condition (4.14) because both sides of (4.16) are
invariant under changes of local coordinates x preserving (4.14). So further on we
can assume, without loss of generality that x are local coordinates satisfying the
additional condition

4.17) Bxa1(%, 8 4y, = 0.

For example, normal geodesic coordinates x with origin xq satisfy (4.17).

At this stage we cannot yet apply Corollary 3.12 because we do not know
whether the condition det §£§’(y0, no) # 0 is satisfied. So let us choose coordinates
X in a neighborhood of xy such that at the point (¢o; xo; yo, 70) We have

0%/0x = 1 > O% Vg0 _
’ % 8x,~8x,— k 7

where ¢ > 1 is a constant and 6; are the Kronecker symbols (see also the proof
of Proposition 1.5). Then

% (Yo, m0) = x7(¥o.m0)

(o, m0) = (o, m0) — € xn (Yo, 70) -
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By analogy with (1.25) multiplying the latter matrix by

EN o, m0) + ¢ (yo,m0)

we obtain the matrix

(4.18) EN (yo.10) - €8 (0. m0) — 2 () (o, m0) - X7 (Yo, 10) -

In the chosen coordinates x and y at the point (yg,70) we have |£°] = |ng| = 1
and, by (4.17),

4.19) ()T e = (&) ayelx, £) = ‘—;%au(x"’,ﬁ"’) = ap(y,n) = .

From the Euler identities &7 -n = £, x¥ - = 0 and (4.19) it follows that 7
is the eigenvector of the matrix (4.18) corresponding to the eigenvalue 1. On the
subspace orthogonal to no the matrix (x:?)T(yo, n0) -xf}’(yo, 79) is non-degenerate
and positive. Arguments similar to those in the proof of Lemma 1.17 show that the
matrix (4.18) is non-degenerate for sufficiently large ¢, and consequently &7 (yo, 7o)
is non-degenerate for sufficiently large c.

Now comparing the required formula (4.16) with (3.21) (written in coordinates
%) we see that it is sufficient to prove that

(4.20) So = £"(yo,m0)
and that
4.21) (1) (yo, m0) - €°(yo, m0) = 0 .

But (4.21) follows from the preservation of the 1-form £ dx under a homogeneous
canonical transformation, whereas (4.20) follows from (4.19) and (4.21).

Remark 4.4. The right-hand side in (4.16) can be simplified in the following
obvious way. Denote xo = (xo1,%0), Yo = (o1, %0), x = (x1,x), y = (1, ),
£ =(£1,¢), n = (m,n'), where xq, yp, X', ¥', €', i’ are (n — 1)-component. Suppose
that our local coordinate systems are oriented in such a way that the hypersurfaces
X1 = xo; and y; = yp; are orthogonal to the covectors £"(yo, 7o) and ng respectively
(that is, the last n — 1 components of these covectors are zero in the chosen
coordinate systems). For the sake of brevity let us denote by x, and x; the
(square) matrices of derivatives of x(n) and x'(n) with respect to n and 7', where
x(n) = (x1(n), x’(n)) = x"(yo,n). Then at = np we have

|dety (ix, - xD)| = |detCxy - ())| = |detxy)*.
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Appendix

By the stationary phase method used in the proof of Lemma 1.18 we can find
all the asymptotic terms in (3.8). For the sake of simplicity we assume below that
p = 1 in a neighborhood of the point x'(y, 6).

According to Theorem 7.7.5 from [6] we have

(A1) / e ™00 5(x) ult, x, y) dx
= \" e—i)\x'-f’ e—i7r r- ((x:;)T-EZ;)/Z eiﬂ'@/Z

X | det 5|72 0 AU (Ljgmoi) | s + O™ N), A= 400,
JHI<N

where x' = x'(y,0), & = €(y,0), ® = O;,0), gm-1 = gm-i(t;y,7), and the
Lj = Lit;y,n,6,D,) are differential operators of order 2j which are defined as
follows. Let

Y(t;xy,0,0 = otxy,nm) — (x—x'(y,0) - £(,0)
- (15,0 (x — x'(3,0)) - (x — x'(y,60)) /2

= Re (@ur(5:7,0)n — 6) (x —x'(7,0)) ) — Dy(t:7,0)n — ) - (7 — 6)/2..

Then
Lif = i3 @u)" (T Dun) - Do) "W )] ety
ey
where

By @
v = w0 = (o o)
Y Dy Py

and Dy, = (Dx,, voesDyyy Dyyyen Dn..)~
Let us introduce the differential operators

Zi=Zit;y,n,Dy) = Lit;y,m,m,D;) .

Then formula (A.1) can be rewritten in the equivalent form

(A2 [ &0 ey utsx, ) d
= NN e pminr (001 6) /2 ,in®)2

X |det&h]™V2> " AU Ligmy + ON"N), N = +00,
JHI<N

where x' = x'(y,n), & = £'(y,n), ® = O(t;¥,1), gm—-1 = qm-1(t;y,n). The operators
Z; are homogeneous in 7 of degree —j (that is if f is homogeneous of degree p
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then £, f is homogeneous of degree p — j); this fact follows from (A.2) because
the left-hand side of (A.2) is invariant under changes A — ¢\, n — n/c, for all
¢ >0

Formula (A.2) and the homogeneity of the operators .£; imply

(A3) / e %0 o) ult, x, y) dx
= gix€ pminr (W7 8) /2 ,in0/2

X |deté& 72> " Ligmy + OnI™™M),  Inl — oo .

JjHI<N

Note that by the stationary phase method the asymptotic formula (A.3) is uni-
form with respect to (t; y,n/|n|), and we can differentiate it with respect to these
parameters.

LEMMA A.l. Let ¢ and § be phase functions satisfying the conditions (3.1)-
(3.3). Then for any q € S™ there exists an amplitude § € S, such that the
oscillatory integral (3.4) coincides modulo C* with

@n)™" / P (s y,m) dglt; x; y,m) dn
The homogeneous terms §n,_ ; are uniquely determined by the equations

(A.4) qm = gm >

(AS) 6m~l = gm-1 + Z (gqu—k - <>?qu—k) [ l = 1929"' .
j+k=I
jzl

Proof: Obviously, if we have (A.4) and (A.5) then the Fourier transforms of
the oscillatory integrals with respect to x have the same asymptotics in coordinates
for which (3.7) is fulfilled. This means that the difference of these oscillatory
integrals is a smooth half-density with respect to x. But since we can differentiate
(A.3), it is also smooth with respect to ¢ and y.
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