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some Sobolev and Gagliardo–Nirenberg type inequalities that are applied to the study
of spectral properties of Schrödinger operators.
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1. Introduction

The classical Hardy inequality reads for u ∈ H1(Rn), n ≥ 3,∫
Rn

|∇u(x)|2dx ≥ (n− 2)2

4

∫
Rn

|u(x)|2
|x|2 dx. (1.1)

The literature concerning different versions of Hardy inequalities and their appli-
cations is extensive and we are not able to cover it in this paper. We just mention
the classical paper [3] and books [2, 5, 6, 9, 22]. Clearly, if n = 2, then the Hardy
inequality (1.1) is trivial.

For n ≥ 3 we also have the classical Sobolev inequality

∫
Rn

|∇u(x)|2dx ≥ S(n)
(∫

Rn

|u(x)| 2n
n−2 dx

)n−2
n

, u ∈ H1(Rn), (1.2)

where

S(n) =
n(n− 2)

4
|Sn|2/n =

n(n− 2)
4

22/n π1+1/n Γ
(
n+ 1

2

)−2/n

. (1.3)

The inequalities (1.1) and (1.2) are related. In [10], the authors proved that (1.1)
implies (1.2) and the Sobolev inequality (1.2) implies only a weak version of the
Hardy’s inequality (see also [2, 25]). Hardy and Sobolev inequalities are also closely
related to spectral properties of the negative eigenvalues of Schrödinger operators.

The aim of this paper is to consider functional and spectral inequalities and
their relations to antisymmetric functions.

Let N and d be natural numbers. We consider x = (x1, . . . , xN ) ∈ RdN , where
xi = (xi1, . . . , xid) ∈ Rd for all 1 ≤ i ≤ N. Every function u defined on RdN we call
antisymmetric hereafter, if for all 1 ≤ i, j ≤ N and x1, . . . , xN ∈ Rd

u(x1, . . . , xi, . . . , xj , . . . , xN ) = −u(x1, . . . , xj , . . . , xi, . . . , xN ).

Let us consider the subclass of antisymmetric functions from H1(RdN ), that we
denote by H1

A(RdN ). Clearly, H1
A(RdN ) ⊂ H1(RdN ) and therefore it is expected

that the constants in the inequalities (1.1) and (1.2) are larger.
Let Vd(N) be the degree of the Vandermonde determinant defined in (2.1).

Among the main results obtained in paper is the following theorem.

2350010-2

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
a0

1:
4b

00
:8

53
a:

f6
00

:6
c3

2:
8f

2d
:8

72
5:

50
26

 o
n 

01
/0

9/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

August 14, 2023 16:44 WSPC/1664-3607 319-BMS 2350010

Hardy and Sobolev inequalities on antisymmetric functions

Theorem 1. Let d,N ∈ N and let d ≥ 1, N ≥ 2. For any u ∈ H1
A(RdN ) we have∫

RdN

|∇u(x)|2 dx ≥ HA(dN)
∫

RdN

|u(x)|2
|x|2 dx, (1.4)

where

HA(dN) =
(dN − 2)2

4
+ Vd(N)(Vd(N) + dN − 2). (1.5)

At the end of Sec. 3 we shall show that the constant (1.5) in (1.4) is sharp.
The constant (dN − 2)2/4 in (1.5) is the classical Hardy constant and the constant
Vd(N)(Vd(N) + dN − 2) is related to the antisymmetry of the class of functions
H1
A(RdN ), with Vd(N) defined in Sec. 2.
The following theorem gives an improvement of the constant in the Sobolev

inequality restricted to antisymmetric functions.

Theorem 2. For every u ∈ H1
A(RdN), dN ≥ 3,∫

RdN

|∇u(x)|2dx ≥ SA(dN)
(∫

RdN

|u(x)| 2dN
dN−2dx

) dN−2
dN

,

where

SA(dN) = (N !)
2

dN S(dN) = πdN(dN − 2)

(
Γ(dN2 )N !
Γ(dN)

) 2
dN

and where S(dN) is the classical Sobolev constant in RdN .

The constant SA(dN) is sharp and substantially larger than the classical con-
stant S(dN).

Note that the inequality (1.4) in the case d = 1 and arbitrary N has been
obtained in [15] with the sharp constant HA(N) = (N2−2)2

4 , N ≥ 2. Comparing this
with the classical constant (N−2)2/4 ∼ N2 as N → ∞, the constantHA(N) ∼ N4.
The proof of Theorem 1 in the case d = 1 is based on the lowest eigenvalue of
the Laplace–Beltrami operator on spherical harmonics generated by antisymmetric
harmonic polynomials. The case d > 1 is more delicate and is related to the proof
obtained in [14] on the absence of the bound states at the threshold in the triplet
S-sector for Schrödinger operators defined on a class of antisymmetric functions
and where some properties of fermionic wavefunctions were considered. We show in
Sec. 3 that for a fixed d we have HA(dN) ∼ N2+2/d, as N → ∞.

Some related inequalities were obtained in [13, 21], where it was proved that∫
RN

|∇u|2 dx ≥ N2

4

∫
RN

|u|2
|x|2 dx

and where u(x) = −u(−x) ∈ H1(RN ), N ≥ 2. If d = 1 and N = 2 then the constant
in this inequality coincides with HA(2) = 1.
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In [23], the author has obtained Hardy’s and Sobolev’s inequalities in cones,
where the constants in Hardy’s inequalities depend on the lowest Dirichlet eigen-
value of the Laplace–Beltrami operator defined on the intersection of SN−1 and the
cone in RN . In our case such eigenvalues can be computed explicitly due to the
properties of antisymmetric functions.

The proof of the Sobolev inequality (2) is related to a split of the space, where
the antisymmetric function have the same absolute values. After that in each part
of the split one can use isoperimetric type inequalities related rearrangements.

In Sec. 2, we study some properties of Vandermonde determinants. In Secs. 3
and 4, we prove Theorem 1 and Theorem 2, respectively. We apply our results
to the study of spectral properties of Schrödinger operators in Sec. 5. Finally, in
Sec. 6 we present a table with some eigenvalues of the Laplace–Beltrami operator
on antisymmetric functions defined on S

dN−1.

2. On Vandermonde Type Determinants

2.1. Some preliminary results

Let us consider the unitary monomials of d variables lexicographically, i.e. for t ∈ Rd

denote ϕ(d)
1 (t) = 1, ϕ(d)

2 (t) = t1 and ϕ(d)
d+1(t) = td, ϕ

(d)
d+2(t) = t21 and so on. We now

consider the determinant

ψ
(d)
N (x1, . . . , xN ) =

∣∣∣∣∣∣∣∣∣
ϕ

(d)
1 (x1) · · · ϕ

(d)
1 (xN )

...
. . .

...

ϕ
(d)
N (x1) · · · ϕ

(d)
N (xN )

∣∣∣∣∣∣∣∣∣
. (2.1)

Let Vd(N) be the degree of ψ(d)
N . The total degree of the above determinant is equal

to the sum of degrees in every row.

Proposition 1. For N ≥ 2 the polynomial ψ(d)
N (x1, . . . , xN ) is an antisymmetric,

homogeneous and harmonic function.

Proof. The first two statements are obvious. In order to proof the harmonicity we
use induction. Let d be fixed. The base of induction is obvious, because the degree
of ψ(d)

2 (x1, x2) equals 1. Using induction we find

Δψ(d)
N (x1, . . . , xN ) = (−1)NΔ(ϕ(d)

N (x1)ψ
(d)
N−1(x2, . . . , xN )

− · · · (−1)Nϕ(d)
N (xN )ψ(d)

N−1(x1, . . . , xN−1))

=

∣∣∣∣∣∣∣∣∣
ϕ

(d)
1 (x1) · · · ϕ

(d)
1 (xN )

...
. . .

...

Δ1ϕ
(d)
N (x1) · · · ΔNϕ

(d)
N (xN )

∣∣∣∣∣∣∣∣∣
.
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It suffices to note that Δiϕ
(d)
N (xi) is a linear combination of ϕ(d)

1 (xi), . . . , ϕ
(d)
N−1(xi)

for all 1 ≤ i ≤ N, because it has a smaller degree. The proof is complete.

Proposition 2. Let P (x1, . . . , xN ) be an antisymmetric homogeneous polynomial.
Then degP ≥ degψ(d)

N .

Proof. Consider P as the sum of monomials

P (x1, . . . , xN ) =
∑
i

aiQi(x1, . . . , xN ) =
∑
i

ai

N∏
j=1

qij(xj),

where ai ∈ C\{0} and qij(t) = qij(t1, . . . , td) = t
αij1
1 . . . t

αijd

d for some αijk ∈ N0.

Since P is homogeneous, every Qi has the same degree as P . Also for all i the
monomials qij are pairwise distinct. Indeed, if qij1 = qij2 , then

Qi(x1, . . . , xj1 , . . . , xj2 , . . . , xn) = Qi(x1, . . . , xj2 , . . . , xj1 , . . . , xn)

and

P (x1, . . . , xj1 , . . . , xj2 , . . . , xn) = −P (x1, . . . , xj2 , . . . , xj1 , . . . , xn).

Due to equality of these polynomials we obtain the equality of respective coefficients
and conclude that ai = 0. Proposition 2 is proved.

Propositions 1 and 2 demonstrate that functions ψ(d)
N defined above is the min-

imal antisymmetric harmonic homogeneous polynomial.

2.2. Exact expression of the determinant degree

For further considerations we need to prove an auxiliary combinatorial fact.

Lemma 1. For all n ∈ N = {n}∞n=1 and m ∈ N0 = {0} ∪ N the following equality
holds true

m∑
k=0

(
n+ k

k

)
=

m∑
k=0

(
n+ k

n

)
=
(
n+m+ 1
n+ 1

)
. (2.2)

Proof. Let us prove this proposition by using induction. For m = 0 Eq. (2.2) is
obvious. Under the assumption that (2.2) is true for m = m0, it is easy to see that

m0+1∑
k=0

(
n+ k

k

)
=
(
n+m0 + 1
n+ 1

)
+
(
n+m0 + 1

n

)
=
(
n+m0 + 2
n+ 1

)
.

This proves the lemma.

Let K(d)
p be the number of different unitary monomials of degree p of d variables.

Note that

K(d)
p = #{α = (α1, . . . , αd) : α1 + · · · + αd = p, αj ≥ 0}.
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Proposition 3. For p ∈ N0 and d ∈ N we have the following equality

K(d)
p =

(
p+ d− 1
d− 1

)
.

Proof. As before we use induction but now with respect to d. It is obvious that
for d = 1 and any p we have

K(1)
p = #{α = (α1) : α1 = p, α1 ≥ 0} = 1 =

(
p

0

)
.

To prove the induction step one can check that

K(d)
p =

p∑
αd=0

K
(d−1)
p−αd

.

Under the induction assumption we have

K(d)
p =

p∑
αd=0

(
p− αd + d− 2

d− 2

)
=

βd=p−αd

p∑
βd=0

(
βd + d− 2
d− 2

)
.

According to Lemma 1, we conclude that

K(d)
p =

(
p+ d− 1
d− 1

)
,

and this ends the proof.

For some special cases N the matrix contains all monomials with degree less or
equal m. For a fixed m ≥ 0 such N we denote by N (d)

m . Obviously,

N (d)
m =

m∑
p=0

K(d)
p =

m∑
p=0

(
p+ d− 1
d− 1

)
=
(
m+ d

d

)
=

(m+ 1) . . . (m+ d)
d!

.

The last equality is true due to Lemma 1. Note that it implies that

N
(d)
m+1 =

m+ d+ 1
m+ 1

N (d)
m and N

(d)
m+1 −N (d)

m =
d

m+ 1
N (d)
m .

We now calculate the degree of ψ(d)
N . For the special cases

Vd(N (d)
m ) =

m∑
p=0

pK(d)
p =

m∑
p=1

p

(
p+ d− 1
d− 1

)
=

m∑
p=1

d

(
p+ d− 1

d

)

= d

m−1∑
p=0

(
p+ d

d

)
= d

(
m+ d

d+ 1

)
=

dm

d+ 1

(
m+ d

d

)
=

dm

d+ 1
N (d)
m .

For the intermediate cases with N (d)
m < N < N

(d)
m+1

Vd(N) = Vd(N (d)
m ) + (N −N (d)

m )(m+ 1)
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= N (d)
m

(
dm

d+ 1
−m− 1

)
+N(m+ 1)

= N(m+ 1) − m+ d+ 1
d+ 1

N (d)
m .

Note that for N = N
(d)
m and N = N

(d)
m+1 the value Vd(N) coincides with Vd(N (d)

m )
and Vd(N (d)

m+1), respectively. In fact,

N
(d)
m+1(m+ 1) − m+ d+ 1

d+ 1
N (d)
m = N

(d)
m+1(m+ 1) − m+ 1

d+ 1
N

(d)
m+1

=
(m+ 1)d
d+ 1

N
(d)
m+1 = Vd(N (d)

m+1).

2.3. Estimates of Vd(N)

In order to estimate Vd(N) we need some auxiliary facts. Denote

A(d)(m) =
(m+ 1) + (m+ 2) + · · · + (m+ d)

d

and

G(d)(m) = d
√

(m+ 1) . . . (m+ d)

for some m, d ∈ N. These are expressions for arithmetic and geometric means. It is
well known that A(d)(m) ≥ G(d)(m).

Lemma 2. For all m, d ∈ N we have

G(d)(m) ≥
√

(m+ 1)(m+ d).

Proof. Let t = m+ d+1
2 . If d is odd, then we have that for k, s.t. d = 2k + 1

(G(d)(m))d = (t− k)(t− (k − 1)) . . . (t+ k)

= t(t2 − 1)(t2 − 4) . . . (t2 − k2) ≥ t(t2 − k2)k.

According to the remark above, G(d)(m) ≤ t. Therefore

(G(d)(m))2k ≥ (t2 − k2)k and G(d)(m) ≥
√

(m+ 1)(m+ d).

If d is even, then we assume that d = 2k and hence

(G(d)(m))d =
(
t− k +

1
2

)(
t−

(
k − 3

2

))
. . .

(
t+ k − 1

2

)

=
(
t2 − 1

4

)(
t2 − 9

4

)
. . .

(
t2 −

(
k − 1

2

)2
)

≥
(
t2 −

(
k − 1

2

)2
)k

.

2350010-7

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 2
a0

1:
4b

00
:8

53
a:

f6
00

:6
c3

2:
8f

2d
:8

72
5:

50
26

 o
n 

01
/0

9/
24

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

August 14, 2023 16:44 WSPC/1664-3607 319-BMS 2350010

T. Hoffmann-Ostenhof, A. Laptev & I. Shcherbakov

Lemma 3. For all d ∈ N there is a constant Cd ∈ R such that

0 ≤ A(d)(m) −G(d)(m) <
Cd
m
.

Proof. Due to the inequality on arithmetic and geometric means A(d)(m) −
G(d)(m) ≥ 0. However, according to the previous lemma,

A(d)(m) −G(d)(m) ≤ m+
d+ 1

2
−
√

(m+ 1)(m+ d)

=
(m+ d+1

2 )2 − (m+ 1)(m+ d)

m+ d+1
2 +

√
(m+ 1)(m+ d)

=
(d− 1)2

4m+ 2(d+ 1) + 4
√

(m+ 1)(m+ d)
.

The last expression implies that it suffices to let Cd be equal (d−1)2

8 .

Theorem 3. Let d ∈ N and Vd(N) = degψ(d)
N . Then

Vd(N) =
d

d+ 1
d
√
d!N1+ 1

d − d

2
N +O(N1− 1

d ),

as N → ∞.

Proof. Let us denote

ξd(N) =
d

d+ 1
d
√
d!N1+ 1

d − d

2
N. (2.3)

Considering it as a function of the continuous variableN we obviously have ξ′d(N) =
d
√
d!N − d

2 and since ξ′d is increasing we conclude that ξd is convex.
First, consider the difference between Vd(N) and ξd(N) at special points.

Vd(N (d)
m ) − ξd(N (d)

m ) =
dm

d+ 1
N (d)
m − d

d+ 1
d
√
d!(N (d)

m )1+
1
d +

d

2
N (d)
m

= N (d)
m

(
dm

d+ 1
− d

d+ 1
d

√
d!N (d)

m +
d

2

)

=
d

d+ 1
N (d)
m

(
m+

d+ 1
2

− d
√

(m+ 1) . . . (m+ d)
)

=
d

d+ 1
N (d)
m (A(d)(m) −G(d)(m)).

Consequently, the difference Vd(N (d)
m ) − ξd(N

(d)
m ) = o(N (d)

m ) and positive. Due to
the convexity of ξd(N) and the linearity of Vd(N) on the segment [N (d)

m , N
(d)
m+1], the

value ξd(N) does not exceed Vd(N) for all N .
Second, for all N ≥ N

(d)
m we find

ξd(N) ≥ ξd(N (d)
m ) + (N −N (d)

m )ξ′d(N
(d)
m ).
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Hence, for N ∈ [N (d)
m , N

(d)
m+1)

0 ≤ Vd(N) − ξd(N)

≤ Vd(N (d)
m ) + (N −N (d)

m )(m+ 1) − ξd(N (d)
m ) − (N −N (d)

m )ξ′d(N
(d)
m )

=
d

d+ 1
N (d)
m (A(d)(m) −G(d)(m)) + (N −N (d)

m )
(
m+ 1 − d

√
d!N (d)

m +
d

2

)
.

Finally, we note that 1 ≥ N(d)
m

N ≥ N(d)
m

N
(d)
m+1

= m+1
m+d+1 and consequently,

0 ≤ Vd(N) − ξd(N)
N

≤ d

d+ 1
N

(d)
m

N
(A(d)(m) −G(d)(m)) +

(
1 − N

(d)
m

N

)(
A(d)(m) −G(d)(m) +

1
2

)

≤ d

d+ 1
(A(d)(m) −G(d)(m)) +

d

m+ d+ 1

(
A(d)(m) −G(d)(m) +

1
2

)

≤ d

d+ 1
Cd
m

+
d

m+ d+ 1

(
Cd
m

+
1
2

)
≤ Dd

m+ d+ 1
,

where Dd = d(2d+3)
d+1 Cd + d

2 . Since

(m+ d+ 1)d > d!N (d)
m+1 > d!N,

we have

0 ≤ Vd(N) − ξd(N) ≤ NDd
d
√
d!N

=
1

d
√
d!

(
d

2
+
d(d− 1)2(2d+ 3)

8(d+ 1)

)
N1− 1

d . (2.4)

Remark 1. For d = 1 the estimate (2.4) is exact V1(N) = ξ1(N) = N2−N
2 . It

follows from the equality of A(1)(m) and G(1)(m).

Remark 2. For d = 2 and d = 3 we have

V2(N) =
2
√

2
3
N

3
2 −N +O(N

1
2 )

and

V3(N) =
3 3
√

6
4

N
4
3 − 3

2
N +O(N

2
3 ).

Remark 3. Due to the proof of Theorem 3 we conclude

Vd(N) ≥ d

d+ 1
d
√
d!N1+ 1

d − d

2
N.
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3. Hardy Inequality

3.1. Laplace–Beltrami operator on SM−1

For M ≥ 2 the Laplacian can be written in polar coordinates (r, θ), where r = |x|
and θ is an angular component of x ∈ RM , in the following way

−Δ = − ∂2

∂r2
− M − 1

r

∂

∂r
− 1
r2

Δθ.

The operator Δθ is the Laplace–Beltrami operator on S
M−1. It is well known, that

the harmonic homogeneous polynomials are connected with the spherical harmon-
ics, which are the eigenfunctions of the Laplace–Beltrami operator −Δθ. To be
more precise, let ψ be the harmonic homogeneous polynomial of the degree P and
ψθ = ψ

rM . Then

−Δθψθ = P (P +M − 2)ψθ.

Proposition 4. Let dN ≥ 3. The Laplace–Beltrami operator −Δθ defined on anti-
symmetric functions from L2(SdN−1) satisfies the inequality

−Δθ ≥ λd(N)

in the quadratic form sense, where λd(N) = Vd(N)(Vd(N) +Nd− 2).

Proof. Let B be the orthonormal system of spherical harmonic functions and let
BA ⊂ B be the orthonormal subset of the set B that are restrictions of antisymmetric
homogeneous harmonic polynomials on SdN−1. For any u ∈ H1

A(RdN ) we have

u(r, θ) =
∑

k:ψθ,k∈BA

uk(r)ψθ,k(θ).

According to Proposition 2, for all k such that ψθ,k ∈ BA

degψk ≥ Vd(N) =
d

d+ 1
d
√
d!N1+ 1

d − d

2
N +O

(
N1− 1

d

)
.

Hence,

−
∫

SdN−1
Δθu(r, θ) · u(r, θ)dθ

=
∑

k:ψθ,k∈BA

|uk(r)|2
∫

SdN−1
(−Δθψθ,k(θ)) · ψθ,k(θ)dθ

≥
∑

k:ψθ,k∈BA

|uk(r)|2Vd(N)(Vd(N) + dN − 2)

= λd(N)
∫

SdN−1
|u(r, θ)|2dθ.
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Remark 4. According to Theorem 3,

λd(N) =
(

d

d+ 1
d
√
d!N1+ 1

d − d

2
N +O(N1− 1

d )
)

×
(

d

d+ 1
d
√
d!N1+ 1

d − d

2
N +O(N1− 1

d ) + dN − 2
)

=
d2

(d+ 1)2
d
√
d!2N2+ 2

d +O(N2).

Remark 5. According to Remark 3,

λd(N) ≥
(

d

d+ 1
d
√
d!N1+ 1

d − d

2
N

)

×
(

d

d+ 1
d
√
d!N1+ 1

d − d

2
N + dN − 2

)

=
d2

(d+ 1)2
d
√
d!2N2+ 2

d − d2

4
N2 − 2d

d+ 1
d
√
d!N1+ 1

d + dN.

3.2. Proof of Theorem 1 (Hardy inequality for antisymmetric

functions on RdN)

Passing to polar coordinates (r, θ), we have∫
RdN

|∇u(x)|2dx =
∫ ∞

0

∫
SdN−1

(∣∣∣∣∂u∂r
∣∣∣∣2 +

1
r2

|∇θu|2
)
rdN−1dθdr.

Due to the classical Hardy inequality∫ ∞

0

∣∣∣∣∂u∂r
∣∣∣∣2 rdN−1dr ≥ (dN − 2)2

4

∫ ∞

0

|u|2
r2

rdN−1dr. (3.1)

Besides, Proposition 4 implies∫
SdN−1

|∇θu|2 dθ ≥ λd(N)
∫

SdN−1
|u|2dθ. (3.2)

Finally, we conclude that∫
RdN

|∇u(x)|2dx

≥
∫

SdN−1

∫ ∞

0

(
(dN − 2)2

4
|u|2
r2

+
λd(N)
r2

|u|2
)
rdN−1drdθ

=
(

(dN − 2)2

4
+ λd(N)

)∫
RdN

|u|2
|x|2 dx,

where λd(N) = Vd(N)(Vd(N) +Nd− 2).
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Remark 6. Using properties of Vd(N) we find

HA(dN) =
d2

(d+ 1)2
d
√
d!2N2+ 2

d +O(N2)

and

HA(dN) ≥ d2

(d+ 1)2
d
√
d!2N2+ 2

d − d2

4
N2 − 2d

d+ 1
d
√
d!N1+ 1

d + dN +
(dN − 2)2

4

=
d2

(d+ 1)2
d
√
d!2N2+ 2

d − 2d
d+ 1

d
√
d!N1+ 1

d + 1

=
(

d

d+ 1
d
√
d!N1+ 1

d − 1
)2

.

The constant HA(dN) in Theorem 1 is sharp.

Proposition 5. For d ≥ 1 and N ≥ 2

HA(dN) = inf
u∈H1

A(RdN )
u�=0

∫
RdN |∇u(x)|2dx∫

RdN

|u(x)|2
|x|2 dx

.

Proof. The constant HA(dN) has two terms (dN − 2)2/4 and λd. The first one
is the classical Hardy constant in (3.1) that is sharp but not achieved. Since the
inequality (3.2) is also sharp due to Proposition 4 we complete the proof.

4. Sobolev Inequality

We now consider the Sobolev inequality on antisymmetric functions. It is well-
known that for any u ∈ H1(Rn), n ≥ 3∫

Rn

|∇u(x)|2dx ≥ S(n)
(∫

Rn

|u(x)| 2n
n−2dx

)n−2
n

,

where

S(n) = πn(n− 2)
(

Γ(n2 )
Γ(n)

) 2
n

.

The same inequality holds for any u ∈ H1
0(Ω), where Ω ⊂ Rn. Before proving our

Theorem 2 we need to study some properties of symmetric group acting on RdN .

4.1. The symmetric group acting on RdN

Let us consider the action of symmetric group SN on the space R
dN . For an arbi-

trary x = (x1, . . . , xN ) ∈ RdN and σ ∈ SN denote by σx = (xσ(1), . . . , xσ(N)) the
permutation of elements x.
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Lemma 4. Let u be an antisymmetric function on RdN . For an arbitrary x ∈ RdN

and σ ∈ SN , σ �= id there is no continuous path Γ : [0, 1] 
→ RdN such that Γ(0) = x,

Γ(1) = σx and |u(Γ(t))| > 0 for all t ∈ [0, 1].

Proof. We will show this by contradiction. Let Γ be an appropriate path and
A = {x ∈ RdN : xi = xj for some 1 ≤ i, j ≤ N}. Since u(x) = 0 for all x ∈ A,

Γ([0, 1]) ∩ A = ∅. Then let us consider the action SN on RdN\A. Because of lack
of fixed points on R = RdN\A, this acting generates the covering p : R 
→ R/SN .
According to the path lifting property, there are no any paths Γ̃ different from Γ
such that p(Γ) = p(Γ̃).

Now we consider sets Ekτ = {x ∈ R
dN : xτ(1)k ≤ · · · ≤ xτ(N)k}, where 1 ≤ k ≤ d

and τ ∈ SN . Without loss of generality we can assume that x ∈ Ekid for all k. For
every k we can construct the projection mapping Σk on the fundamental domain
Ekid which maps x ∈ Ekτ to τ−1x. Then if for some k the point σx does not belong
to Ekid, then the path Σk(Γ) differs from Γ and p(Σk(Γ)) = p(Γ). Consequently, x
and σx belong to Ekid for all k at the same time.

It remains to note that the inequalities

x1k ≤ · · · ≤ xNk,

xσ(1)k ≤ · · · ≤ xσ(N)k

imply the equality of respective parts xik = xσ(i)k for all 1 ≤ i ≤ N and 1 ≤ k ≤ d.

Since σ �= id, there is 1 ≤ i ≤ N such that σ(i) �= i and it contradicts the assumption
that x �∈ A.

Analogically, let us denote σE = {σx : x ∈ E} for arbitrary E ⊂ RdN and
σ ∈ SN . Let C∞

0,A(RdN) be the class of C∞
0 antisymmetric functions on RdN .

Theorem 4. Let u ∈ C∞
0,A(RdN). Then there is a set E ⊂ RdN such that sets

{σE}σ∈SN are disjoint, u = 0 for all x ∈ δE and μ(suppu\⋃σ∈SN
σE) = 0.

Proof. Let us divide suppu into the union of connected components {Uα}. Because
of their openness, Uα are path-connected and according to Lemma 4, we can con-
sider the group action SN on {Uα}. At the end, it remains to choose representatives
from each equivalence class. Their union will be the desired set E.

4.2. Proof of Theorem 2 (Sobolev Inequality)

It is enough to show it for an arbitrary u belonging to the subclass C∞
0,A(RdN) ⊂

C∞
0 (RdN ) — functions satisfying antisymmetry conditions. The case u ∈ H1

A(RdN)
follows by the completeness C∞

0,A(RdN ) in H1
A(RdN ).
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Let E be the set from Theorem 4. The restriction of u to the set E satisfies zero
boundary conditions at the boundary ∂E. Thus, we have∫

E

|∇u(x)|2dx ≥ S(dN)
(∫

E

|u(x)| 2dN
dN−2dx

) dN−2
dN

.

This implies∫
RdN

|∇u(x)|2dx = N !
∫
E

|∇u(x)|2dx

≥ N ! S(dN)
(∫

E

|u(x)| 2dN
dN−2dx

) dN−2
dN

= (N !)
2

dN S(dN)
(∫

RdN

|u(x)| 2dN
dN−2dx

) dN−2
dN

,

which proves Theorem 2.

Remark 7. The constant SA(dN) = (N !)
2

dN S(dN) is sharp and substantially
larger than the classical one. It is enough to consider the minimizing sequence for
the classical Sobolev inequality on E and extend it on RdN by antisymmetry.

Remark 8. Due to Stirling’s approximation we find

SA(dN) ∼ πe1−
2
d

2
dN1+ 2

d as N → ∞.

5. Applications to Spectral Inequalities

Having two improved classical inequalities (Hardy and Sobolev) we now apply them
to spectral properties of Schrödinger operators.

5.1. Caffarelli–Kohn–Nirenberg type inequality

Proposition 6. Let p = 2dN
dN−2ν and γ = 2dN ν−1

dN−2ν , 0 ≤ ν ≤ 1, dN ≥ 3. Then for
any function u ∈ H1

A(RdN ) we have(∫
RdN

|x|γ |u(x)|pdx
) 2

p

≤ K̃(dN, ν)
(∫

RdN

|∇u(x)|2dx
)ν (∫

RdN

|u(x)|2
|x|2 dx

)1−ν
,

where K̃d(N, ν) = S−ν
A (dN) and where SνA(dN) is defined in Theorem 2.

Proof. (∫
RdN

|x|γ |u(x)|pdx
) 2

p

=

(∫
RdN

( |u(x)|
|x|

)(1−ν)p
|u(x)|pνdx

) 2
p
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≤
(∫

RdN

|u(x)| 2dN
dN−2dx

) ν(dN−2)
dN

(∫
RdN

( |u(x)|
|x|

)2

dx

)1−ν

≤ S−ν
A (dN)

(∫
RdN

|∇u(x)|2dx
)ν (∫

RdN

|u(x)|2
|x|2 dx

)1−ν
.

Proposition 7. Let p = 2dN
dN−2ν and γ = 2dN ν−1

dN−2ν , 0 ≤ ν ≤ 1, dN ≥ 3. Then for
any antisymmetric function u ∈ H1

A(RdN ) we have∫
RdN

|∇u(x)|2dx ≥ Kd(N, ν)
(∫

RdN

|x|γ |u(x)|pdx
) 2

p

,

where Kd(N, ν) = SνA(dN)H1−ν
A (dN) and where HA(dN) is given in (1.5).

Proof.(∫
RdN

|x|γ |u(x)|pdx
) 2

p

≤ S−ν
A (dN)

(∫
RdN

|∇u(x)|2dx
)ν (∫

RdN

|u(x)|2
|x|2 dx

)1−ν

≤ 1
SνA(dN)H1−ν

A (dN)

∫
RdN

|∇u(x)|2dx.

Remark 9. Note that as N → ∞ we have

Kd(N, ν) ∼
(
πe1−

2
d

2

)ν
d2−ν

(d+ 1)2−2ν

d
√
d!2−2νN2+ 2

d−ν .

Fig. 1. The values of Vd(N) − ξd(N), 2 ≤ d ≤ 8.
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5.2. Spectral properties of Schrödinger operators

Let us consider a Schrödinger operator defined on antisymmetric functions in
L2
A(RdN )

H = −Δ − V,

where V ≥ 0.

Theorem 5. Let dN ≥ 3 and 0 ≤ ν ≤ 1. Assume that(∫
RdN

V
dN
2ν |x| 1−ν

ν dNdx

) 2ν
dN

≤ Kd(N, ν).

Then the operator H is positive and has no negative eigenvalues.

Proof. For the quadratic form of the operator H we find∫
RdN

|∇u(x)|2dx−
∫

RdN

V (x)|u(x)|2dx

=
∫

RdN

|∇u(x)|2dx −
∫

RdN

V (x)|x|2(1−ν)|u(x)|2|x|2(ν−1)dx

≥
∫

RdN

|∇u(x)|2dx −
(∫

RdN

V (x)
dN
2ν |x| 1−ν

ν dNdx

) 2ν
dN

×
(∫

RdN

|u(x)| 2dN
dN−2ν |x|2dN ν−1

dN−2ν dx

) dN−2ν
dN

dx

≥ Kd(N, ν)
(∫

RdN

|x|γ |u(x)|pdx
) 2

p

−Kd(N, ν)
(∫

RdN

|u(x)|p|x|γdx
) 2

p

dx = 0,

where p = 2dN
dN−2ν and γ = 2dN ν−1

dN−2ν . Consequently,
∫

RdN |∇u(x)|2dx −∫
RdN V (x)|u(x)|2dx ≥ 0 and this completes the proof.

6. Some Numerical Values

Despite of complexity of exact values of the degree Vd(N) of the Vander-
monde determinant (2.1) we can give some values of minimal eigenvalues of the
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Laplace–Beltrami operator obtained with numerics.

N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9

d = 1 1 12 48 130 285 546 952 1548
d = 2 3 12 40 84 144 253 392 561
d = 3 5 18 39 90 161 252 363 494
d = 4 7 24 51 88 168 272 400 552
d = 5 9 30 63 108 165 280 423 594
d = 6 11 36 75 128 195 276 432 620

Minimal eigenvalues of the Laplace–Beltrami operator on SdN−1

on antisymmetric functions.

Also it allows us to compare Vd(N) and its estimate ξd(N) defined in (2.3)
that we obtained in (2.4). Results are performed by following graph, where the
reader can see the difference Vd(N)− ξd(N) with N growing from 2 to 100 and for
2 ≤ d ≤ 8:

Due to (2.4) the difference between Vd(N) and ξd(N) equals O(N1− 1
d ). It jus-

tifies the growth of the difference with increasing of d. Also, we can see the special
values N (d)

m . They correspond to cusps on graphs.
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