HARDY INEQUALITY FOR ANTISYMMETRIC FUNCTIONS
THOMAS HOFFMANN-OSTENHOF AND ARI LAPTEV

ABSTRACT. We consider Hardy inequalities on antisymmetric func-
tions. Such inequalities have substantially better constants. We show that
they depend on the lowest degree of an antisymmetric harmonic polyno-
mial. This allows us to obtain some Caffarelli-Kohn-Nirenberg-type in-
equalities that are useful for studying spectral properties of Schrodinger
operators.
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1. INTRODUCTION

The classical Hardy inequality reads for u € H*(RY), N > 3,

_ 9)\2 2
/ \Vu|2dx2%/ de. (1.1)
RN

The literature concerning different versions of Hardys inequalities and their
applications is extensive and we are not able to cover it in this paper. We
just mention the classical paper [3] and books [1], [5], [6], [19].

If N = 2 then Hardy type inequalities and their applications to spec-
tral theory of Schrodinger operators were studied in a series of papers of
M.Solomyak. Here we just mentions two papers [22], [23].

In this note we consider the inequality (1.1) on a class of antisymmetric
functions from H!(RY) that we denote by H}(RY). It is assumed that
such functions satisfying the following antisymmetry conditions:

U(eo o Ty ooy @y o) = —U(oe o, Ty Ty ), (1.2)
where 7 = (71, 79,...,25) € RV,

Clearly H}(RY) Cc H'(R") and therefore it is expected that the constant
in (1.1) is larger. Our goal is to show that for u € H4(R") we have

2
/N \Vu|?dr > CA(N)/ Jul® x N >2, (1.3)
R R
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with the explicit constant C'4 (N) = w, N > 2.

Note that some related sharp inequalities were obtained in [11], [18], where

it was proved that
N2 2
/ |Vu|2dm2—/ de,
RN 4 Jen |x]?

where u(x) = —u(—z) € H'(RY), N > 2. If N = 2 then the constant in
this inequality coincides with C'4(/N') and equals 1.

The inequalities obtained in Proposition 4 and Corollary 3 for N = 2 are
limiting cases for Caffarelli-Kohn-Nirenberg [4] inequalities that do not
hold without the antisymmetry conditions.

Further applications of Hardy inequalities on antisymmetric functions are
used for proving spectral properties of Schrodinger operators with decay-
ing potentials. In particular, we find some new conditions under which
Schrodinger operators defined on antisymmetric functions do not have neg-
ative eigenvalues. The respective estimates are given in terms of weighted
Egorov-Kondrat’ev type norms of potentials, see [9].

The fact that the spectral point zero is not a resonance state of a magnetic
Schrodinger operator with Aharonov-Bohm magnetic field in the 2D case,
was considered in [2]. For such operators there is a non-trivial Hardy in-
equality [17] and in [2] the authors have obtained some spectral inequal-
ities in terms of norms of potentials functions in L'(R,, L>=(S), rdr),
see also [16]. In the present paper we use 2D-Hardy inequality for an-
tisymmetric functions that allows us to show absence of negative eigen-
values for Schrodinger operators in terms of the Egorov-Kondrat’ev type
classes L1 (RY |z|*2dz) of the potential with some s, »», see Theorem
2. Such classes were also considered in proving Lieb-Thirring inequalities
for Schrodinger operators with subtracted Hardy terms in [7].

Note that in [20] (Proposition 4.1) the author obtained a Hardy inequality
related the inequality obtained in this paper, see Theorem 1, Section 3. The
constant in the inequality obtained in [20] depends on the lowest Dirichlet
eigenvalue of the Laplace-Beltrami operator defined on the intersection of
S¥~! and a cone in RY. In our case such an eigenvalue can be computed
explicitly due to the special structure of antisymmetric functions.

Finally we would like to mention the paper [10], where the authors have
proved the absence of the bound states at the threshold in the triplet S-sector
for Schrodinger operators defined on a class of antisymmetric function.
Some properties of fermionic wave functions were considered in [12].

We begin with some simple statements regarding properties of harmonic
polynomials in Section 2. In Section 3 we prove Hardy inequalities on
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the class of antisymmetric functions. In Section 4 we consider a version
of the Caffarelli-Kohn-Nirenberg inequality, where antisymmetry allows us
to obtain better constants in Corollary 2. Finally we apply our results to
spectral properties of Schrédinger operators in Section 5.

2. SPHERICAL HARMONICS

2.1. Laplace-Beltrami operator on SV ~!. The Laplacian in polar coordi-

nates (r, ), where 0 = x/r,r = |z|, » € RY, equals

? N-10 1

or? roor 2"
where Ay is the Laplace-Beltrami operatoron SV ! = {x € RV : |z| = 1}.
A harmonic homogeneous polynomial of degree M is denoted by Py (z)
and the associated spherical harmonic equals Y;, = %. It is well known

that the spherical harmonics Y}, are eigenfunctions of the Laplace-Beltrami
operator —Ay,

_AQYM = M(M + N — Q)YM = /\M,NYM‘

The value
N+M-1 N+ M-3
M N) = —
o - (VD - ()

is the multiplicity of the eigenvalue Ay y.

2.2. Properties of analytic antisymmetric functions. We have the fol-
lowing result (see [13])

Proposition 1. Let 1) be an analytic antisymmetric function in RY satisfying
the property (1.2). Then there is a symmetric analytic function p such that
Y = @ Vy, where Vy is the Vandermonde determinant

1 1 1 1
T T T3 . N
Vv =| 22 x5 - SO - (2.1)
x{vfl xévfl xévfl x%il

Proof. Let z = (x1,79,...2y) € RY. Since 1 is antisymmetric we have
¢(z) = 0 for zy = z;, k # j. Hence due to analyticity, ¢ has factors
x, — x; for all k # j. Factorising them out we therefore conclude that the
function

Y()

P L fw—ay) PO
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is symmetric and analytic. U

Definition 1. Denote by M(N), N > 1, the smallest integer so that there

is an antisymmetric harmonic homogeneous polynomial Py (ny # 0 with
degree M (N).

The Vandermonde determinant Vy defined in (2.1) is such a harmonic poly-

nomial whose degree equals w and thus
N(N —1

Corollary 1. The Laplace-Beltrami operator Ay defined on antisymmetric
functions on L*(SN™') satisfies the inequality

NNV -1)

in the quadratic form sense.

3. HARDY’S INEQUALITIES

One of our main results is the following:

Theorem 1. Let u € HL(RY), N > 2. Then

2
/ |Vu|2dszA(N)/ I% , (3.1
RN RN
where , ,
N2 -2
Ca(N) = %. (3.2)

Proof. Consider polar coordinates z = (r,6), r € (0,00), and § € SV~1.
Then

/ \Vu|2da::/ / (
RN 0 SN-1

Let )Y be the orthonormal system of spherical harmonic functions and let
Y4 C Y be the orthonormal subset of the set ) that are restrictions of totally
antisymmetric homogeneous harmonic polynomials. For any u € H(RY)

we have
u(r,0) = Z up(r)Yi(0).
k:Yp€Ya
Then using that M (N) = min{k : Yy € Y4} and that
N(N —1)(N?+ N —4)
4

@
or

2
1
+ ﬁyvguP) Nl dodr.  (3.3)

Aun=M(N)M(N)+N—-2)=
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we find
/ Vou(r,0)?do = > Apug(r)]?
s k=M (N)
>y Y P =t [ 0P G4
k=M (N) CA
For the radial part we use the classical Hardy inequality on the half-line
< | 9 I? N —92)2 [ [y]2
/ Nt > V27 / MT‘N_I dr. (3.5)
0 aT 4 0 7”2

Substituting the inequalities (3.4) and (3.5) into (3.3) we finally arrive at

au 2 |U('T', 9)|2 3
/RN [Vl de 2 /o /SN—1 ( or AV I r7 dfdr
cuN) [ Eyg
sl A( ) . |[L’|2 xZ,
where C4(N) = Ayn + (NZQV _ (N24—2)2_

Remark 1. It is easy to check that if N = 2 then the lowest eigenvalue on
the Laplace-Beltrami operator on the circle equals one and therefore for
functions u(xy, xy) = —u(xe,x1) we have

Juf?

]Vu|2dx2/ —=dx.
R2 r2 |2]?

Remark 2. Note that the constant C4(N) ~ N*/4 compared with the clas-
sical Hardy’s constant that grows as N* /4, as N — oc.

Proposition 2. The inequality (3.1) is sharp.

Proof. Indeed, let us consider

uo(w) = @(r) Y (0).
Then substituting this function into the quadratic form (3.3) we obtain

Vu 2dx=/ / ki
/RN’ o 0 JsN-t ( or

It is well known that the inequality

2 2
o0 N —2 o] 2
/ rNtdr > (—) / —‘902| rNldr (3.6)
0 2 o T

2
1
|YM(N)’2 + _2‘¢‘2IV9YM(N)‘2> rN L dbdr.
r

9y
or
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is sharp. Besides,

1 1
—|VeYu(n|* df = Aurv —|Yarn |* df. (3.7)

SN-1 r? SN-1 r?
Combining (3.6) and (3.7) we complete the proof. ]

4. CAFFARELLI-KOHN-NIRENBERG TYPE INEQUALITIES

Let NV > 3. Then the classical Sobolev inequality states

N-—-2
9 N
(/ Ju| ¥ dx) gSN/ \Vu|? dz, (4.1)
RN RN

where the sharp constant Sy was found in [24], see [14],

N(N —2

4
—2/N
= w 22/N I HI/NT (%) . (42

In this section we discuss some special cases of Caffarelli-Kohn-Nirenberg
inequalities considering N = 2 and N > 3 separately.

Proposition 3. Letp = 2205, v = 2N =1, 0 <9 < 1, N > 3. Then for

any antisymmetric function u € H'(RY) we have

2/p
([t tura)
RN
< Cyy (/ \Vu\zda:) (/ —2da:) . (4.3)
RN Y |2]

Cng < S%. (4.4)

Remark 3. Note that if Y = 1, then v = 0 and p = 2* = 2N/(N — 2). In
this case (4.3) is just the Sobolev inequality.

If Y =0, then p = 2, v = —2 and in (4.3) the left hand side coincides with
the right hand side with C o = 1.

where

In the case N = 2 the inequality (4.3) is not valid for u € H'(R?) and we
prove it for anti-symmetric functions.

Proposition 4. Let N = 2. There exists a positive constant Cy 9 > 0 such
that for any 0 < 9 < 1 and v € H}(R?) we have

2 1-2 9 9 (1-9)
/ M) <o [ (Vultde / el 4 . (4.5)
R |7[? ’ R2 R |2[?
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Proof of Proposition 3. Applying Holder’s and Sobolev’s inequalities we
find

2/p lul p(1-9) 2/p
</ |x|7|u|pdx) = / |u|pﬂ<—> dx
RN RN |z]
I(N—2)
N 2 1-9
< / \ul% dx / de
RN v |2]?
9 2 ! \u|2 =
< S d —d )
<st ([ 1vure) ([, )

pﬁ(N—2)+p(1—19)_ N—-29
2N 2 PTan T
The proof is complete.

Note that
1.

Proof of Proposition 4. Let B, = {0 < |z] < p}, p > 0, and let u €
H},(R?) be antisymmetric. Then

ﬂ—/ udr = 0.
B

P
Then using the Gagliardo-Nirenberg interpolation inequality [8], [21], see
also [15],[19], with p = ﬁ we have

Ip/2 (
luPPdz < C /|Vu|2dx /|u|2dx
Bp Bp BP

Ip/2
<C ( \Vu\Qd:c) / lu|? dz, (4.6)
R? B,

where 0 < 9 < 1. By scaling, the inequality (4.6) is independent of the
radius p of the disc B, and thus C' = C'(9).

We now multiply both sides of (4.6) by p—2 and integrate with respect to p
over (0, 00). Then using simple identities

/ p_S/ |u|P dedp = = / %dw,
0 |z|<p 2 R2 |ZL‘|
[e§) 1 |U’2
-3 2
p / |u|* dxdp = = / —=dr,
jg |z|<p 2 RQ‘x’2

we finally arrive at

p Up/2 2
/ %daj <C (/ ]Vu|2das) / %dm.
R2 || R2 r2 ||

1-9)p/2
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. . 2
This proves (4.5) with Cy 3 = C'» = C177.

Open questions.

1. The Sobolev inequality is achieved on spherically symmetric functions.
Is it possible to improve the constant Sy (4.2) in the Sobolev inequality
considering it on functions from H}(RY)?

2. It would be interesting to find a direct proof of (4.5) with a sharp constant.

Combining Proposition 3 and Theorem 1 we obtain

Corollary 2. Let N > 3, p = N n<9<1 and v = 2N V=L Then

N_29’ N-—-2¢*
N 19 2/p

CAé | (/ |w|W|UIpdl") S/ Vulde, ue Hy(RY). @4.7)
N9 RN RN

where C(N) is defined in (3.2).

Since C'4(2) = 1, applying Proposition 4 we have

Corollary 3. Let p = 125 and 0 < ¥ < 1. Then

o 1-9
/)kam gaw/ﬂvmma we HY(R?).  (4.8)
R |7 R2

5. APPLICATIONS TO SPECTRAL PROPERTIES OF SCHRODINGER
OPERATORS

Let us consider a Schrodinger operator in L?(RY)
H=—-A-V. V>0,
and its quadratic form

(Hﬂﬂozi/ (|Vul* = V|ul?) dx. (5.1)
RN

Theorem 2. Let p and ¥ satisfy the conditions from Corollary 2 if N > 3
and Corollay 3 if N = 2. Assume that

29
Cnyo / N 1=9y ~
Y V2o 20 ¥ d < 1.
Ca(N)=° ( RN ! ’ -
Then the operator H is positive,
H=-A-V>0. (5.2)

In particular, if N = 2 then (5.2) is true assuming

9
Co.9 (/ Vi |x|% das) < 1.
RQ
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Proof. Using Holder’s inequality we have
/ V0ul? dx = / V0| |ul?|x| " dx
RN RN

1/q 2/p
< ([ viaras) ([ eleapas)
RN RN

where 1/q + 2/p = 1 and thus

I ] 2]\/ —-20 20
q ON N’
Choosing
9—1 N-—-2
= — g —2N . — 1 —
a=/p N—20 2N v
we have N
=(1—-7)—.
ag=(1-19)5;
Using Corollary 2 we find

[ 90 = Vi) do

29
Cnw / N NO-9) ~
>1—- ——2— V2o 7 d
> Ca V) ( . 2 |x| 2 x

X / |Vul?dz > 0.
RN

O
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