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BEREZIN-LI-YAU INEQUALITIES ON DOMAINS ON THE
SPHERE

ALEXEI ILYIN AND ARI LAPTEV

ABSTRACT. We prove Berezin—Li—Yau inequalities for the Dirichlet and
Neumann eigenvalues on domains on the sphere S¥~1. A sharp explicit
bound for the sums of the Neumann eigenvalues is obtained for all di-
mensions d. In the case of S? we also obtain sharp lower bounds for the
vector Dirichlet Laplacian and the Stokes operator.

1. INTRODUCTION

Let Q be a bounded domain in R? with volume |Q2]. We denote by
{622, and {pi )2, the eigenvalues of the Laplacian —A with Dirichlet
and Neumann boundary conditions, respectively. In the case of the Neu-
mann boundary conditions we additionally assume that boundary 02 is
sufficiently regular so that the embedding H'(Q) < L,(Q) is compact.

The following bounds hold for the Riesz means of A\, and py

Y (A= a)F S Ll
D =) = Ly QAT

where , = max(0,z), o0 > 1, and
1 I'(c+1)
Lcl - = 1— 2 o dE = )
o4 (2m)d /Rd( £ de (4m)¥ (o +d/2 + 1)
The first one follows from more general results of [2]. A direct proof of both
is given in [17].
A lower bound for the sums of the Dirichlet eigenvalues was obtained

in [20]
- d (0" 2/d
> +2/d. 1.3
; k_2+d<wd|§2|> " (1.3)
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and a similar upper bound for the Neumann eigenvalues was proved in [16]

n d (27T)d 2/d )
<= +2/d, 1.4
;Mk_2+d(wd|9|) " (14)

We point out that the fact that the coefficients are constant is essential in
the proof. Also, the constants in (1.1) and (1.3),(1.4) are sharp in view of the
Weyl asymptotic formula for the eigenvalues. Finally, it was observed in [18]
that inequalities (1.1) with o = 1 and (1.3), (1.4) are pairwise equivalent,
and the equivalence is realized by the Legendre transform and explains why
they are called Berezin-Li—Yau inequalities.

Note that for domains 2 C R? there are many results where the authors
obtained Berezin—Li—Yau inequalities with remainder terms. Among them
are [7], [24] (with o > 3/2 ) for the Berezin inequality and [6], [21], [14],
[25], [26] for the Li-Yau estimate. Moreover, improved such inequalities for
magnetic operators were recently proved in [15].

Our interest in this paper is in proving Berezin—Li—Yau inequalities for the
Dirichlet and Neumann eigenvalues of the Laplace—Beltrami operator on a
domain € on the unit sphere S¥~1. Now € is a (curved) domain on S¢~! with
(d — 1)-dimensional surface area || < [S?7!| =: 04. As before we denote by
{12, and {pr )32, the eigenvalues of the Laplace-Beltrami operator —A
with Dirichlet and Neumann boundary conditions, respectively.

The main general results of Section 2 are the following bounds for the
Riesz means of order o > 1 of the eigenvalues {\¢}7°; and {p}72,:

> (A=M)] < % > (A= A)Ska(n),

<
Il
-

(1.5)

NE

=) 2 S0 ki)

<.
Il
—

Here A, and k4(n) are the eigenvalues and their multiplicities of the Laplace
operator on the whole sphere S¢~1, see (1.10)—(1.11).

Next, we set 0 = 1 so that the right-hand side, denoted below by Fga—1(\),
is a continuous piecewise linear function with change of slope at A = Ay,
N =0,1..., and by means of the explicit expression for Fga-1(Ay) proved
in Section 5 we show in Section 4 that in all dimensions

Q] -
Fsa1(A) = % Z()\ — Ap)skg(n) > Li{d_1|9|)\l+(d /2,

n=0
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where the inequality is strict for all A > 0 when d — 1 > 3, while in 2D case
we have equality for A = Ay. This gives that
D (A= pg)e = Ly [ QATED2,
j=1
Applying the Legendre transform for both sides we obtain a Li—Yau-
type upper bound for the sums of the first n eigenvalues of the Neumann
Laplacian on 2 C S¢!

_1N 2/(d—1)
(27T)d 1 B
Z'uk 24 d -1 (wd—1|Q| mrE, (16)

which looks exactly the same as in the case of the Euclidean space [16].
The situation with the Dirichlet eigenvalues is different and a Li—Yau
estimate in the form (1.3) cannot hold, since the first eigenvalue on the
whole sphere is 0. Therefore we restrict ourselves to the case of S?, where
we take advantage of the fact that Fi:(Ay) = L{,|Q|A%, and by evaluating
the Legendre transform of ng()\) we obtain a Li—Yau-type lower bound:

S i (n-2) o

which turns into the equality when Q = S? and n = N?, and which properly
takes into account the behaviour of the first eigenvalue as || — |S?| = 47

M= A (Q) > ‘2(;(1—%) (1.8)

In this connection we observe that sharp estimates for the first eigenvalue
of the Schrodinder operator on S~ without the exclusion of the zero mode
were obtained in [4].

The proof of the inequalities for Riesz means (1.5), on which the subse-
quent analysis is based, essentially relies on the pointwise identity (1.12) for
the orthonormal spherical harmonics.

A similar pointwise identity holds for the gradients of the spherical har-
monics (1.15) and makes it possible to prove Berezin-Li-Yau inequalities
for the Dirichlet eigenvalues of the vector Laplacian. Unlike the scalar
case, the vector Laplacian (we deal with the Laplace-de Rham operator)
is strictly positive, since the sphere is simply connected. We consider only
the two dimensional case, where a divergence free vector function have a
scalar stream function, so that the identity (1.15) works equally well in
the invariant spaces of potential and divergence free vector functions. We
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obtain a Li—Yau-type inequality for the vector Dirichlet Laplacian, which
looks exactly the same as in the case 2 C R?. A more interesting example
is the Stokes operator on a domain € C S?:
— Au; + Vp; = vjuy,
' J J 77 (19)
divu; = 0, ujlon = 0,

where the scalars p; are the corresponding pressures. We show that

Z”k |ﬂ|

We observe that this estimate is also exactly the same as the Li—Yau bound
for the Stokes operator [12], [13] in the 2d case 2 C R?.

We now recall the basic facts concerning the Laplace operator on the
sphere S%~!. The one dimensional case d = 2 is somewhat special, so we as-
sume below that d > 3. We have for the (scalar) Laplace-Beltrami operator
A =divV:

~AYF=AYF k=1, kin), n=0,1,2,.... (1.10)

Here the Y,* are the orthonormal spherical harmonics which are chosen to
be real-valued. Each eigenvalue A,, = n(n + d — 2) has multiplicity

1 (n+d—-3
For example, for d = 3 we have for S A, = n(n + 1), k3(n) = 2n + 1.
The following identity is essential in what follows [22]: for any s € S¢!

Z YE(s _ kaln ), (1.12)
0d
where |S41| =: 0y = 27rd/2/F(d/2) is the surface area of S4-1.

We note that identity (1.12) holds in a more general case of a compact
homogeneous Riemannian manifold M [19]. Namely, if A > 0 is an eigen-
value of —A on M with multiplicity ky/(\) and yx(z), k= 1,..., ky(\) are
the corresponding orthonormal eigenfunctions, then, for any x € M,

]{Zd (n) =

kar(N)
S pla)? = ’jMT(T’ (1.13)
k=1

where |M| := vol(M).
Based on this identity, lower bounds for the sums of the Dirichlet eigenval-
ues and upper bounds for the sums of the Neumann eigenvalues in an open
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domain ©Q C M were obtained in [23] in terms of the renormalized eigen-
value sum function. In the case of Q C S? the results of [23] are written in
the explicit form

u 2 [¢) u om
> e _—— <
1521 Y 1 n <n 1 ) 321 j" Q] n

so that our estimate (1.7) and estimate (1.6) for d — 1 =2 are not new.
On the other hand, the explicit upper bound (1.6) for higher dimensions
d— 1> 3is new.

We also observe that in the case of a homogeneous manifold M (with
identity (1.13)) our estimates for the Riesz means (1.5) can be immediately
written in the form

Z(A SN < %Z(A K.

n=1

(1.14)

where {A,,}°2, are the eigenvalues (counting multiplicities) of —A on the
whole M. We point out in this connection that the second inequality
n (1.14) can be found for o = 1 in [5]. We finally point out that universal
estimates of the the k 4 1-th Dirichlet eigenvalue by the first k eigenvalues
for a domain on the sphere were obtained in [3] (see also [8, 9, 10] and the
references therein).

In the vector case we have the identity for the gradients of spherical
harmonics that is similar to (1.12) (see [11]): for any s € S¢1

S IVYEs)P = Ay ff . (1.15)
k=1 d

This identity is especially useful for inequalities for vector functions on
S? and we prove it for the sake of completeness. Substituting ¢(s) = Y*(s)
into the identity

Ap? = 20Ap + 2|V
we sum the results over k = 1,... kg(n). In view of (1.12) the left-hand

side vanishes and we obtain (1.15) since the Y*(s)’s are the eigenfunctions
corresponding to A,,.
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2. INEQUALITIES FOR RIESZ MEANS OF THE DIRICHLET AND NEUMANN
EIGENVALUES ON DOMAINS ON THE SPHERE

Let Q C S%! be a (curved) domain on S9! with (d — 1)-dimensional
surface measure |Q| < o4. We denote by H'(Q) the standard Sobolev space
on ©, and by H} () its closed subspace of functions vanishing on 9. Next,
we define the Dirichlet Laplacian A and the Neumann Laplacian AY via
the quadratic forms with domains H}(Q) and H'(Q), respectively.

We assume (in the case of the Neumann Laplacian) that the boundary 0f)
is sufficiently regular so that the embedding H'(Q) < Ly(£2) is compact.

To fix notation we write the Dirichlet and Neumann eigenvalue problems

—AvY; = ANy, Yilaa =0, 0< M << — +o0,
0w (2.1)
_ij::ujwj? 8—7;|8§2:0, O:M1§N2§—>+OO,

where n is the unit normal to 9 tangent to S*!. Here \; > 0 if Q is a
proper domain on S meas(S¥!\ Q) > 0. If Q = S?! then \; = p;
and the eigenvalues coincide with A,, with multiplicity (1.11). Both systems
{152, and {w;}32, are orthonormal in Ly(2).

The following result contains estimates for the Riesz means of the eigen-
values \; and ;.

Theorem 2.1. Let 0 > 1. Then inequalities (1.5) hold true.

Proof. To simplify the notation we shall prove (1.5) for S?, the general case
is treated in exactly the same way. Furthermore, we start with ¢ = 1 and
first consider the Dirichlet Laplacian.

We extend by zero each eigenfunction ¢; to the whole S? setting

=S w(s), se
G ={ e
and expand the result in spherical harmonics:

co 2n+1

ZZ(LM *(s), se€S?

n=0 k=1

where

afn wj ds—/zb] ds.
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Then using (1.10) and orthonormality of the Y*’s we obtain

Z Z (/ (A+A4) @Dﬂbjds) = Z (/ (A + A)Jj{/)vjds) =
Jj=1 j=1 + =1 S2? n
0 co 2n+1 o 2n/+1
:Z< A+2)Y D b Vi)Y D ah v (s ) _
i=1 n=0 k=1 n'=0 k'=1 n
> B 2n+1
= (Z (A—n(n+1)) Z (afn)2>
j=1 n=0 k=1 n
We continue
> 0 00 2n+1
Z()\_)\j)-i- < ZZ(A—n(n+1))+ (ak,)* =
Jj=1 j=1 n=0 k=1
oo 2n+1 oo
=> (A=nn+1), Y > ()
n=0 k=1 j=1
We now consider the last double sum
2n+1 oo 2n+1 oo 2n+1
Do) =30 > W Ve / Y (s)2ds =
k=1 j=1 k=1 j=1 k=1
2n+1
/Zyk /2n+1d_(2 +1)u
Q k=1 o Am A’

where the second equality is the Parceval identity for the expansion of a fixed

function Y,*(s)|seq in the Fourier series with respect to a complete orthonor-

mal system {1;}52, in Ly(Q2), while the forth equality is precisely (1.12).
As a result, we obtain

oo [e.9]

> (A= M)+ ¥Z(>\—n(n+l))+(2n+1), (2.2)

j=1 n=0

which is the first inequality in (1.5) for S? and o = 1.
We now consider the Neumann Laplacian. It is convenient to denote

pAlt) = (A= 1)

Y A=) =) ealuy) = Yol lwil @),
7=1 Jj=1 Jj=1

Then
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where w; are the orthonormal eigenfunctions defined in (2.1). We expand
the w;’s in the spherical harmonics:

co 2n+1

Z Z c]nY,f , s €€, where c;?n = / w;(s)Y,F(s)ds,
n=0 k=1 Q
so that
oo 2n+1
1= [lwjlF,0 =D > (,
n=0 k=1

and as before

33, /Z *(s)2ds = (2n +1)|4i|

k=1 j=1 k=1

Therefore setting 2n+1 © )2 =: b,,, we see that
n J

E: = 2n ‘l‘ 1)@ and T?:O b]n - 1
We continue

Z)\ /J’]-l-_ZSOA 1273 ijn—
7j=1

- i 4 (2n + 1)
- o) bin 5 am

n=0 \j=1

We consider the sum with respect to j. Since for each fixed n

47 >
— S, =1,
(2n +1)|Q| ; J

and the function ¢, is convex, Jensen’s inequality gives that

Z 4 Z 47T
- 1” 13)b mon+ 1|9 T = P s m2n+ 1)|Q
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On the other hand,

o) 2n+1 2n+1
Zﬂjbyn ZMJ Z Z:U’] Z Wy, n)Lz(Q)
j=1 j=1 k=1 j=1 k=1
2n+1 oo 2n+1
= Z Z,uj(wj,Y,f)ZM(Q) =n(n+1) Z ||Yf||%2(9) =
k=1 j=1 k=1
ol (2n +1)|Q
n(n+ 1) / Yk n+1)————,

where the last equality is again precisely (1.12), and the fourth equality
follows from the spectral theorem:

> 1w, Y o) = (Z Mj(wth)LQ(Q)wj,Yf) =
j=1

j=1 La(2)
= (=AY, V) 12y = n(n + DY 7,0

Therefore

A (Z Nj@nﬁ) =pa(n(n+1)) = (()\ —n(n+ 1))+>

and we finally obtain
iA 1) ﬂi (A=n(n+1)),(2n+1) (2.3)
o J 47 — 9

which is the second inequality in (1.5) for S* and o = 1.

To complete the proof it remains to “lift” estimates (2.2), (2.3) to the
powers ¢ > 1. This is done by using the argument in [1]. For any real
number E evaluation of the integral gives the equality

— —/ Lt72dt, e = B(2,0—1). (2.4)
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Then in the Dirichlet case using (2.2) we have

o0

S O=a = [Ty = ot <
- Co Jo
j=1
< K1 /OO i(A —t—n(n+1)), 2n+ 1)t 2dt =
- 47T Co 0 =0 +

Q
| |Z A—n(n+1)) (2n+1),

where we used (2.4) twice with £ =X — \; and E = X —n(n+ 1).

We can do the same in the Neumann case, however, the direct proof in
the case 0 = 1 works for o > 1, since the function ¢,(t)7 = (A — )7 is also
convex. The proof is complete. 0

Remark 2.1. Inequalities (1.5) turn into equalities for Q = S41.
We set for 0 =1

Q o0
Fsai()) = |a—| D> (A= Ay)ika(n), (2.5)
and give a more explicit expression for the function
FO) = (A= Ay)ika(n) (2.6)
n=0

in estimates (1.5) in the case o = 1.

Lemma 2.1. The function f(\) is a piecewise linear function joining the
points [An, f(An)] in the plane (A, f(N\)). For A=Ay, N =0,1,...,

f(Ay) = Z ka(n)(An — Ay). (2.7)

3

Proof. The function f(\) is linear on every interval A € [Ay_1, Ay]. We
have f(Ag) = f(0) = 0 and for A = Ay only the first N terms with n =
0,...,N —11in (2.6) are non-zero, which gives (2.7). O

3. THE 2D SPHERE S?

Lemma 3.1. On S? it holds

fay) = TR Ly, (3.1)
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Proof. This is a direct calculation using (2.7) and that A, = n(n + 1),
ks3(n) = 2n + 1. Alternatively, we may use the general formula (5.5) which
works for all dimensions. O

Corollary 3.1. For all A >0

|Q| 1 c
Fe()) = E: —n(n+1)) (2n+1)z§|Q|A2ZL1{2\Q\A2, (3.2)
while
1
ng()\):8—|Q|)\2 for N\=Ay=N(N+1), N=0,1,.... (3.3)
m

Proof. Equality (3.3) is just (3.1), and inequality (3.2) follows by convexity
(see the top graph in Fig. 1). O

Recalling estimate (1.5) for the Neumann eigenvalues y;, we finally obtain
the inequality

- 1
A= i)y > —|QA%
>0l 2 gl
We now take the Legendre transform of both sides of this inequality [18].
We recall that for a convex function g(z) on R, the Legendre transform
9" (p) given by
9" (p) = sup(pz — g()).

x>0
The Legendre transform of the right-hand side is straightforward. For the
left-hand side we have [18]

00 v [P]
(Z:(A - uj)+> () = (0 = [P g1 + Y o (3.4)
k=1

j=1
If g(z) > h(x), then ¢¥(p) < hY(p), and setting p = n € N we obtain the
following result.

Theorem 3.1. Let Q be an open domain on S* with two-dimensional surface
area || such that the embedding H(Q)) — Lo(S2) is compact. Then the sum
of the first n eigenvalues p, of the Neumann Laplacian satisfies the estimate

- 2m
> < ] n?. (3.5)
k=1

Remark 3.1. We point out here that while the ordering of the numbers 1;’s
in the left-hand side in (3.4) does not play a role, the Legendre transform on
the right-hand side automatically orders them in the non-decreasing way.
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For the lower bound for the Dirichlet eigenvalues we need an explicit
expression for the Legendre transform Fg(p) of the function Fg2(\).
Setting

o= — (3.6)
we first observe that for A € [Ay_1, Ay]
Fee(A) = a((An—1 + Av)N — AyvoiAy) = a(2N?A = N*(N? —1)). (3.7)

In fact, in view of (3.3) we only have to verify that Fs2(\) in (3.7) satisfies
Fs2(An_1) = aA%_ | and Fs2:(Ay) = aA%. Next, the slope of the straight
edge of the graph of Fgz2(\) on each interval A € [Ay_1, Ay] is equal to

A2 _A2
a(A% No1) :a(AN—I-AN_l)ZQ(N(N+1)+(N_1)N)ZQQNz'
Ay —Any

We now find the expression for £, (p). The function Fg(p) is a continuous
monotone increasing piecewise linear function whose graph is a polygonal
line with break points located at those points p where the line pA is parallel
to the corresponding straight edge of the graph of the function Fg2(A). In
other words, when the slope p is equal to 2aN?. See Fig. 1.

Having said that we have

F(p) = AE[AT??fAN}(P — (AN + AN)))\ +alAn_1Aw,

pE [Oé(AN_Q +AN_1),Oé(AN_1 +AN):| = [QQ(N — 1)2,2(1N2:|.

The coefficient of X is negative, therefore A has to be the smallest possible:
A = Ayx_1. We finally obtain

F(p) = N(N = 1)(p— aN(N — 1)),
p € [2a(N —1)%,2aN?], N=1,2,....

Observe that Fy(p) = 0 for p € [0, 2a].
We estimate [ (p) from below. Let p € 2a(N — 1)%, 2aN?|, that is,

\/;<N<\/7+1 (3.8)

For a fixed p we now look at the function F(p) = N(N—1)(p—aN(N—1)),
where N satisfies (3.8), as a quadratic parabola x — xp—ax? opening down.
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20 2\ S 2ac\s P

FIGURE 1. The graph of A = aA? and the polygonal graph of
Fs2(\) are shown in the top figure with break points at A =
A1, Ay.... The Legendre transforms (a)?)Y(p) = p?/(4a)
and (Fgs2)Y(p) are shown in the bottom figure. The graph of
(Fs2)Y(p) has break points at p = 2aN? and is tangent to the
curve p?/(4a) at p=2aAy, N =0,1,....

Then

Fgi(p) > min{N(N —1)(p— aN(N - 1)) |N:\/%,

N(N =1)(p— aN(N - 1)) |N:\/g+1}’
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However, both terms on the right-hand side are equal: for u := /p/(2«)
and a = p/(2u?) we have

u(u —1) (p — iu(u — 1)) =u(u+1) (p — %u(u—l— 1)) = g(u2 —1).

2u?

Therefore

P 1 2 1|
Fu) 2 B = 1) = optp 20 = o (5= 1)

Thus, we have proved the following lower bound for the sums of the Dirichlet
eigenvalues.

Theorem 3.2. Let Q C S? be an arbitrary domain. Then for any n > 1
the sum of the first n Dirichlet eigenvalues satisfies

ZA’“ e (=) &)

Corollary 3.2. Since n\, > > ;_, A, the lower bound (3.9) gives that for

eachn >1
27 |2
Ap > — —— . 3.10
> (- ) 340
Setting n = 1 we obtain

M= M (Q) > %‘ ( 'fﬂ') (3.11)

The right-hand side vanishes as |2] — 47 which is not surprising since on
the whole sphere the first eigenvalue is zero.

Remark 3.2. If Q = S? with || = 47, then the eigenvalues are A, =
n(n + 1) with multiplicities 2n + 1 starting from n = 0. Since

N-1 N-1

1
Y @n+1)=N° and > n(n+1)(2n+1)= 5N?(N? —1),
n=0 n=0

it follows that inequality (3.9) turns into the equality for n = N2.

)
Remark 3.3. In view of (3.3) the points (\, Fs2(\)) with A = Ay lie on the
parabola aA?. Therefore Fg;(p) = (aA?)Y(p) for p = 2aAy = 2aN(N + 1).
If @« =1/4, then p € N for all N =1,2,.... Therefore we have shown that
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for |Q = 2 = |S?|/2 and n = N(N + 1)/2 the sum of the first n Dirichlet
eigenvalues satisfies the lower bound

> Me=n®, wheren=N(N+1)/2, N=12,....
k=1

In particular, A; > 1, while the universal estimate (3.11) gives \; > 1/2.

The vector case. In the vector case we first define the Laplace operator
acting on (tangent) vector fields on S? as the Laplace-de Rham operator
—dd — dd identifying 1-forms and vectors. Then for a two-dimensional man-
ifold (not necessarily S?) we have [11]

Au = Vdivu — rot rot u, (3.12)

where the operators V = grad and div have the conventional meaning. The
operator rot of a vector u is a scalar and for a scalar v, rot 1 is a vector:

rotu := —div(n x u) = divu™, rote .= —n x V¢p = V>,

where n is the unit outward normal vector, so that in the local frame

—n X u = (uy, —uy) =:u’.

We note that for a scalar ¢ it holds
rotrot ) = —Av (= — div grad ). (3.13)
Integrating by parts, that is, using

(Vi u)pyrszy = —(, divu) ys2), (ot i), w)p,rs2) = (1, rot u) 1, s2),
we obtain
(—Au, u)r,rs2) = || rotul]® + || div ul)?. (3.14)
The vector Laplacian has a complete in Ly(T'S?) orthonormal basis of
vector-valued eigenfunctions. Using the notation

vz ={Yo, - V"o, i ={A,. AL (315)

n=1
2n+1 times
we have
—ij = )\jwj, —AUj = )\j’Uj, (316)
where
w; =N PVEy divey =0, v =22V, totu; = 0.
Both (3.16), and the orthonormality of the w,’s and v;’s follow from (3.13),
and (3.13) also implies the following commutation relations

AV = VA, AVt = V*A,
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which proves (3.16). For example, for the second relation we have
AV™+y = —rotrot V') = —rotrotrot ¢ = rot Ay = VEAY.  (3.17)

We also point out that the fact that we are dealing with the sphere S? does
not play a role and (3.12) — (3.17) hold for any 2D manifold M.

Hence, on S?, corresponding to the eigenvalue A, = n(n + 1), where
n = 1,2,..., there are two families of 2n + 1 orthonormal vector-valued
eigenfunctions wk(s) and v¥(s), where k = 1,...,2n + 1 and (1.15) gives
the following important identities: for any s € S?

2n+1

2n+1 2n+1
Sk =" S P =T @)
k=1

A7
k=1

We finally observe that since the sphere is simply connected, it follows that
{divu =0, rotu =0} = u =0,

and therefore —A is strictly positive —A > Al = 21. This fact explains
why the Li-Yau bounds below look exactly the same as in the case of a
bounded domain in R2.

We now consider the Dirichlet eigenvalues in the vector case:

—AU]' = )\jUj, uj|8Q == O,
where the vector-valued eigenfunctions u;, j = 1,... make up a complete

orthonormal family in Ly (€, T'S?).
Theorem 3.3. Let Q C S? be an arbitrary domain. Then for X\ > 0

[e.9]

Z(A—Am §2-%§:(A—n(n+1))+(2n+1). (3.19)

=1

Proof. Before we proceed with the proof we point out the factor 2 on the
right-hand side and the fact that the summation starts with n = 1.

The proof in turn repeats that of Theorem 2.1 and therefore will only be
outlined. Let u; be the extension by zero of u;. We expand each u; with
respect to the orthonormal basis (3.16):

co 2n+1

uj(s) = Z Z (ab wh(s) + i vi(s)), seS

k=1

where

aj, = (15(s), wa)Lz(Q,TSQ)’ A = (aj(s)’vﬁ)Lg(Q,TSQ)’
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Then as in the proof of the Dirichlet case in Theorem 2.1 we obtain

o) 2n+1 oo
2 (A= Z mln D), DD (@) + (7).
j=1 n=1 k=1 j=1
For the double sum we use the identity (3.18) and find that
2n+1 oo 2n+1 oo
Z Z((a?n)2 Z Z Ua> L2 @rs2) T (uy, Uﬁ)%g(Q,TSZ)) =
k=1 j=1 k=1 j=1
2n+1 0|
= Z/ lwk(s)|* 4 [vF ()| )ds:2(2n+1)ﬂ.

O

The following lemma shows that the omission of the zeroth term in the
sum in (3.19) reverses the inequality in (3.2), see Fig. 2.

Lemma 3.2. Forall A >0

|Q| 1 c
Fla(N) == Z —n(n+1)) (2n+1)§8—W|Q|)\2:L1{2|Q|)\2. (3.20)

Proof. Recalling definition (3.2) of the function Fg2(\) and the explicit ex-
pression for it (3.6), (3.7), what we have to prove is the following inequality

a(2N?X = N*(N? = 1)) — 20X < aN?, for A€ [An_1,AN]

or A2 — 2(N? — 1)\ + N?(N? — 1) > 0. However, this quadratic inequality
holds for all A, since its discriminant for N > 1 is negative:

—4(N?—1) < 0.
U
Combining (3.19) and (3.20) we obtain that
(A= Xj)+ < 2LEL QN (3.21)
j=1

Theorem 3.4. Let Q0 C S? be an arbitrary domain. Then for any n > 1
the sum of the first n Dirichlet eigenvalues of the vector Laplacian satisfies
a Li—Yau-type lower bound

- T
> > ] n?. (3.22)
k=1
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Ay Ay Ay A
FIGURE 2. The polygonal graph of Fg(A) = Fgs2(A) — 2a)

lies below the parabola A — a\?.

Proof. Taking the Legendre transform of both sides of (3.21) we obtain (3.22).
U

We finally consider the case of the Stokes operator in a domain on S?. Let
v; and u; be the eigenvalues and the divergence free vector-valued eigen-
functions of the Stokes operator defined by the quadratic form

u— /(rot u)*dS,
Q
with domain
u € HY(Q,TS?), divu = 0.

If the boundary 0f2 is sufficiently smooth, then this eigenvalue problem can
be witten in the form (1.9).

Theorem 3.5. The sum of the first n eigenvalues of the Stokes operator on
a domain Q C S? satisfies a Li—Yau-type lower bound

> > 2 2, (3.23)

Proof. Arguing as in the proof of Theorem 3.3 but this time using only the
family of divergence free vector-valued eigenfunctions w¥ (see (3.16), (3.18))
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we obtain
Z()\—I/] < Z —n(n+1)) (Qn—l—l).
=1 =
It remains to use (3.20) and apply the Legendre transform. O

4. NEUMANN PROBLEM ON DOMAINS ON HIGHER DIMENSIONAL
SPHERES

Proposition 4.1. Let d > 4. For X\ > 0 the function Fga-1(\) defined
in (2.5) satisfies the inequality

Fa-1(A) > L, [QIATTED/2, (4.1)

Proof. The proof essentially relies on the following general formula estab-
lished in the Appendix:

Zk J(Ay — A,) = (2N+d—1)(2N+d—3)(N+d—2)
AN a d+1 d—1 )
(4.2)
In view of the convexity of both functions in (4.1) and the polygonal shape
of the graph of Fga-1()) it suffices to show that (4.1) holds for A = Ay =
N(N +d—2) for all N =1,2,.... In other words, we have to show that

(2N+d—1)(2N+d—3)<N+d—2

) > L, (NN +d —2)72

oq(d+1) d—1
The coefficient of the leading term N*! in the left-hand side is
4

cl

EE—
oq(d+ 1)T'(d) Ld—1>

where the last equality follows from (1.2) and the duplication formula for the
gamma function. Hence what we have to prove is the following inequality:

(N4 (d—1)/2)(N +(d—3)/2)(N +d—2)(N+d—3)---(N+1)N >
> [N(N 4 d —2)]@t/2 (4.3)

As we have seen, in the two-dimensional case d = 3 we have equality here,
but we are now dealing with the case d > 4.
The left-hand side contains d + 1 factors. We set

N(N+d—2)=)  N=yA+(d—2)2/4—(d—2)/2.
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Assume first that d + 1 is even. We combine the factors in (4.3) as follows
(the first two terms are repeated twice: first as they are and the second
time in the middle of the next group of factors)

N(N+d—2)=),
(N+1)(N+d—3)=A+d—-3=\+a,
(N+2)(N+d—4)=A+2(d—4) = A+ as,

(N + (d=3)/2)(N +(d—1)/2) = A+ (d = 1)(d = 8)/4 = A+ agarye.
(N4 (d=1)/2)(N +(d—3)/2) = A+ (d — 1)(d — 8)/4 = X + agarya.
where all o; > 0. Now the inequality we are looking for becomes obvious
(d—3)/2
AN+ Oé(d—l)/z) H A+ Oéj) > \d+D/2,
j=1
Finally, if d + 1 is odd, we act similarly, and the factor without pair is
N+(d—2)/2. But N+ (d—2)/2 = /A + (d — 2)2/4 and we obtain instead
(d—2)/2
MWA+([d=27/4 T (A +ap) > A2,

j=1

O

Theorem 4.1. For any domain Q C S for which the embedding H () —
Ly(Q2) is compact the following lower bound holds for the Riesz means of or-
der 1 of the Neumann eigenvalues

[e.e]

SO ) 2 L foxr e (4.4
j=1
Proof. The proof is a combination of (1.5), (2.5) and (4.1). O

Theorem 4.2. The sum of the first n eigenvalues py. of the Neumann Lapla-
cian on a domain Q C S¥1, d — 1 > 2, satisfies the estimate

n d—1\ 2/(d-1)
St (80 0= (4.5
—1 - d—l—l wd_1|Q| '
while each eigenvalue satisfies for k= 0,1,... the upper bound

d+ 1\ (2m)d-1 2/(d=1)
- 1:2/(d=1) 4
“’f“—( 2 ) (wd_um) o
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Proof. Taking the Legendre transform of (4.4) we obtain (4.5). Next, we
prove (4.6) following [17, Theorem 3.2]: since uy = 0, the counting function
N\, —AY) = #{k, iy < N} satisfies

100
N\, —AY) EXZ)\ 1)+

Therefore, in view of (4.4),

N(X, =AF) > L, |QA@D2 = L1 [0

d+1
which is equivalent to (4.6). O

Remark 4.1. Upper bounds (4.5) and (4.6) are exactly the same as in the
case ) C R41 see [16, 17].
5. APPENDIX. CALCULATION OF f(Ay)

We first recall the formula for the summation of the multiplicities (1.11)

de = kay1(IV). (5.1)

d+n—1 d+n—3
k = —
- (-7,
(where the right hand side is the difference between the dimensions of the
homogeneous polynomials of degrees n and n — 2 in R?) the sum telescopes

and we obtain (5.1).
We now consider

In fact, since

FAx) = 3 ka()(h — A) =S4 (d, N) — SH(d,N),  (52)
where
= AN Z_: l{:d(n), Eg(d, N) = Z_: kd(n)An

For the first sum we use (5.1) and find that

S (d, N) = N(N +d—2)kg1(N—1) = N2N +d—3) (N ;_dl_ 2). (5.3)
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Using (1.11) we write the second sum as follows
N-1

Zz(d,N)Zﬁz (n;i;3>(2n+d—2)n(n+d—2):
23%52;<n§f;3)@M+3w—2m?+w—2fm.

The last factor is a polynomial with respect to n of degree three without a
constant term, and we represent it in the basis

{ n n(n—1) n(n—l)(n—2)}
d—2" (d—=2)(d—1)" (d—2)(d—1)d

as follows
2n® 4+ 3(d — 2)n® + (d — 2)*n

B n(n—1)(n — 2) n(n—1) n
‘(d‘”(d‘”d<2< 2(d - >+3<d—2><d—1>+<d—2>)‘

Therefore

Hold N) = ‘”Z[ (Md 3) e
(" amaan (i) i) =

n+d—3 n+d—3 n+d—3
=(d—-1)d :
B () ()
By the well-known property that (7;) = (’;:fll) (k +1) the three sums tele-

scope and we obtain

N+d-3 N+d-3 N+d-3
Zg(d,N)—(d—l)d[2( d41 )+3< J )+( d1 )]
In view of (5.3) we single out the factor (N :lr_dl_ 2) here and after straight

forward calculations we obtain
N+d—-2\(d—-1)(N—-1)[2(N —2)(N —3)
Yo(d, N) =
2(d, ) ( d—1 ) N+d-2 d+1
However, the last factor equals
(N+d—2)2N +d—3)
d+1 ’

+3(N—2)+d].
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which gives
d—1(N+d—-2
by N)=—— N —1)2N —3). A4
) = (V)W ney ra-a. )

We finally obtain

f(An) =3%1(d,N) = ¥5(d, N) =

2N +d—-1)2N+d—-3)(N+d-2
d+1 d—1 )’
(5.5)
which is (4.2).
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