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In tegra l  ope ra to r s  of the type 

�9 o (x-l-u)  

the kerne ls  of which have a s ingular i ty  a t  a single point, a r e  d iscussed .  H. Widom's  meth-  
i d e t  

o d a n d s o m e  of his r e s u l t s  a re  used to show that, if ~>0, ~, v > - - ~ , . = ~ + v - ~ + ~ > 0 ,  then 

we have for  the dis t r ibut ion function of the s ingular  numbers  of the opera to r ,  

l i m  N (e, T)  I n - ' +  = --!--I 
~--~  2~2p - 

1. As a rule ,  when the a sympto t i c  behavior  of the e igenvalues  of an in tegra l  ope ra to r  has  been dis-  
cussed,  ke rne l s  which have a s ingular i ty  on a diagonal have been cons idered  (see e.g. ,  [1], where  a bibl i-  
ography may  be found). The asympto t i c  behavior  is he re  of a power type and is only influenced by the be-  
havior  of the kernel  in the neighborhood of the diagonal.  

Conditions of a di f ferent  type were  imposed  on the kernel  by H. Widom [2]. In [2] was invest igated 
the asympto t ic  behavior  of the e igenvalues  of in tegra l  ope ra to r s  of the convolution type, under the a s s u m p -  
tion that  the Four i e r  t r a n s f o r m  K(t) of the kerne l  is a posi t ive even function, dec reas ing  for  t > 0. The 
asympto t ic  behavior  is e x p r e s s e d  in t e r m s  of the behavior  of K(t) as t ~  co and is not n e c e s s a r i l y  of the 
power type. 

In the p resen t  a r t i c l e  we examine the asympto t ic  behavior  of the s ingular  numbers*  (s-numbers)  of 
the in tegra l  ope ra to r  

x !i . (T/) (x) : / (y) dy, (1) 

acting in space L2(0, 1). We shall  obtain the pr incipal  t e r m  of the asympto t i c  fo rm of the s -numbers  of the 
ope ra to r  (1). Since the kerne l  has  a s ingular i ty  only at the point (0, 0), the a sympto t i c  behav ior  p roves  to 
be of the hyperpower  type. It is  influenced solely by the neighborhood of the point (0, 0), so that  the r e su l t  
would be unaffected were  the "weight" x•, y7 in (1) to be rep laced  by a r b i t r a r y  functions u (x), v(y) such that  
u(x) ~ clx •, v(y) ~ e2y Y as x, y ~ 0 .  Let  us denote by N(~, K; (a, b) • (c, d)) the dis tr ibut ion function of the 
s -numbers  of an in tegra l  ope ra to r  K, acting f rom L2(a, b) into L2(c, d): 

N (e, K) : ~.:~<K>>~ I. 

*Regarding the s ingular  numbers  of comple te ly  continuous ope ra to r s  see  [3]. 
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Our bas ic  resu l t  is as follows: 

THEOREM. Let 

i dec + 7 (2) ~ O ; ~ , 7 ~ - - V ;  p=~ - - ~ - + - l ) o .  

Then the following asymptot ic  formula  holds for the s-numbers  of the integral  opera tor  (1): 

(3) l i ra (!n i /e)  -2 N (8, T) = (2zt2p) -1. 
~ 0  

With ~ = -/ the opera tor  (1) is s y m m e t r i c  and positive, so that (3) t r ans fo rms  into the relat ion for the 
eigenvalues.  If at the same time a = 1, we can obtain (3) f rom Widom's  theorem [see [4], Theorem (3.3)]. 

2. Widom's  method [4] may be used for proving our theorem.  Considerable technical modifications 
have to be made as compared  with [4], because the kernels  considered are more  complicated.  Below we 
give a s ta tement  of Widom's  l emma [2], on which the proof of our theorem is based.  This l emma concerns  
the behavior  of the eigenvalues of the integral  opera tor  

(6,,,W) (x) = i a si,, ~ (;~ - y)) o .= ( x -  :~) / (u) du, (4) 

acting in space L2(0, a). The quadrat ic  form of the opera tor  (4) can be simply expressed  in t e rms  of the 
Four ier  t r ans fo rm 

We have, in fact, 

(4): 
LEMMA 1. 

la  
F (t) = / (x) e" 'dx.  (5) 

0 

(G,,, a/, ]) = ~ t-~ I F (t)]"- dr. 

The following s ta tements  can be made regarding  the eigenvalues of the integral  opera tor  

1) given an a rb i t r a ry  6 > 0, there exists  a number C5 such that with ua -< (1-5)Tra we have 

type. 

2) with a r b i t r a r y  5, ~ > 0, there exists N = N5,s such that with n > N, ua -> (1 + 6)7m we have 

i - ~ < ~.,, (6. , ,o)  < I.  

We shall use Lemma 1 for two-sided estimates of the eigenvalues of integral operators of a special 

Let  the function K(x), - oo < x < ~obe such that its Four ier  t r ans fo rm 

(6) 

pao 
R ( t )  = K <:> g-Hxdx 

is an even nonnegative function, monotonically decreas ing  for t > 0 and such that 

E ( t )  = e'At+~ t--> ~ .  

Denote by ~-l(~), ~> 0, the function inverse  to K(t), t > 0. 

Consider the integral  opera tor  

(7) 

acting in L2(0, a). 

(K, , , / )  (x) = I~ g (x - u) / (:J) ~;,J, 
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LEMMA 2. Le t  the ke rne l  of the o p e r a t o r  (7) sa t i s fy  the above condi t ions .  
t he re  ex is t  C~, C~, a 5 > 0 such tha t  with a r b i t r a r y  a ~> a~, e > 0 we have 

Then, g iven  any 6 > 0, 

a C 5  a. " 

A.~ (t + 6~ In --/- ~ N (e, K.) -~ ,,In (1 -- 6~ I n - ~ .  (8) 

P roof .  We t r a n s f o r m  the quadra t i c  f o r m  of the o p e r a t o r  Ka: 

(Koi, = k io '( i x -  : K ( )iF (,) d,, 

where  the funct ion F is defined by (5). Since K is monotonic ,  with a r b i t r a r y  v > 0 we have 

We fix 6 > 0. 
s - n u m b e r s ,  

I(" (0) ~ t ~ dt @ ~ '~ I F (t) (Kot, i) -~ ~ t_., I F (t) -. t_~ 13 dt = ,E (0) (G., , . / , / )  -f- E (v) ( I ,  I ) .  

(9) 

L e t  v a  = ( l - -  512)~n; then, by L e m m a  1, P a r a g r a p h  1, and the f a m i l i a r  p r o p e r t i e s  of the 

7~,~ (K.) ~ / ~  (0)e-'~cs,'2 + fi2 ((l - -  8/2) na-~n).  

In a c c o r d a n c e  with (6), the re  ex i s t s  C~, C~ - 2K (0), such that  

f ~  

E ((i - 6'2) ~a-bO ~ - ~  e-a-~)a,':<,-,,,. 

We put a5 = .~ACso.. Then with a > a~e -'~' ~ ~ ~ e  -(t-~lA''(t-'n we f inal ly  obtain 

This l a s t  is  equivalent  to the r igh t -hand inequal i ty  of (S). To prove the left-hand inequal i ty ,  we use 
the r e l a t i on  

(K.,I, I)  > Z (.,,) (G .,, <'I, i), 

Then, by L e m m a  1, P a r a g r a p h  2, with a > 0 the re  ex i s t s  N such that  when n > N, 
tha t  

whence 

(10) 

L e t  v a  = ( i  + 8f2).~n. 

Xn(Gv,a) > 1 - ~ .  If 0 = rain (~,~ (G~,,), ] / t  - -  e),we find by v i r tue  of the p r o p e r t i e s  of the funct ion K(v) 
~ g N  

t he re  ex i s t s  Cg, 02 ~> C~ > 0, such that  for  any posi t ive  in teger  n 

which p roves  the left-hand inequal i ty  of (8). Q.E.D.  

3. Let  us t r a n s f o r m  the o p e r a t o r  (1) to a f o r m  m o r e  convenient  fo r  our  inves t iga t ion .  

To this end, c o n s i d e r  the o p e r a t o r  

V / =  g, g (x) = ] (e-2.~)e -' ' ]/-5, 

i s o m e t r i c a l l y  mapping  L2(0, 1) into L2(0, ~). The o p e r a t o r  ~? = VTV*, un i t a r i ly  equivalent  to 
T, is g iven  by the r e l a t i on  

f.er 

(Tg) (x) = 2 l-~ 1o e(~-l-2'~):~e(:-~-2~)" ch-~ (x --  g) g (!1) dg. 

(11) 

the o p e r a t o r  

(12) 

The ke rne l  of this o p e r a t o r  [as d i s t inc t  f r o m  the ke rne l  of the o p e r a t o r  (1)] conta ins  a function,  dependent  
on the d i f fe rence  be tween  the a r g u m e n t s .  The idea  of the f u r t h e r  p roof  is as  fol lows:  we divide the s e m i -  
ax is  [0, :r into in te rva l s ,  in  each of which we r e p l a c e  the "weight"  of the type e ex by a cons tant ;  in  each of 
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the "diagonal" squa re s  we employ inequal i t ies  der ived  f rom L e m m a  3, and we e s t ima te  the e r r o r  caused 
by the p r e sence  of the "nondiagonal" squa res .  This leads  to (3). 

We s t i l l  r equ i r e  some auxi l ia ry  propos i t ions .  The f i r s t  is obtained by applying L e m m a  2 to a kerne l  
of specia l  type.  Denote by K~, a the in tegra l  ope ra to r  in L2(0 , a) given by 

(K~,a/) (x) = 21-~ f a ch-~ (x --  g) / (y) dy, 0 < c~. (13) 

The Four i e r  t r a n s f o r m  of the kerne l  is  found f rom the exp re s s ion  (see [5]) 

Rt~ (t) - 2r (~ + l) 

Hence Koz is an even posi t ive  function. It can eas i ly  be shown (e.g., by expanding the function into an infi- 
nite product) that  Ko~ is  monotonical ly  dec rea s ing  for  t -> 0. 

We next use Bine t ' s  equation (see [6]) for  the pr inc ipa l  b ranch  of log F(z): 

] o g F ( z ) = ( z - - T ) l n z - - z + = 2 - 2  l n 2 ~ + t _ o ~  ( . . . .  

F r o m  this and (13), we have 

., ~____L__'~ ~-~~ 
1 I @ e X - - l ]  x 

2C 
dx, R e z > O .  

log *~ ( t )  = - -  n T t -f- o ( t). (15) 

The kerne l  of the in tegra l  ope ra to r  (13) thus sa t i s f i e s  the conditions of L e m m a  2 (with A = 7r/2), and hence 
inequal i t i es  of the type (8) hold for  the d is t r ibut ion function of the e igenvalues  of the ope ra to r  (13). 

For  es t imat ing  the e r r o r s  caused by the p r e sence  of the "nondiagonal" squa res ,  we have to consider  
o p e r a t o r s  ia  L2{0, ~o) of the type 

(K/) (x) = 21-~ l :  ch-~ (x + g) e-(e-~)r (g) dy. (16) 

LEMMA 3. Let 0 > 0. Then, for  the s -numbers  of the in tegra l  ope ra to r  (16) we have the bound 

, (17) N (e, K) < C1 In -~-, where  e < I. 

Proof .  Denote by l the posi t ive in teger  such that  lO_> 1, and int roduce the auxi l ia ry  ope ra to r  

U/ :/", F(x,)=:=V'-:Ti!-~-hiilx)z-:_. , . 

i some t r i c a l l y  mapping L2(0, oo) into L2(0, 1). The s -numbers  of the ope ra to r  K a r e  equal to the s -number s  
of the opera to r  K = UKU*, where  

(x) = l ! i  ("'J)'"-'> : (t  + 

The in tegra l  ope ra to r  with the kerne l  (1 + x/y/) -~  sa t i s f i e s  the conditions of A. O. Ge l ' fond ' s  theorem 
(see [7], Theo rem  II), so that  i ts  e igenvalues  will have o rde r  O(e-Ctn). The ope ra to r  of mul t ip l ica t ion  by the 
function x(~~ '2 in space  L2(0, 1) has  norm unity. Hence we obtain (17). 

4. Proof  of the Theo rem.  We fix a > 0 and a posi t ive in teger  m.  We define a se t  of o p e r a t o r s  P j ,  
Qj in s p a c e  L2(0, r Let  Pj, Qj be the ope ra to r s  of mul t ip l ica t ion  by the c h a r a c t e r i s t i c  functions of the 
se ts  [ ( j -1)a ,  ja), [ja, oo) (j = 1 . . . . .  m),  r e spec t ive ly .  

We use these o p e r a t o r s  to decompose  the ope ra to r  (12) into the sum 

=-= j=IPJTP; ~-,~..ij 1~,",;;~'.;~ - (18)  
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Return ing  by m e a n s  of the change of va r i ab l e s  x ~ --~/~e ...... In x, ~ ~/~e ...... In y to the i n t e rva l  of i n t e g r a -  

t ion [0, 1], we find that  the o p e r a t o r  Qml~Qm is un i ta r i ly  equivalent  to the o p e r a t o r  e-~:'~~, where  T is the 
ini t ial  o p e r a t o r  (1) and p is def ined by (2). 

Consequent ly ,  

Given ~ > 0 and a, le t  the number  m be chosen  f r o m  the condi t ion 

2C~_e -2~'~ ~ s ~< 2C2e -~p(m-1)a. (19) 

Then, 

N (~/2, Qa'i'Q,~) = 0. 

F u r t h e r ,  us ing the f a m i l i a r  p r o p e r t i e s  of the s -number s ,  we find that  

N(e,  ~j=IPiTP/) = j-=l" (e,P(~Pj) ~j=lN(s,c-2p(J-1)~+~l~K~,a), 

where  q = l a  - -  1 - -  2~ I ~- I a  - -  t - -  2Vl. 

By (15) and the r igh t -hand  inequal i ty  of (8), g iven  any 6 > 0, the re  ex i s t  aS, C~ such that  with a > aS,  
> 0 we have 

:u (~, Ej= 1 P WPi) 2a m eqC'G~ (20) 

F r o m  the inequa l i t i es  (19) we obtain a bound fo r  the p roduc t  ma,  where  one of these  p a r a m e t e r s ,  say  a, can 
be spec i f ied  a r b i t r a r i l y .  If we se t  

a : a ( 8 )  : ] n  ~z 2C._, ( 2 1 )  
E 

then 

Then, given as, there exists ~0 > 0 sueh that with ~ < ~0 we have a(~) -> aS, and hence (20) remains in force. 

Using (21) and (22), we easily obtain the limit relation 

eqa(r 1 
. a ( ~ ) .  "t ,  "~ h~ . . lim In -~ ~ j=~ e.e-'-'p~3-~)~(~) 4;, 

He nce,  

_ _  _ _  m ) . l 
lira11,-'- I . N ( ' e , ~  PJ~rPi ~ 2.~p(i 5) " 
r ~ 0  8 , j ~ l  

A s i m i l a r  lower  bound m a y  be found f r o m  (21) and (22) and the left-hand inequal i ty  of (8); we obtain  

m 1 
lim l n - 2 +  N(e,  ~,j.~ PiTPi)~>- 2.%) (i ~-6)" 

^ p  _ Cons ide r  the d i s t r i b u t i o n f u n e t i o n s o f t h e  o p e r a t o r s  Q j T  j, where  1 _  j < m.  

On mul t ip ly ing  the ke rne l  of the o p e r a t o r  (12) by e 20y and using s imp le  working ,  we find that  

N (e, QjTP/)~< N(e, 21-~e -(2.~+~-~)(~-,') ch -~ (x-- t/), ((] _ i) a, ]a) (]a, 2 ) )  -~< N (e, 21-~e -(~-,~§ ch -~ (x -~ g), {x, g > 0}). 
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Since 2fi > - 1 ,  we have by Lemma  3 

N (8, Qj~Pj) ~ ('~ In t .  
8 

The same inequality holds for the opera to rs  P j ~ j  (1 _ j _< m). Using the Ky Fan inequality 

N ( e , + e o ,  A + B ) < N ( e ~ ,  A) +.Y(e~,B), 

we obtain 

I a P/i'P.;) + %r (.V 1 ~' ~TP,. -'- P;TQ 

Multiplying (23) by In -2 (l/e) and passing to the l imi t  super ior ,  we find that 

(23) 

l in-'~ ln-2 --L t . .u  (~, "*') =.;~ (24) 

Similar ly ,  

N (s, T) ~> m 8, ~'i=1 -- ~"j=l ' - - ,  8m ' " 

and, on passing to the l imit  in fer ior ,  

lhn in -~ + �9 N (e, T) (25)  
(1 -=- 5} 2,~p ' 

The inequali t ies (24) and (25), which hold for a r b i t r a r y  5 > 0, prove the theorem.  

In conclusion the author thanks M. Z. Solomyak for  suggesting the problem and for  constant ass i s tance .  
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