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Along with the problem in a bounded domain Q C R? with Dirichlet
boundary conditions the Navier—Stokes system is also studied with periodic
boundary conditions, that is, on a two-dimensional torus. In this case for
the system to be dissipative one has to impose the zero mean condition on
the components of the velocity vector over the torus.

Another physically relevant model is the Navier—-Stokes system on the
sphere. In this case the system is dissipative without extra orthogonality
conditions. However, if we want to study the system in the form of the
scalar vorticity equation, then the scalar stream function of a divergence
free vector field is defined up to an additive constant, and without loss
of generality we can (and always) assume that the integral of the stream
function over the sphere vanishes.

We can formulate our main result as follows.

Theorem 1.1. Let M denote either S* or T?, and let Hl(M) be the Sobolev
space of functions with mean value zero. Let {'l/)j}j-v:l € HY(M) be an or-
thonormal family in Loy(M). Then

ple) = Z |5 (2)[* (1.4)

satisfies the inequality

N
/M pladM < kS 1V (1.5)
j=1

where

3T
k< —=0.2945....
<35 0.2945

Corollary 1.1. Setting N = 1 and ¥ = ¢/||¢|| we obtain the interpola-
tion inequality which is often called the Ladyzhenskaya inequality (in the
context of the Navier—Stokes equations) or the Keller—Lieb—Thirring one-
bound-state inequality (in the context of the spectral theory):

lollz, < keaallel*IVell?,  kiaa < kur.

Remark 1.1. The previous estimate of the Lieb-Thirring constant on T?
and S? obtained in [19] and [8] by means of the discrete version of the
method of [14] was:

k < i = 0.477.
2
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Remark 1.2. In all cases M = S?,T?, or R? the Lieb-Thirring constant
satisfies the (semiclassical) lower bound

1
0.1591 -+ = — < kg.
27

In R? the sharp value of ky,q was found in [17] by the numerical solution of
the corresponding Euler-Lagrange equation

1
Kppg = ———————— = 0.1709.. .. |
Lad = 27718622, ..

while the best to date closed form estimate for this constant was obtained
in [13]
16
kpag < — =0.188...,
bad = oTr
see also [11, Theorem 8.5] where the equivalent result is obtained for the
inequality in the additive form.

2. LIEB-THIRRING INEQUALITIES ON S?

We we begin with the case of a sphere and first consider the scalar case.
We recall the basic facts concerning the spectrum of the scalar Laplace
operator A = div V on the sphere S*:

~AYF=nn+1)YF k=1,....2n+1, n=0,12 ... (2.1)
Here the Y are the orthonormal real-valued spherical harmonics and each
eigenvalue A,, := n(n + 1) has multiplicity 2n + 1.

The following identity is essential in what follows [15]: for any s € S?
2n+1

Z V(s 2n+ 1 (2.2)

4

Theorem 2.1. Let {¢j}j:1 € H'(S?) be an orthonormal family of scalar
functions with zero average: [o, ¥;(s)dS = 0. Then p(s) = Z;VZI 10;(s)]?
satisfies the inequality

[ otoras <53 ann? (2.3

Proof. We use the discrete version of the recent important far-going im-
provement [3] of the approach of [14].
Let f be a smooth non-negative function on R* with

/OO f(t)*dt =1, (2.4)
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and therefore for any a > 0
a= / f(E/a)*dE. (2.5)
0

Expanding a function ¢ with [, ¢(s)dS = 0 in spherical harmonics

oo 2n+1

DI HO Y IO ACIERTN e

n=1 k=1
and observing that the summation starts with n = 1 we see using (2.5) that
2n+1

Vol = [ [wutpas =S n+ 1 )3 WA =
n=1
0o 00 2 2n+1
— 12 2.6
_/0 ;f( n+1) ZW w= 0

— = E 2 _ E 2
- / [ wrspasie = [ [" s paps

b0 =305 (g k)

n=1 k=1

where

Returning to the family {@bj}évzl we have for any € > 0

pls) = D Iy (o) =
= L + 23 0 )ws(e) = o) + 2 (e) — ) <

N N
<140 WIS+ (1+e) Z 5 (s) — P (s) [
j=1 j=1

For each term in the second sum we have

V- =33 (11 (e ) ) YO = GO0,

n=1 k=1
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Since the 1;’s are orthonormal, we have by Bessel’s inequality
N

S 5(s) —HEG = 3 (W0 9)° < I )

J=1

where in view of (2.2) ||xZ(-, s)||?, in fact, is independent of s:

=3 (1 (g )) Vi

n=1 k=1 (2.7)

= E;@n—i—l)(l —f ﬁ))z

We now specify the choice of f by setting (see [3], [4])

ft) = — r

— = —. 2.8
1+ M7 16 (28)
The function f so chosen solves the minimization problem
/ (1— £(1/1€%)* de :w/ (1— f(t))%2dt — min
R2 0
under condition / f(t)dt =1,
0

and the above integral over R? corresponds to the series on the right-hand
side in (2.7) (see also (3.1)).

We first observe that (2.4) is satisfied and secondly, in view of the estimate
for the series in the Appendix

oo

) ; 1 (2n+1)
INEC ) = = a
X A ; <1 N <ﬁn(n + 1)>2> (2.9)

1 o dt 1 s
47r\/ﬁ /0 (1+1¢2)2 47T\/ﬁ 4 64

Hence
p(s) < (1+¢) Z [WE(s)P+ (1+e")AE. (2.10)

Optimizing with respect to € we obtain

Y




O©CoO~NOUTAWNPE

6 A.ILYIN, A.LAPTEV, S.ZELIK
which gives that
N 2
S IEE)E = (Vols) - VAE)

Jj=1 *

Summing equalities (2.6) from 7 =1 to N we obtain

al o N
112 = B
;nwu / / ;‘% (o) EdS
OO 2 1 32
/Sz/O (\/@ - \/@)erEdS - = /S2 (51245 — oy s

The proof is complete. U

Remark 2.1. The constant k in the theorem satisfies the (semiclassical)
lower bound

1
k> — 2.11
—2r’ ( )

which can easily be proved in our particular case of S%. In fact, we take for
the orthonormal family the eigenfunctions Y* with n = 1,..., N — 1, and
k=1,...,2n+1, so that

N-1 N-1

2 Lo
> (@n+1)=N—1 and Y (2n+Ln(n+1)= SVAN? 1),
n=1 n=1

then (1.5) and the Cauchy inequality give (2.11), since

(N2 12 = (/S p(s)d5)2 < dr|lp|]2 < 20kN2(N? — 1).

2.1. The vector case. The vector case is similar, and the key identity (2.2)
is replaced by vector analogue (see [5]): for any s € S

2n+1

Z VY (s)]? = n(n + 1)2”4;r L (2.12)

In the vector case by the Laplace operator acting on (tangent) vector
fields on S? we mean the Laplace-de Rham operator —dé — dd identifying
1-forms and vectors. Then for a two-dimensional manifold (not necessarily
S?) we have [5]

Au = Vdivu — rotrot u, (2.13)
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where the operators V = grad and div have the conventional meaning. The
operator rot of a vector u is a scalar and for a scalar ¥, rot vy is a vector:

rot u := div(ut), rot v := V+, (2.14)

where in the local frame ut = (uy, —uy).
Integrating by parts we obtain

(—Au,u) = ||rotul|® + || divul|*. (2.15)

The vector Laplacian has a complete in Ly(T'S?) orthonormal basis of
vector eigenfunctions: corresponding to the eigenvalue A,, = n(n+1), where
n = 1,2,..., there are two families of 2n + 1 orthonormal vector-valued

eigenfunctions w”(s) and v¥(s)

wk(s) = (n(n+ 1))—1/2 Vlyn’“(s), —Aw,’i =n(n+ l)wfw div w,’i =0;

vE(s) = (n(n+1))"Y2VYF(s), —AvF =n(n+1)v", rotvr =0,

(2.16)
where k = 1,...,2n+1, and (2.12) gives the following important identities:
for any s € S?

2n+1 2n+1
2n +1 2n+1
k()2 k()2
S b= S )P = 2 (217)
k=1 k=1
We finally observe that —A is strictly positive —A > A1 = 21.

Theorem 2.2. Let {u;};", € H'(T'S?) be an orthonormal family of vector
fields in L*(T'S*). Then

37rN

2 2 : 2
oS < 35 S llrovus P+ dival?), (@18)

J=1

where p(s) = Z;VZI \ui(s)|?. If, in addition, divu; =0 (or rotu; = 0), then

N
rotu;||?,  divu,; =0,
j j
j=1

9 3m
< 20 )
/S lsyds <3 (2.19)

N
Z | divu;l|?, rotu; = 0.
j=1

Proof. We prove the first inequality in (2.19), the proof of the second is

similar. Expanding a vector function u with divu = 0 in the basis w®

oo 2n+1

u(s) =y Y upwn(s),  up = (u,wh),

n=1 k=1
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we have instead of (2.6)

2n+1

| rotu)|? = Z (n+1) Zw?

2 2n+1 )
QdE:// E(s)PdEdS
- () e = [ [ s,

(2.20)
where
oo 2n+1
zzf( )uzwz<s>.
n=1 k=1 7’L—|—1
As before
N
(1+¢) Z|u +(1+e)) lu(s) —ul(s)).
j=1

We now imbed S? into R? in the natural way and use the standard basis
{e1, €5, e3} and the scalar product (-,-) in R3. Then we see that

(u(s) = (s} er) =
S (1 s (g ) ) ke = (WO 9).

n=1 k=1

where the vector function

D=3 (1-#(i ) b wkon e

n=1 k=1

By orthonormality and Bessel’s inequality

Z [uj(s) — ug' (s)|* = ZZ [(uj(s) — uj (s), en)]* =
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However, in view of (2.17), the right hand side is again independent of s

anl = (15 E)) S Sl

n=1 k=1 [=1
o) 2 2n+1
-2 () S

}.;;

-2 f(%))i

and we complete the proof in exactly the same way as we have done in the
proof of Theorem 2.1 after (2.7). Finally, in the proof of inequality (2.18)
both families of vector eigenfunctions (2.16) play equal roles, and the con-
stant is increased by the factor of two. O

This, however, does not happen for a single vector function.

Corollary 2.1. Let u € H'(TS?). Then
lullZ, < Kraallull® (| votul® + || dival®),  kia < 35 (2.21)
Proof. The proof is based on the equivalence (1.1),—; <(1.2) with equal-

ity for the constants (1.3) and the fact that the eigenvalues of the vector
Schrédinger operator on S?

Av=—-Av—Vwu (2.22)
have even multiplicities as the following equality implies (see (2.13), (2.14))
A(vt) = (Av)*.

Now let u in (2.21) be normalized, ||ul| = 1, let V(s) = a|u(s)|?, a > 0, and
let E be the lowest eigenvalue of (2.22). If £ < 0, then since E' is counted
at least twice in the sum ) A <0 Aj» it follows that

1
B>t Z A > ——L1/ V($)2dS = g Lalull, (2.23)

/\ <0 §2

where the second inequality is (1.1) with

1 3w
L, <--—
116
in view of (1.3) and (2.18). If E > 0, then (2.23) also formally holds.



O©CoO~NOUTAWNPE

10 A.ILYIN, A.LAPTEV, S.ZELIK

Next, by the variational principle

E < (Au,u) = || rot ul|® + || div u||> — /S V(s)lu(s)PdS = (2.24)

Frot ull® + || div ul|® — afful,.
Combining (2.23) and (2.24) and setting optimal av = 1/1,; we finally obtain
. 3 :
lullz, < 2Lq ([l rotull® + || divul?) < 3—7; (I ot ull* + || divul|?) .
U

Remark 2.2. It is worth pointing out that and for any domain on the
sphere Q C S* and an orthonormal family {u;}_, € Hj(Q,TS?) extension
by zero shows that the corresponding Lieb— Thlrrmg constants are uniformly
bounded by the constants on the whole sphere whose estimates were found
in Theorem 2.2 and Corollary 2.1.

3. LIEB-THIRRING INEQUALITIES ON T?

We now prove Theorem 1.1 for the 2D torus. We first consider the torus
with equal periods and without loss of generality we set T? = [0, 27]2.

Proof of Theorem 1.1 for T?. We use the Fourier series

?/)(1') = iﬂ_ Z @bkeik.xa 'Qbk 2171' ’QD 6_2k xdx Z(2) - Z2 \ {07 0}7

I =D el IVeIP =) kPl

keZd keZd

Then as before we have

vole = [ 5 f (i )WdE [ [ wrarase,

kez?

0= 52 31 (i e

kez?

where

and therefore

vlo) =50 = 5= 3 (1= () ) e = 0O,

keZ3
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/ 1 E ikx' —ik-x
- 1)

kez?
With the choice of f given in (2.8) and setting a = /iiE below, we have

Wl = o 3 (1 (1)) =

keZ3

(3.1)
L L ¢ T p—. AE,

where

=Dy N2 16 6
ke (('75) + 1)

where the key inequality for series is proved in the Appendix.
At this point we can complete the proof as in Theorem 2.1. O

3.1. Elongated torus. We now briefly discuss the Lieb—Thirring constant
on a 2D torus with aspect ratio a. Since the Lieb—Thirring constant depends
only on «, we consider the torus T2 = [0, 27 /a] x [0, 27]. Furthermore, it
suffices to consider the case @ < 1, since otherwise we merely interchange
the periods.

Theorem 3.1. The Lieb—Thirring constant on the elongated torus T2 sat-

isfies the bound

13m
2
< — — 0. .
kpr(Ts) < o33 B 0 (3.2)

Proof. We shall prove (3.2) under an additional technical assumption that
k =1/a € N. Given the orthonormal family {¢;}}., € H'(T2), we extend
each 1); by periodicity in the x5 direction k times, multiply the result by /a

and denote the resulting function defined on the square torus T? = [0, 27k]?
by ;. Then the family {¢;}}_; is orthonormal in Ly(T?) and for py(z) =

Yo ()] and py(x) = Y20, [v;(2)[? it holds

/T pgleyde=a / pole)dz, [ [V0 ) e = /T CIRE

T3
which gives (3.2). O

Remark 3.1. The rate of growth 1/« of the Lieb—Thirring constant is sharp

as @ — 0. To see this we set N = 1 and consider a function on T? depending

on the long coordinate z; only. For example, let ¢(x,z2) = sin(2max;).
7'('2 7'('2

Then [[¢)]|7, ~ 1/a (= 55), ¥z, ~ 1/a (= ), [V, ~ o (= 2n°a).

Therefore kpp(T2) = 1/a (> L3

257
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Remark 3.2. The orthogonal complement to the subspace of functions
depending only on the long coordinate x; consists of functions ¥ (xq, )
with mean value zero with respect to the short coordinate x»:

2m
/ Y(x1, x0)dre =0 Va; € [0,27/al.
0

The Lieb—Thirring constant on this subspace is bounded uniformly with
respect to a as @ — 0. The similar result holds for the multidimensional
torus with different periods. See [7] for the details.

4. APPENDIX. ESTIMATES OF THE SERIES

Estimate for the sphere. The series estimated in (2.9) is precisely of the
type

G(v):=> (2n+1)g(vn(n+1)), (4.1)
n=1
where ¢ is sufficiently smooth and sufficiently fast decays at infinity. We
need to find the asymptotic behavior of G(v) as v — 0. This has been done
in [18] where the following result was proved.

Lemma 4.1. The following asymptotic expansion holds as v — 0:

G) = [ it = 39(0) = Ty 0) + 27 0)+ 00 (42
The series in (2.9) is of the form (4.1) with
1 1
g(t) = A+ e)p V= JRE’

so that g(0) = 1, ¢/(0) = 0, ¢"(0) = —4 and [~ g(t)dt = m/4. Therefore
(4.2) gives

which shows that inequality (2.9) clearly holds for large energies F > Ej.
The proof of inequality (2.9) for all £ € [0,00) amounts to showing that
the inequality

4 o 2n+1
ng(a)::;a?’z n+2 <1, a=,pE=-FE

e~
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holds on a finite interval a € [0,a0]. The value of ay (say, 20) can be
specified similarly to [6]. Furthermore, the sum of the series can be found
in an explicit form in terms of the (digamma) ¢-function. The function
Hsz2(a) and the third-order remainder term are shown in Fig. 1.

0.6

0.4

JIAN

FIGURE 1. The graph of Hsz(a) is on the left; the remain-
der term (Hs2(a) —1 — 3%) - a® is shown on the right, the

3ma

horizontal red line is —64/(3157) = —0.064.

Estimate for the torus.
Lemma 4.2. The following asymptotic expansion holds as a — oo:

2
! =T a-1+ O(e= V), (4.3)

Z 1 24
<<%> +1)

Proof. We use the Poisson summation formula (see, e.g., [15]):

S Fm/v) = @020 S flexm),

mezZd meZd

where ]?(5) = (2m)~Y2 [o. f(z)e " da.

20
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Taking into account that the term with & = (0,0) is missing in (4.3), the
Poisson summation formula gives

1
> 1=
kez2 ((ﬂ) +1
‘ (4.4)
_ dxdy - i N
_a/R2((x2+y) D +27Talg:z2h27r\/_|k:|)—4 O(e )

where h(z,y) = 2 18 analytic and therefore its Fourier transform

1
@y

N 1 —iz€1—i
h(§) = o /2 e~ WE (1 ) daxdy (4.5)
R
is exponentially decaying. U
The graph of the function
Hp(a) = = a® < 1, (4.6)
,;ZQ |k|4 + a2

and the exponentially small remainder term
R(a) =27ra Y h(2m/alk|)
keZd

are shown in Fig. 2

0.8

08 0.6

06 0.4

0.2
0.4

0
0.2
0.2

FIGURE 2. The function Hpz2(a) is shown on the left; the
exponentially small term R(a) is shown on the right.

20



O©CoO~NOUTAWNPE

LIEB-THIRRING CONSTANT ON THE SPHERE AND ON THE TORUS 15

We now give an explicit estimate for the exponentially small remainder
term in (4.4). The function h(z) is analytic in the domain Q C C*: Q =
{z € C? |Imz| < 3, [Imz| < 1}. In fact, the equation

(z +ia)® + (y + ia)® = +i

has real solutions x and y only for a@ > %
For F(z,y,a) = ((z +ia)? + (y + ia)?)? + 1 we have

Re F' = (2 + y*)? — 8a?(2? + 3 + 2y) + 4a* + 1 > ¢* — 12a°t + 4a* + 1,
Im F = 4a(z + y)(2® +y* — 2%, |[Im F| < 4V2at"?|t — 207,
where t := 2% + y?. Next, by a direct inspection we verify that for ¢t > 0
|F?| > (Re F)? — (Im F)? =
(t* — 120°t + 4a* + 1)? — 32a%t(t — 2a*)* > %(# +1),

where a = 4.67! and b = 4.75. This gives that for [Imz;| < a, [Imz| < «

b

By the Cauchy integral theorem we can shift the z and y integration in
(4.5) in the complex plane by +ia (depending on the sign of &; and &) and
find that

\ﬁ(g)\<—b e—<|€1|+52>a/ %: e—(|§1|+\52|)ab7“/§ < e—a|§|b7r\/§
- 2 2\4 =~ —_—.
2m re (22 + 92t + 1 8 8

We write the numbers |k|? over the lattice Z2 in non-decreasing order
and denote them by {);}32,. Using that \; > j/4 (see [8]) and setting

L= %ﬁ and A := @ we estimate the series in (4.4) as follows

[e.9]

[R(a)] < 27 [h(2rvalkl)| = 27a ) [h(2mv/a)]?)| <

kez? J=1

s 1/2 > a
AS Vit < 43 (2 o el 3 b <
j=1 j=1 j=1

- . > 2 22h _arya
Ae Z e~ L' < Ae_L/ e IVidy = AemF 2 = e‘Tf )
=1 0

L2 o?



O©CoO~NOUTAWNPE

16 A.ILYIN, A.LAPTEV, S.ZELIK

Inequality (4.6) holds if R(a) < 1. The above estimates show that |R(a)| < 1

for
9 93/2p\ 17
20 ()] s
T [0}

A more optimistic estimate follows from the fact that h(z) is radial and
therefore so is its Fourier transform

hie) = / " (€l h(ryrdr,

where .Jy is the Bessel function. The latter integral is expressed in terms of

the Meijer G-function and satisfies [h(¢)| < e €/2. Similar estimates give
that |R(a)| < 1 for

a >

4

647>
a > —1og—} =14.73.
T T
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