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WEIGHTED CLR TYPE BOUNDS IN TWO DIMENSIONS

RUPERT L. FRANK, ARI LAPTEV, AND LARRY READ

ABSTRACT. We derive weighted versions of the Cwikel-Lieb—Rozenblum in-
equality for the Schroédinger operator in two dimensions with a nontrivial
Aharonov—Bohm magnetic field. Our bounds capture the optimal dependence
on the flux and we identify a class of long-range potentials that saturate our
bounds in the strong coupling limit. We also extend our analysis to the two-
dimensional Schrodinger operator acting on antisymmetric functions and ob-
tain similar results.

1. INTRODUCTION AND MAIN RESULTS

The celebrated Cwikel-Lieb—Rozenblum (CLR) inequality states that the num-
ber N(—A — V) of negative eigenvalues, including multiplicity, of a Schrédinger
operator —A — V in L?(R%) in dimension d > 3 is bounded by

(1) N(-A-V)<a | V(@) de
Rd

where the implied constant is independent of V. Here and throughout we take
a4+ = max(0, +a) and use a subscript on < to specify the variables on which the
implied constant depends. The inequality is due to M. Cwikel [7], E. Lieb [24] and
G. Rozenbljum [27]. For further proofs and background we direct the reader to [12].
The bound is saturated in the strong coupling limit, that is where V is replaced
with AV and A — oo, since by Weyl’s asymptotics,

. —d/2 A _ Wd d/2
2) Jim AN (A - AV) (%)dedV(x)+ dr,

where wy is the volume of the unit ball in R%. One of the uses of () is to extend
this asymptotic behavior, which is originally established for instance for continuous
V of compact support, to all V with V, € L%?(R%). Concerning the repulsive part
one only needs to assume V_ € Ll (R%) [10].

Building on earlier work for radial potentials by V. Glaser, H. Grosse and A. Mar-
tin [13], the CLR inequality was generalised by Y. Egorov and V. Kondratiev in [g]
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to include the weighted bounds
3 N(=A—V) <ga | V(@) @T9221> dz,
. +
Rd

which hold in dimensions d > 3 for any a > 0. In [5], M. Birman and M. Solomyak
showed that the strong LP norm appearing on the right in (8] can be replaced by
a weak norm, namely

t>0 z|2V (z) 4>t |x‘d’
which is valid, again, in dimensions d > 3 with o > 0. Note that the bounds ()
and (@) are homogeneous with respect to V' of degree (d + «)/2 > d/2, in contrast
to the homogeneity d/2 of (). The latter homogeneity is consistent with (2J).
Nevertheless, as shown by M. Birman and M. Solomyak [2], the asymptotic order
of growth (d+«)/2 in (@) can be saturated in the strong coupling limit for a class of

d/2 (R) satisfies

loc

(4) N(=A=V) 4,0 sup t!*T)/2 f dr
\

potentials with particular long range behaviour. Namely, if V, € L
(5) V() = [z[?|In]ae| 77 (1 + o(1)) as |z — o
for some p > d/2, then one can show that

/\11_1)130 ATPN(—A — \V) exists and is finite,

while for & > 0 with p = (d + a)/2,

lim AP sup t(d+°‘)/2f dz_ sup tpj dr € (0,00).
A—00 t>0 Az|2V (z) 4 >t lz|[4 =0 |€|2V (x) 4 >t ||

All the results discussed so far are restricted to the case of dimensions d > 3
and most of their direct analogues in dimensions d = 2 fail. For instance, none
of the direct analogues of (), @) and (@) hold. Moreover, there are examples of
V e L'(R?) with V > 0 for which either the limit on the left side of (2)) is infinite
or it is finite but different from the right side, see [4]. Recently, there has been a
lot of activity in proving bounds on N(—A — V) in d = 2 and in giving necessary
and sufficient conditions for either the bound limy o A"*N(—A — AV) < o0 or the
validity of (2]). A sample of references for this development is [14L[16]20L2T,26/29].
An earlier fundamental paper is due to M. Solomyak [30]; see also [11].

In this paper we are concerned with bounds on the number of negative eigen-
values of two-dimensional Schrédinger operators in the presence of an Aharonov—
Bohm magnetic field. We will see that when this field is nontrivial, one obtains
inequalities that are analogous to those discussed above for Schrodinger operators
in dimensions d > 3 and see that the difficulties of the two-dimensional case mostly
disappear. We will also consider the case of the non-magnetic Schrédinger operator
restricted to antisymmetric functions and see that this case is similar to that of an
Aharonov—Bohm magnetic field.

Our results support the heuristics that the different behaviour in dimensions d >
3 and in d = 2 comes from a spectral instability of the two-dimensional Laplacian
near energy zero and that this instability can be removed by additional repulsion,
either in the form of a magnetic field or the presence of symmetries. For other
instances of this principle see [19,22].

To be more specific, let

A(x) = |z|" (29, —21) for all 2 = (x1,29) € R?
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and for ® € R let
Dy = —iV + PA..
We consider the magnetic Schrédinger operators
—V in L*(R?).

As discussed in the next section, under suitable conditions on V' this operator can
be realized as a self-adjoint operator via the closure of the corresponding quadratic
form on Cg°(R?\{0}). When ® € Z, the magnetic potential can be gauged away
and the operator is unitarily equivalent to —A + V. Therefore, in the following we
will concentrate on the case ® € R\Z.
An analogue of the CLR inequality () was shown by A. Balinsky, W. Evans and

R. Lewis [I], namely,

Q0
(6) N(D3 -V) <s f sup V (rw) rdr.

0 weS
More recently it was deduced in [22] that when V. is radially non-increasing one
can replace the supremum over angles in the right side of (@) with an integral, that
is,

(7) ND}-V) 5o [ V()dn
R2
However, it is known [I] that this replacement cannot be made for general V €

LY(R?).
Our main result is the following magnetic version of (3.

Theorem 1. Let ® € R\Z and o > 0. Then there is a constant Cp o < 0 such
that

(8) N(D% -V) < Cqu V() |z de
R2

for all V € L (R?) for which the right side is finite. Moreover, the optimal
constant in this inequality satisfies

(9) C<I>,a ~a d(q))_l_a

with d(®) := mingez |® — k.

In fact, our proof yields the explicit upper bound

I'((14)/2) .
10 C < T a3 ~ Lo,
(10) S YT (1 + af2) Z' I~

From this bound we immediately obtain the upper bound Cg o <o d(®)~17 in ().

In the proof of Theorem [I] we will show that this bound is sharp, thereby obtaining

the precise divergence of the constant as the flux ® approaches an integer value.
We complement Theorem [I] with a variant of this bound with a weak norm.

Corollary 2. Let ® € R\Z and a > 0. Then there is a constant Cg , < o0 such
that

d
(1) N(D} - V) < Gy suptt e | W
|2V (

>0 x) 4>t ||?
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for all V € LL (R?) for which the right side is finite. Moreover, the constant can
be chosen to satisfy

(12) Clo ~a d(®) 717
Since d
suptHa/Qf _x2 < f V(a?)i+a/2|x|°‘dx,
t>0 |2V (z) 4 >t |z R2

the bound (8) follows from ([[II) and for the sharp constants we find
(13) Coa <Cp -

We will argue differently, however, and deduce Corollary [ from Theorem [Il To
do this, we use an interpolation argument in the spirit of one of M. Birman and
M. Solomyak [5].

In further likeness to the situation for —A — V in dimensions d > 3, we derive
examples of potentials with the same long-range behaviour (B) that saturate the
weak inequality (1) in the strong coupling limit. We refer to Section [ for the
details. There we will show, in particular,

1+ «)/2) 1
14 c’ >— Y
(14) 47327 (1 + «/2) Z' | ’

which should be compared with ([I0). Of course, these two bounds are consistent
with (3)).

We note that in [17], Kovarik considers the two-dimensional Schrédinger operator
with a general, nontrivial, magnetic potential A € L%OC(RQ;R?). Under minimal
assumptions on A it is determined that for any a > 0

N((—iV + A)? — V) Sa fRz V(@) (1 4 J2])7d

This bound is similar to ours, but does not include it, for our A = ® A is not locally
integrable around the origin. If one could adapt the argument to include our A,
then a scaling argument could be used to remove the extra 1 in the weight and
one would obtain a bound of the form (§). Our analysis has the merit of yielding
tighter constants through a more direct proof, as well as establishing the optimal
constant-flux relationship.

Next, we describe our results for two-dimensional Schrédinger operators acting
on antisymmetric functions. For functions V on R? that are symmetric in the sense
that V(xy,22) = V(22,21) for almost every = € R? we can consider the operator
—A — V in L?(R?) restricted to antisymmetric functions, that is, in the Hilbert
space

L2 (R?) = {ue L*(R?) : u(z1,z2) = —u(xo, ;1) for almost every z € R?}.

We denote the resulting operator by — A,s —V. Under the assumption that V
is radially non-increasing, a corresponding version of the CLR inequality for this
operator was found in [22], namely

N(—Ax-V)< | V(z);de.
R2
However, this inequality does not hold for general V', as noted in [22, Remark 1].
Our second pair of main results are strong and weak weighted CLR bounds for
— Aas —V, analogous to the bounds we derived for the magnetic operator.
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Theorem 3. Let o > 0, then there is a constant Cy, < o0 such that
(15) N(—Aps —V) < C, JRQ V(2) 2| da
for all symmetric V € Li. (R?) for which the right side is finite.
In fact, our proof yields the explicit upper bound
L((1+a)/2)

16 Co < s3pmr 5y ¢ ,
(16) 21 & ay2) S
where ( is the Riemann zeta function.

Corollary 4. Let a > 0, then there is a constant C!, < oo such that

d
(17) N(—Au—V) <O suptHa/QJ z
2|2V (

t>0 )4 >t |CL"2

for all symmetric V € L _(R?) for which the right side is finite.

loc
Again, for long-range potentials of the form (&) the bound in the corollary can
be saturated in the strong coupling limit and one obtains the lower bound

L'((1+a)/2)
———((1 .
2T (1 4 ayz) ST

Our plan for the paper is as follows: In Section 2] we present the proof of The-
orems [[l and Bl In Section [ we derive the weak forms of the inequalities above.

Finally, in Section Hl we will show that these bounds are saturated in the strong
coupling limit by potentials with long range behaviour ().

c >

2. PROOF OF THEOREMS [I] AND

2.1. The Aharonov-Bohm operator. We begin by showing that the operators
D2 —V are well-defined in quadratic form sense when ® € R\Z and V is such that
the right side in either Theorem [ or Corollary [2is finite. The main ingredient in
this argument is the magnetic Hardy—Sobolev inequality

q 2/q
(18) J |Doul® dz > Sp 4 (J Jul® dx) for all u € Cif (R*\{0}),
R? R?

with Sg 4 > 0 provided that g € [2,00). A proof of this inequality can be found in
[6) Section 3.1, Step 1] based on the diamagnetic inequality and a special case of the
Calffarelli-Kohn—Nirenberg inequality for scalar functions. Alternatively, one can
deduce this inequality using the method of [8]. In the special case ¢ = 2 inequality
([I8)) with sharp constant is due to [23] and reads

2
(19) f |D¢u|2dx>d(<1>)2f [l 4y
R 2 |2]?

Some results about the sharp constant in (I8]) for ¢ > 2 can be found in [6].
Let us show how to use (I8) to define the operator D% — V. We combine (IX))
with Hélder’s inequality to obtain for u € C%(R?\{0})

1/(1+a/2) q 2/q
J Vilul? dz < J V_:+a/2|x|o‘d:1: J ﬂda:
R? R?2 R |7]?

1/(1+a/2)
(20) < Szl (J Vj*“/zwdx) J |Dgul?dz,
R2 R2
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where ¢ and « are related by 1/(1 + a/2) + 2/q = 1. The assumption ¢ < o is
equivalent to a > 0.

Now given V € L{ _(R?) such that the integral in Theorem [is finite and given
e > 0, we decompose V; = Vj + V5 with Vo € L®(R?) and V; > 0 satisfying

J V11+a/2|:c\°‘dfc <e.
R2

Applying @20) with V; we find that V. is form-bounded with respect to D% +V_
with relative form bound zero. This allows us to define D(% — V as a selfadjoint,
lower semibounded operator in L?(R?) with form core C®(R?\{0}).

Meanwhile, let V € L{ (R?) be given such that the integral in Corollary @is finite

and let € > 0. We choose G € (¢, 0) and define & > 0 by 1/(1+ &/2) +2/¢§ = 1. We
can decompose Vi = Vi + Va with ||[2]*V5| = 2y < € and V; > 0 satisfying

f VIR 2% de < o0
R2

(Indeed, we can simply take V; = |z|~2(|z|*V; — €)4 and apply the layer cake
representation; refer to Section [Bl) Proceeding as before to control the Vi piece
and using (I9) to control the V5 piece, we find again that V7 is form-bounded with
respect to DZ+V_ with relative bound zero and, consequently, that D3 — V is
well-defined.

Next, we recall that the operators D2 —V and Dé— . — V are unitarily equivalent
for k € Z and that the operators D2 —V and D? ; —V are antiunitarily equivalent;
see, e.g., [6] Subsection 2.1]. Thus, in what follows we can restrict ourselves to the
case ® € (0,1/2].

We are now ready to present the proof of the weighted CLR bound for D2 — V.

Proof of Theorem [l Fix a > 0 and let V |z|? € L'**/2(R?; da/|x|?). As explained
above, we may assume ® € (0,1/2]. Moreover, by the variational principle, we may
assume V > 0. According to (20) the Birman-Schwinger operator V1/2(D2)~1V1/2
is well-defined and bounded. Changing to polar coordinates and logarithmic vari-
ables, this operator becomes f/j/?(—af + (i0p — @)2)_11741/2 in L?(R x S'), where

V(t,0) = €2V (el cos, e’ sinf) .

Applying the Birman—-Schwinger principle (see, e.g., [12], Subsection 4.3.3]) and
the Lieb-Thirring inequality (see [25] and also [I12], Theorem 4.59]) we obtain that
forp=1+a/2>1

N(D2 - V) <ny (1, V(=2 + (g — ®)%) V)
(21) < Te(V{2(=0} + (i0p — )2) 7' V%)
< Te(VP2 (=02 + (i0g — ®)2) PVP/?).
To compute the trace we need to find the integral kernel of the operator (—0? +
(idg—®)?) P, which we denote by Gs ,(t, ; 7,19). We note that (—d7 + (idg—®)?) in
L?(R x S) is unitarily equivalent, via a continuous and a discrete Fourier transform,
to multiplication by ¢2 + (n — ®)% in L%(R) x KQ(Z). Thus,

,7-)

Gop(t,0;7,0) = %QZJ @ )) de.
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Given that ® € (0,1/2] and p > 1 the above sum converges. Moreover, gp, :=
Go p(t,0;t, 9) is independent of ¢ and § and we compute that

T(p—1/2) - I'((1+4a)/2) e
Jep = 47r3/2I‘ Z‘ —eT = Am3RT(1 + a/2) Z‘ -

Returning to the estimate in (2I)) we conclude that

Te(VP2 (=02 + (105 — ®)2)PVP?) —gMJ V(t,0)" dodt

~ g0, j V(@) el 2 dz,
R?

which completes the proof of (B]) with the constant given in (I0). This easily implies
the upper bound in ([@). The lower bound is a consequence of Remark O

Remark 5. Despite employing a non-unitary transformation into logarithmic coor-
dinates, the bound in (ZI)) can be derived from the operator’s form core image and
an application of Glazman’s Lemma. We refer to [12, Proposition 7.4] for a similar
statement.

Remark 6. A standard argument shows that the sharp constants in the CLR-type
inequality () and in the magnetic Hardy-Sobolev inequality (I8]) satisfy

—2/(a+2) . 2 2
22 > h - =1
(22) Sa,q = C wit o + 7

)

see e.g. [12, Proposition 5.7]. In particular, (I0) implies that

(/24 2/(q ~(a=2/a
> 1-4/(a-2)
S (4 32T(1+2/(q - Z et >

neZ

and the upper bound in (@) implies that

(23) Spq 2q d(@)HY
Let us show that this bound is optimal, that is,
(24) So.q Sq d(®)' /7.

In view of ([22)) this will prove the lower bound in (@) and thereby complete the
proof of Theorem [I1
We fix ¢ € CP(R) and define

u(rcosB,rsinf) = p((Inr)/f) ™,

where n € Z is such that d(®) = |n—®|. Then, by (IJ) after changing to logarithmic
coordinates,

1 JR |90’(t)|2 dt + d(CI))2£ JR |<p(t)‘2 dt = So 4 <€ JR lo(t)|? dt) v .

Choosing £ = d(®)~! we obtain (Z4]).
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2.2. The antisymmetric operator. The same construction and arguments carry
over to the antisymmetric operator. In this case, the Hardy—Sobolev inequalities
([I8)) are replaced by the inequalities

(25)

2
J |Vul?dz = S, (J :u2 dx) for all antisymmetric u € C*(R?\{0})
R2

with S, > 0 provided that g € [2,00). A proof of this inequality can be found in
[15]. In the special case ¢ = 2 we have

2
(26) J |Vul|? dz > J % dz for all antisymmetric u € C*(R*\{0})
R2 R2 |T

with the sharp constant equal to one.

For symmetric V such that either the right side in Theorem [ or in Corollary
[ is finite we can define the operators — Aas —V in L2 (R?) similarly as in the
Aharonov-Bohm case.

Proof of Theorem Bl We fix a > 0 and take 0 < V e L'**/%(R?; dz/|z|?) as be-
fore. The Birman-Schwinger operator V1/2(— Ang) V12 in L2 (R?) is unitarily
equivalent to the operator 171/2(—33 — 33)‘”71/2 acting in the subspace of function
we L2(R x SY) satisfying u(t,0) = —u(t, 7/2—0). Here V is defined as in the proof
of Theorem Bl Applying the Birman—Schwinger principle and the Lieb—Thirring
inequality as before, we are reduced to finding the integral kernel G, (¢,6;7,1)
corresponding to (—07 — d2)7P acting in this subspace. To find it, we argue as
previously, using a Fourier decomposition in terms of the antisymmetric angular
harmonics ¢, (0) = 7~ /2 sin(n(t? —7/4)), n € N. It follows that

Gp(t,0;t,0) = — Z ©n (6 f ﬁdg

I'(p—1/2) 1-9p) _ Ll —=1/2)
< %Tr(p) (;171 2 > — WC(QP—].),

where ¢ denotes the Riemann zeta function. This proves Theorem [Bl (Il

3. INTERPOLATION AND PROOF OF COROLLARIES [2] AND (]

In this section we derive Corollaries Pland Elfrom Theorems [[land [3] respectively.
We use a variant of an interpolation argument by Birman and Solomyak [5], but we
avoid any explicit mention of interpolation theory or ideals of compact operators.

Proof of Corollary 2. We fix o > 0 and recall that we may assume that 0 < ® <
1/2 and that V > 0. With two parameters s > 0 and 0 < 6 < 1 to be determined
we write

Dj —V =0(D§ — 07 slz[ ) + (1 = 0)(D§ — (1 — 0) |z *(|2[*V — 5)) .
Assuming that §~1s < ®2 we can use the magnetic Hardy inequality (If) to bound
Dg—V=Q1-0)(Dg— 1= 2|2’V —5)4).

Thus, by the variational principle
N(Dg = V) < N(Dg — (1= 0) " |2[(|aV = 5)+)..
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For an arbitrary 0 < 8 < a we can apply Theorem [Il and obtain
d
N(D} = V) < Copl=0) 2 | (aPV() -9} T
R2 x
Abbreviating [V] := sup,~ tita/2 Smw(a})» \3_@ and using the layer cake represen-
tation we find

j (2V (@) — 972 Y 14 gy j j @ 12 4
R2 |z ‘2 \

|2V (z)—s>0 ‘$|2
<(+8/2)[V ]J (0 4 8)"1=%/2 582 4o
0

F(2 + 5/2) F((a — ﬂ)/2> S(B—a)/Q [V]
T(1+a/2) '

In the last computation we used a beta function identity. To minimize this bound,
we choose s = §®2 and obtain

P Cy g I'2+5/2)T((a—B)/2)
SUPgcg<q (1 — 0)1F5/20(0=0)/2 L1+ a/2)
This bound can still be optimized with respect to 5 € (0,«). This proves ().
Taking a fixed 3 (say 8 = «/2) and recalling that Cs 5 <g @177 by (@), we
deduce the upper bound in ([I2). The lower bound follows from (I3) together with
the lower bound in (@). O

N(D3 - V) < [V].

The proof of Corollary Ml is similar to that of Corollary 2 and is omitted.

4. LONG-RANGE POTENTIALS AND BEHAVIOUR OF CONSTANTS

In this section we construct, for arbitrary o > 0, potentials V' that saturate the
weak bounds [IIl) and (7)) in the strong coupling limit. We follow arguments that
were carried out for dimensions d > 3 in [2,3][18].

Theorem 7. Let ® € R\Z, let p > 0 and assume that V € L*(R?) satisfies
V(x) = |z "2(n|z[) 7P (1 + o(1)) as x| — .
Then for p > 1

1/2
p
Jim AN (Dg — AV) = 2fr Z 4 n— @ |2P L
forp=1
lim (AIn\)"!N(D2 — \V) = =
A—0
and forp <1
1
- 2 _ 4
/\h_r)r;o)\ N(Dz — \V) 7 s V(z)y da.

In the theorem we clearly see the difference between the long range case p > 1
and the short range case p < 1. In the former case the asymptotics are insensitive
to the local behavior of V' and solely determined by its asymptotic behavior, while
in the latter case they are essentially determined by the local behavior of V.

We note that if V' is as in the theorem with p > 1, then with a = 2(p — 1)

d d
lim A~ psuptlJ’o‘/Qf & suptpj —:EQ € (0,0).
A lz|2V (

A= >0 22V (2)y >t [T >0 o), >t |17l
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Therefore Theorem [7] shows that the weak bounds (III) are saturated for the po-
tentials AV as A — 0.

Moreover, the asymptotics for p = 1 show that one cannot expect to have a
version of the weak inequality (III) that is homogeneous of degree one in V.

Remark 8. For comparison, if ® = 0 and V is as in Theorem [ with p > 1/2 then
N(—=A —\V) = o for all A > 0. The same holds for p = 1/2 provided A > 1/4; see
[12, Proposition 4.21].

Proof. We mostly focus on the case p > 1 and discuss the case p < 1 at the end.
Let W, be defined as

2|2 (I fa]) 7P, o] > e,
27 w, =
( ) P(x) {0, ‘x| < e

We will prove the theorem for p > 1 in the special case V' = W,. By simple
approximation arguments, this implies the result in the general case.

We start by simplifying the problem. Consider the restriction of the operator
D3 — AW, to the region {z: |z| > e} with Dirichlet and Neumann boundary condi-
tions, denoted by HEY (AW,,) and HY (A\W,,), respectively. Then, since W, = 0 for
|z| < e, by the variational principle,

(28) N(HE(AW,)) < N(D3 — AW,) < N(HY (AW,).

It follows, using logarithmic-coordinates = e!*! and the definition of Wy, that we
need only estimate the number of negative eigenvalues of the operator

—0? + (109 — )2 = A(t + 1)~ ¥? in L2((0,0) x SY),

from above and below, where the operator is considered with Neumann and Dirich-
let boundary conditions at t = 0, respectively.

Now we carry out a further bracketing argument. We fix L > 0 and for k €
Ny denote by H,QL(V) and HéYL(V) the restrictions of —0? + (idg — ®)% — V(¢)
to the intervals (kL, (k + 1)L) with Dirichlet and Neumann boundary conditions
respectively. Then, using ((k + 1)L + 1)"Y? < (t +1)7Y? < (kL + 1)"Y? on
(kL,(k+1)L),

(29)
e0] e0]

N(HFMW,) = > NHZL A+ 1)77) = Y NEHP L (M(k + 1)L+ 1)77))
k=0 k=0

and

o0 o0
(30) N(HY(AW,) Z (HY (At +1)717)) Z (HY L (AKL + 1)77)).

It remains to estimate each of these, where we first consider the case of p > 1.
Starting with the lower bound, we use ([29) to see that

i +(n—=®)2<A((k+1)L+1)"1P)}

& 7T2m
N(HZ(AW,)) = Y #{(m,n) e NxZ: —

> ) (L*AP (7r2m2/L2+(n7<1>)2)_p7171'fl)+ — (1) +(II),

meN,nezZ
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where
I) = LW\ (e?m?/L* + (n—®)?) " —1- L7}
mel\%}nez ( )+
>)\pi 272+ ( @)2)71)—)\_17(134-1)) dr,
NeZ +
and

(I) ==Y (L'Wn—a " -1-L7")
nez
> L7\ Y n— o7,
nez

Meanwhile, for the upper-bound [B0) we find that

2

NHY (W) < 3 #H(mm) € Mo x 2 T & (n = @) < ML + 1))
— (1) + (V)

where

m2m? 9
(I11) = #{(m,n) € No x Z: =5+ (n — @)* < A}

< #{neZ: (n—q))2</\}+Z7T_1L(/\—(n—(l>)2)

nez

1/2
+

<@VA+1)+2r LA — 922 + w‘lLf A= (t—®)»)Y 2t
R

— VA +1)+2r LA — 322 4271 LA

and
2m?2

+(n—®)2 < AN(kL +1)"/7}

Q0
Z {(m,n) e Ng x Z: 2

< Z (Ifl)\p (m*m?/L* + (n — @)2)_1) — Lil)
meNgy,neZ +
<\ Z J w22 4 ( @)2)711 — )f”) dr.
+

nez

Taking the limsup and liminf as A\ — oo and then the limit L — oo, we find

hmlnf/\ PN(HE( (AW,) ZJ 272 4 ( @)2)—17 ar

nez

—-1/2)
B 2[1“ Z \n—<1>|2p 1
and similarly

limsup AP N (HY (AW,)) <

A—00

—1/2) Z
2\Fr |n—<1>|21’ L

This proves the claimed limit for p > 1.
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For the case of p = 1, we carefully consider the terms that produce a logarithmic
divergence. In this case, the choice of intervals does not matter, so we take L = 1.
We start by using (29) to find that

N(HE (AW1)) = A Z ((772m2 +(n— @)2)71 - 2)\—1>+

meN,nez

> )\fR\( o foo ((W%Q +(t-@)?) 2A—1)+ drdt — O(\)

H (02 + 52 2)\‘1) dods — O(N),
+
02+s2>R2
with R? := (w2 + (1 —®)?)/2. When passing to the last line we increased the region
of integration in the first term, noting that additional integral is O(\). For the

upper bound [@B0), in the decomposition above, the term (III) is of order O(\) as
A — o0, thus we see that

N(Hg (A\W7)) < O(A) + (IV)
= Y #keNik<A(x’m?+ (n—@)%) ' —1} + O(\)

meNg,nez

-2 Y ((772m2 +(n—o)?) " = )\_1>+ + O

meN\{1},neZ

ﬂ ((e? +s*) 1 =AY dods + O(N)

02+s2>R2
with R% := 72 + (1 — ®)2. For R = Ry, Ry we compute
)
(0> +s*) ' =A"1,dods = 271'J (r 2 = A Hrdr=nln X+ 0O(1).
R

o2+52>R2
This proves the claimed limit for p = 1.
Finally, we comment on the case p < 1. We clearly have

417T J V(). dz.

Indeed, for given, sufficiently large R > 0 we bound V' > V1(Jz| < R) (here we
use that V' is nonnegative outside of a bounded set) and then impose a Dirichlet
condition at |z| = R to bound N (D3 — AV) from below by the number of negative
eigenvalues of the corresponding Dirichlet operator on {|z| < R}. By [L1l Corollary
1.2], and the works [9L28], for the latter operator one has Weyl asymptotics. Since
R > 0 can be chosen arbitrarily large, we obtain ([BII). Let us explain in some more
detail how to obtain the Weyl asymptotics from references [I1] and [9]. In view of
[9, Theorem 2.2] the bound in [IT, Theorem 1.1] remains valid in the presence of a
magnetic field, at the expense of an increase of the constant by a universal factor.
With this bound at hand, one can follow the proof of [I1], Corollary 1.2] and obtain
the asymptotics in the presence of a magnetic field; see also [10].
To prove

(31) liminf A\"'N(D2 — \V) >
A—00

(32) limsup A" N(D3 — \V) < 1[ V(z)+ dz,

A—00 dr
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we set, for all R>1, Wp(:z) =1(|z|>R)|z|2(In|z|)~"? + 1(|z| < R)R~2(In R) /7.
For 0 < <1 and € > 0 we decompose

AV =9 (D?D 91+ s)m’vfp) T (1-6) (D?D CA—0)TIANV - (1 e)Wp))
and obtain
N(D2 = AV) < N(D3 — 07 (1 +e)AW,) + N(D3 — (1—0)"'A(V — (1 +e)W,),).

Since W, is radially nonincreasing, it results from either (@) or (7)) that

N(DZ =671+ )AW,) <o 0711+ )N § W,dz <e,p 0 (1 +e)(InR)Px.

Meanwhile, by assumption there is an R. < oo such that for all || > R, one
has V() < (1 + &)|z|2(In |z|)~Y/. Therefore, the potential (V — (1 + £)W,), is
supported in a ball and with the help of [30] one finds

~ 1
lim A™'N(D3—(1-0) AV —(1+&)W,);) =

A—00 47

—(1- 9)*1f (V—(1+&)W,), dz.
R2
Thus, we have shown that

limsup A" N (D2 — \V)

A—00
1
471'

Letting R — o0 using the integrability of V" and p < 1, we obtain

—(1—-0)" JW(V 1+ €)W )+ dz + Cop 0 (1 +¢)(In R)l—l/p.

A—00

1
limsup A" *N(D3 — \V) < —(1—6)"* J Vidz.
4 R2
Since 6 € (0,1) is arbitrary, we obtain ([B2). This concludes the proof. O

Remark 9. Let us use Theorem [7lto prove the lower bound (I2)) on C% . Let v > 0
and p =1+ «a/2 > 1, then for W), as in the proof of Theorem [7]

dz dx

hm AT psuptpj —2=supth Ty = 2m,
Ao 50 awlerst TP 0 Jwy et (2]

and thus, by the asymptotic formula in Theorem [7]

N D2 AW, 2+1/2)
> lim ( ) — 3(/3/ + / Z| _¢| 1— a
A= sup,. o tP SAW 22>t ol T 4n I(1+a/2)

This proves (I2).

Ca,

[e3%

Finally, we note that the corresponding results hold in the antisymmetric case
by near identical argument. We state them below without proof.

Theorem 10. Let p > 1 and let V be as in Theorem[d. Then for p > 1

o _T(p—1/2)
lim A N(*Aas*/\v)—WC(QP*I)

and forp=1
lim (AInA) "IN (= Ags —AV) = ~

A—00
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