NEW BOUNDS ON THE LIEB-THIRRING CONSTANTS
D. HUNDERTMARK', A. LAPTEV? AND T. WEIDL?3

ABSTRACT. Improved estimates on the constants L, 4, for 1/2 <
vy < 3/2,d € N, in the inequalities for the eigenvalue moments of
Schrodinger operators are established.

1. INTRODUCTION

Let us consider a Schrodinger operator in L?(R¢)
(1.1) —A+V,

where V is a real-valued function. The inequalities

(1.2) tr(—A 4+ V)Y < Ly,dJ V' ax

RrRd

are known as Lieb-Thirring bounds and hold true with finite constants L, 4
if and only if y > 1/2ford = 1,y > Oford = 2 and vy > O for
d > 3. Here and in the following, AL+ = (JA| &= A)/2 denote the positive
and negative parts of a self-adjoint operator A. The case y > (1 —d/2),
was shown by Lieb and Thirring in [21]. The critical case y = 0,d > 3 is
known as the Cwikel-Lieb-Rozenblum inequality, see [8, 19, 22] and also
[18, 7]. The remaining case y = 1/2,d = 1 was verified in [25].

It is known that as soon as V € [Y+4/2(R<) and the constant L, 4 is finite,
then we have Weyl’s asymptotic formula

. 1 . 1 dxd§

1 —A Y= : Y
oc—lgloo oY+ tr +aV)t cxl—lgloo oY+ UMXM('&' +aV)l (27r)d

d
(1.3) = Lgldj V' dx,
’ Rd
where the so-called classical constant LCY1 4 18 defined by
(14)
- My +1)
Ly =(2n dJ -1 dE= >0
v,d ( ) Rd(|é| )7 5 Zdnd/zr(y—i—%—i—]) N G

This immediately implies Lfyl’d <Lya.
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Until recently the sharp values of L, 4 were known only for y > 3/2,
d = 1, (see [21, 1]), where they coincide with LSYEd. In [17] Laptev and
Weidl extended this result to all dimensions. They proved that L, 4 = L',
fory > 3/2,d € N. Recently, Hundertmark, Lieb and Thomas showed in
[15] that the sharp value of L; » ; is equal to 1/2.

The purpose of this paper is to give some new bounds on the constants
Lyafor1/2 <y < 3/2andall d € N (see §4). In particular, one of our

main results given in Theorem 4.1, says that
(1.5) Lya <2154, 1<vy<3/2, deN,

whereas for large dimensions it was only known that L, 4 < Cv/d LS, with
some constant C > 0.

For the important case y = 1, d = 3 we have L; 3 < ZL% < 0.013509
compared with Ly 3 < 5.96677L§'; < 0.040303 obtained in [20] and its
improvement L4 3 < 5.21803L5'; < 0.035246 obtained in [5].

Note also that our estimates on the constant L, 4 imply that [; 4 <
21', < L§'y as was conjectured in [23].

In order to get our results we give a version of the proof obtained in [15]
for matrix-valued potentials (see §3). Note that E.H.Lieb has informed us
that the original proof obtained in [15] also works for matrix-valued poten-
tials. After that in §4 we apply the equality L, 4 = Ls})d, fory > 3/2 and
d € N shown in [17] by using the “lifting” argument with respect to the
dimension d suggested in [16]. The same arguments as in [17] yield the
corresponding inequalities for Schrodinger operators with magnetic fields.

Finally, we are very grateful to L.E.Thomas who was also involved in the
new proof of Theorem 3.1 as well as making many valuable remarks.

2. NOTATION AND AUXILIARY MATERIAL

Let G be a separable Hilbert space with the norm || - ||g and the scalar
product (-, -); and let Og and 1 be the zero and the identity operator on G.
Denote by B(G) the Banach space of all bounded operators on G and by
K (G) the (separable) ideal of all compact operators. Let $;(G) and 8,(G)
be the classes of trace and Hilbert-Schmidt operators on G respectively. For
a nonnegative operator A € X(G)

MA) > A(A) > ... >0

is the ordered sequence of its eigenvalues (including multiplicities). We use
the symbol “tr”” to denote traces of operators (matrices) in different Hilbert
spaces.
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The Hilbert space H = 12(R<4, G) is the space of all measurable func-
tions u : RY — G such that

ulfi= |l ax < o
rRd

The Sobolev space H' (R¢, G) consists of all functions 1. € H whose norm

d
Il mag) = D l1ow/dxdlf + [lulf
11

is finite. Obviously the quadratic form
d
Riu,ul =) flow/dxln
k=1

is closed in L*(RY, G) on the domain u € H'(RY, G). Let
V(-):R%— B(G)
be an operator-valued function satisfying
(2.1) IV()llsie) € LP(RY)
for some finite p with
p> 1 if d=I,
p> 1 if d=2,
p>d/2 if d>3.
Then the quadratic form
viu, ul :J (Vu,u)g dx
rRd
is bounded with respect to h[-, -] and thus the form
2.2) hiu,ul + viu,ul

is closed and semi-bounded from below on H'(R¢, G). It generates the
self-adjoint operator

(2.3) Q=—-(Aa1g)+ V(x)

in L?(RY, G). It is not difficult to see, that if the operator V(x) belongs to
K(G) for ae. x € R? and satisfies the condition (2.1), then the negative
spectrum

B < B < < By < <0

of the operator Q is discrete.
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3. AN UPPER BOUND FOR THE EIGENVALUE MOMENT IN THE
CRITICAL CASEd =1 ANDYy = 1/2.

3.1. A sharp Lieb-Thirring inequality for d = 1 and y = 1/2. In this
section we give a version of the proof from [15] which will be applied to

the Schrodinger operators with operator-valued potentials. The main result
of this section is the following statement:

Theorem 3.1. Ler V (x) be a nonpositive operator-valued function, such
that V(x) € 81(G) fora.e. x € RandtrV_(-) € L'(R). Then

(3.1) tr<—dd—;®1e+v>1/zzz\/ES%J
j

[oe)

trvV_dx.

Remark. The constant Ly, ; = 1/2 = 2L$1/2’1 is the best possible. Indeed,

1/2 is achieved by the operator of rank one V(x) = d(x) (-, e) e, where
e € G and 0 is Dirac’s d-function (see [15]).

We follow the strategy of [15] quite closely but give a different proof of
the monotonicity lemma.

3.2. Monotonicity Lemma. In order to prove the monotonicity lemma we
need an auxiliary “majorization” result. Let A € X(G) and let us denote

ALl = \/A(AA).
j=1

Then by Ky-Fan’s inequality (see for example [12, Lemma 4.2]) the func-
tionals || - ||n, n = 1,2,..., are norms on X(G) and thus for any unitary
operator U in G we have

W AU = [[Alln-

Definition 3.2. Ler A, B be two compact operators on G. We say that A
majorizes B or B < A, iff

IBlln < [|Aln  forallneN.

Lemma 3.3 (Majorization). Let A be a nonnegative compact operator G,
{W(w)}weao be afamily of unitary operators on G, and let g be a probability
measure on Q). Then the operator

B ;:J U (w)AU(w) g(dew)
[0}

is majorized by A.
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Proof. This is a simple consequence of the triangle inequality
IBlln < J U (w)AU(w)ln g(dw) = g(Q)[|Alln = [|A]lx -
o}

Remark. The notion of majorization is well-known in matrix theory (see
[3]). For finite dimensional Hilbert spaces G even the converse statement
of Lemma 3.3 is true, cf. [2, Theorem 7.1]:
If A and B are nonnegative matrices and tr A = tr B, then the condition
B < A implies that there exist unitary matrices Uyandt; > 0,5 =1,...,N,
such that

N

N
=1, B=Y tUAU,.
)

j=1 j=1

Let W(-) : R — 8,(G) be an operator-valued function and let
IW()||s, € L*(R). Denote

2

d —1
(3.2) L. =W* {25(—@%—82) ®1G]W.

Obviously, £. is a nonnegative, trace class operator on (R, G), its trace
is independent of ¢, 0 < & < oo and equals tr £. = [ ||[W(x)|]3, dx.

Lemma 3.4 (Monotonicity). The operator L. is majorized by L.
Le< Lo
forall0 < ¢ <e.

Proof. Using the majorization Lemma 3.3 the proof is basically reduced to
a right choice of notation. Let A be the nonnegative compact operator in
[2(R, G), given by the integral kernel' A(x,y) := W*(x)W (y). Further-
more let

(3.3) g.(dp) = {S(ﬂ(vzﬂz))‘ dp if e>0

d(dp) if ¢e=0

be the Cauchy distribution and {U(p)},er be the group of unitary multi-
plication operators (U (p)p)(x) = e P*1p(x) on L*>(R, G). Passing to the
Fourier representation of the Green function in (3.2) we obtain

(34 .- joo U ()AU(P) 0. (dp).

—0

'Tn the scalar case A would just be the rank one operator W) (W] (in Dirac notation).
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Of course, Lo = A. In particular, Lemma 3.3 and (3.4) immediately imply
L. < Lo. The Cauchy distribution is a convolution semigroup, i.e. g. =
g’ * g.—o . If we insert this into (3.4) and change variables using the group
property of the unitary operators U(p), then Lemma 3.3 yields

c.- ju*(pwyu(p) 0 o (p)dp < Lo

This completes the proof. B

3.3. Proof of Theorem 3.1. Let W(x) = \/V_(x), so W* = W. Then
from the assumptions made in Theorem 3.1, we find that W (x) is a family
of nonnegative Hilbert-Schmidt operators such that |[W (-)||s, € L*(R). Let

35 K L w d’ ote |l w
(3.5) E-—ﬁ vVE = {<—@+> ®G} ’

where L. is defined in (3.2). According to the Birman-Schwinger principle
[4, 24] we have

1 =A(Kg,)

for all negative eigenvalues {—E;}; of the Schrodinger operator (2.3). Mul-
tiplying this equality by 2./E; and summing over j we obtain

(3.6) ZZ\EZZAj(z\/E—j).

In contrast to K¢ the operator £ is well-behaved for small energies. We
now use the same monotonicity argument as in [15] to dispose of the energy
dependence of the operator in (3.6). Namely, for any n € N, Lemma 3.4
implies that the partial traces § ;. Aj(L.) are monotone decreasing in .
Given this monotonicity, a simple induction argument yields

2 ML E) <) ML) forallne N,
j<n " <
Hence, by (3.6) we also have the bound
ZZ \/E < ZAj(L‘O) =trly = J trW2(x) dx = J tr V_(x) dx.

The proof is complete.

3.4. A priori estimate for moments y > 1/2. Following Aizenman and
Lieb [1] we can “lift” the bound of Theorem 3.1 to momentsy > 1/2.
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Corollary 3.5. Assume that V (x) is a nonpositive operator-valued function
fora.e.x € Rand thattr'V_(-) € [v+s (R) for somey > 1/2. Then

> 1
(3.7) tr< ;2®1G+V> ZEY<2L J VY2 dx.

Proof. Note that Theorem 3.1 is equlvalent to

2

a dpdx.
(- etetv) <2URXRtr(pZ—V( x))/? P

27

Scaling gives the simple identity for all s € R
oo 13
sY:CyJ Y 2(s—|—t)1/2dt, C’1:B<y———>,
0
where B is the Beta function. Let (;(x) the eigenvalues of V_(x). Then
2 2

[oe)

d 2 12
tr( dx 2®1G+V> _CYL dttyjtr< dx 2®1G‘|‘V+t>
< CYJ dtty%Z”tr(p —V7+t)1/2 dpdx
0 27

=2 ” {CYJ dttr 2 (p? —uj+t)”2} dpdx
- 27

=2 U tr(p? —V_)Y % =2 LS,IJ JtrVWV2 dx.

4. NEW ESTIMATES ON THE CONSTANTS L, 4 FOR 1/2 <y < 3/2,
deN

4.1. The Main result. We consider now the Schrodinger operator (2.3) in
[2(R¢, G) for an arbitrary d € N. Assume that V is a nonpositive operator-
valued function satisfying the condition

4.1 V() e LY (RY)
for some appropriate y. We shall discuss bounds on the optimal constants

in the Lieb-Thirring inequalities

d
4.2) tr(—A®T+V)Y < Ly,dJ V2 dx.

RrRd
In [17] it has been shown that

1
4.3) Lya= Lf,’d

forall v >3/2, deN.
The main result of the paper concerns 1/2 <y < 3/2.
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Theorem 4.1. Let V be a nonpositive operator-valued function and let the
condition (4.1) be satisfied. Then the following estimates on the sharp con-
stants L 4 hold

(4.4) Lya <28y forall 1<y<3/2, deN,
4.5) Lya <28y forall 1/2<y<3/2, d=1,
(4.6) Lya <418y forall 1/2<y <1, d>2.

Remark. For the special case y = 1 we find that
Iy <Lyq<21§y forall deN.

Even in the scalar case G = C this is a substantial improvement of the pre-
viously known numerical estimates on these constants in high dimensions
obtained in [5] and [20].

Remark. In fact, our proof of Theorem 4.1 yields

LYJ cl
Ly,d S Lcl Ly,da

1

deN, 1<y<3/2.

According to Corollary 3.5 we know that L;; < ZL%. In the scalar case
Lieb and Thirring conjectured that

Ly (v—1/2>“/2
A . 12<y<3)2.
L% v+1/2

In particular, if this were true in the matrix case for y = 1, our approach
would imply L§}; < 1y 4 < 1.161,.

Proof of Theorem 4.1. We apply an induction argument similar to the one
used in [17]. Ford = T and 1/2 < vy < 3/2 the bound (4.5) is identical
to (3.7).

Consider the operator (2.3) in the (external) dimension d. We rewrite the
quadratic form hu, u] +vu,u] foru € H'(RY, G) as

r+oo +o0
hliu, ul +viu,ul = h(xa)lu, ul dxq +J w(xa)lu, ul dxq,

I ou || -

hixg)lu,ul = — 1 dxq---Xq-1,
JRd-1 aXd G

d—1 2
ou

w(xq)u,ul = [ T + <V(x)u,u>G] dxq -+ X

Rd—1 ; XJ G
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The form w(xq4) is closed on H'(R4', G) for a.e. x4 € R and it induces
the self-adjoint operator

o

-1 2

Wi(xq) = — §®1G+V(X1,---,de1;xd)
]

w
Il
)

on L>(R%"", G). For a fixed x4 € R this is a Schrodinger operator in d — 1
dimensions. Its negative spectrum is discrete, hence W_(x) is compact on
2R, G).

Assume that we have (4.4)—(4.5) for the dimension d — 1 and all v from

1
the interval 1/2 <y < 3/2. Then W (xq) satisfies the bound
4.7

W (xg) <1 Vads! ixa) dx; -- - d
W22 (xa) <Lyj1 g A (X1,...,Xa 13%a) dx1 - - dxq 1
pa

forae. xq € R. Here

1
(4.8) Lv+%,df1 = L$+%,d,1 for y=>1,
1
4.9) LH%’(H SZL«CH%,(H for 1/2<vy< 1.

Indeed, (4.8) follows from (4.3) and (4.9) follows from (4.4)—(4.5) in di-
mension d — 1.

Let w_(xq)[-,-] be the quadratic form corresponding to the operator
W_(xq) on H = L*(R%1, G). We have w(xq)u,ul > —w_(xq)[u,ul
and

ou ||

+oo
(4.10)  hlu,u] +vfu,u] > J U
aXd

—0

— (W_(xq)u, u>H] dxq
H

for all u € H'(RY, G). According to section 2.2 the form on the rh.s.
of (4.10) can be closed to H' (R, H) and induces the self-adjoint operator
dZ
—— @1y —W_
o @ Tn (xa)
on L?(R, H). Then (4.10) implies

d? Y
4.11) r(—A@T1g+ V)Y <tr (—@ @1y — W(xd)> .
d _

The assumption V € [v+e (R4) implies that WY isan integrable func-
tion and we can apply Corollary 3.5 to the r.h.s. of (4.11). In view of (4.7)
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we find

d2 Y +oo vl
tr <_d—2 @ Ty — W(xd)> <Ly J trW' 2 (xq) dxq
Xd —

—0

Y+4
< Ly,1Ly+%’d1‘[ trV_. * dx
RrRd

fory > 1/2. The bounds (4.5), (4.8) or (4.9) and the calculation

pelgel - Ty+1) Fy+z+1
Y yrld T 5T 1 S a1 T 1, d1
2l (y+5+1) 249wz Ty + 5+ 5 +1)

S 2mr(y+ Sy

complete the proof. B
4.2. Estimates for magnetic Schrodinger operators. Following a remark
by B. Helffer [13] and using the arguments from [17] we can extend The-

orem 4.1 to Schrodinger operators with magnetic fields. Let Q(a) be a
self-adjoint operator in L?(R¢, G)

4.12) Qa)=(iV+ a(x))? @ 1g + V(x),
where
a(x) = (a(x),--- ,aqa(x))", d>2,

is a magnetic vector potential with real-valued entries a, € L2 (R9).
We consider the inequality

Y T i+’y
(4.13) tr(Q(a))Y < Ly,dJ V2 U dx,
where the nonpositive operator function V (-) satisfies (4.1). In [17] it has

been shown, that

T 1
(4.14) Lya= Lf,’d

for all Yy >3/2, deN.

In general, the sharp constant IN_y,d in (4.14) might differ from the sharp
constant L, 4 in (4.2)

1 ~
Lsf,d < Lv,d < Lv,d-

By combining the arguments from [17] and those used in the prove of The-
orem 4.1 we immediately obtain the following result:
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Theorem 4.2. The following estimates on the sharp constants IN_y,d in(4.13)
hold

(4.15) Lya<2tSy  foral 1<y<3/2, d>2,
(4.16) Lya <41y forall 1/2<y <1, d>2.
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