SHARP LIEB-THIRRING INEQUALITIES IN HIGH
DIMENSIONS

ARI LAPTEV! AND TIMO WEIDL'2

ABSTRACT. We show how a matrix version of the Buslaev-Faddeev-

Zakharov trace formulae for a one-dimensional Schrodinger operator
leads to Lieb-Thirring inequalities with sharp constants Lf/l 4 Withy >

3/2 and arbitrary d > 1. ’

0. INTRODUCTION

Let us consider a Schrodinger operator in L?(R¢)
(0.1) —A+V,

where V is a real-valued function. In [23] Lieb and Thirring proved that if
v > max(0,1 — d/2), then there exist universal constants L, 4 satisfying'

d
0.2) tr(~A+V)Y<L,q J VY2 (x) dx.
R4

In the critical case d > 3 and y = 0O the bound (0.2) is known as the Cwikel-
Lieb-Rozenblum (CLR) inequality, see [8, 20, 25] and also [7, 19]. For the
remaining case d = 1,y = 1/2 the estimate (0.2) has been verified in [27],
see also [14]. On the other hand it is known that (0.2) fails for y = 0 if
d=2andfor0 <y <1/2ifd=1.

IfV e LY (R%), then the inequalities (0.2) are accompanied by the
Weyl type asymptotic formula
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where the so-called classical constant Lf;l q 1s defined by

- Fly+1)
04) L, = (2n dJ — 1) dE = Loy >
( ) v,d ( ) Rd(’&’ ) Ev Zdnd/zr(y—f—%—{—]) V_
It is interesting to compare the value of the sharp constant L, 4 in (0.2) and
the value of Lf;l q- In particular, the asymptotic formula (0.3) implies that

0.5) I—le,a <Lya

for all d and 'y whenever (0.2) holds. Moreover, in [1] it has been shown,
that for a fixed d the ratio L, 4/ Lf,{d 1s a monotone non-increasing function
of y. In conjunction with the Buslaev-Faddeev-Zakharov trace formulae
[6, 9] one obtains [23]

(0.6) Lya=L%
for
0.7) d=1 and v >3/2.

On the other hand one knows that
cl
Lv,d < Lvyd

ifd=1and1/2 <y <3/2(see[23])ory < 1andd € N (see [12]).

Up to now (0.7) was the only case where (0.6) was known to be true for
general classes of potentials V € LY*2. Notice, however, that (0.6) has
been proven for various subclasses of potentials. If, for example, Q C R¢
is a domain of finite measure,

— as xeQ
0.8 V(x)=
0.8) ) {oo as xeRI\Q’

then the equality (0.6) with Yy = 0 can be identified with the Pélya con-
jecture on the number of the eigenvalues {1} less than « for the Dirichlet
Laplacian in Q. It holds true for tiling domains [24] and has been justified
in [16] for certain domains of product structure by using the method of “lift-
ing” with respect to the dimension d which is also one of the main ideas of
this paper. If y > 1, then for V defined by (0.8)

09  w(-A+V) =Y (a—mw)] LY a2 meas Q.
k
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This inequality was first obtained in [2], Section 5.2 as a simple corollary
of the Berezin-Lieb inequality (see [3], [21] and also [18]) 2. The Berezin-
Lieb inequality was also used in [17] in order to improve the Lieb constant
[20] in the CLR inequality for the subclass of Schrodinger operators whose
potentials are equal to the characteristic functions of sets of finite measure.

Another example is given in [5], where the identity (0.6) withy > 1 and
d € N has been verified for a class of quadratic potentials.

We note, that with the exception of (0.7), the sharp value of L, 4 has been
recently found in [14], where it was proved thatford =1 andy =1/2

Lijog =205, =1/2.

In particular, in higher dimensions d > 2 the sharp values of the constants
L, 4 have been unknown.

The main purpose of this paper is to verify (0.6) foranyy > 3/2,d € N
and any V € Y2 (RY).

In fact, this result is obtained for infinite-dimensional systems of
Schrodinger equations. Let G be a separable Hilbert space, let 1 be the
identity operator on G and consider

(0.10) ~A®1g+V(x), x € RY,

in L2(RY, G). Here V/(x) is a family of self-adjoint non-positive operators
in G, such thattr V € LY+ (RY). Then we prove that

1) o (—A®Tg+ VX)) < Lf/{dj eV () dx

Rd
for all v > 3/2 and d > 1. The inequality (0.11) can be extended to
magnetic Schrodinger operators and we apply it to the Pauli operator.

We shall first deduce (0.11) ford = 1,y = 3/2 and G = C" from
the appropriate trace formula (1.61) for a finite system of one-dimensional
Schrodinger operators. In the scalar case these trace identities are known as
Buslaev-Faddeev-Zakharov formulae [6,9]. The matrix case can be handled
in a similar way as in the scalar case (see [9]) However, we give rather
complete proofs of the corresponding statements in section 1, since we were
unable to find the necessary formula (1.61) in the numerous papers devoted
to this subject.

Note that we discuss trace formulae only as a technical tool in order to
establish bounds on the negative spectrum. We therefore develop the theory
of trace identities only as far as it is necessary for our own purpose.

Later P.Liand S.-T.Yau [19] proved that 3} _; pi > d%rz (Lf,{dmeas Q)2/dnl+2/d

n € N. By using the Legendre transform it is easy to show that the latter is equivalet to
0.9).
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In section 2 we extend the results of section 1 to the Schrodinger operator
in L>(R', G). Applying a “lifting” argument with respect to dimension as
used in [10] and [16], we obtain in section 3 the main results of this paper.

Finally we would like to notice that the combination of the results of this
paper and the equality L;,,; = 1/2 discovered in [14] has lead to new
bounds on the Lieb-Thirring constants in [13] which improve the corre-
sponding bound obtained in [4] and [22].

1. TRACE FORMULAE FOR ELLIPTIC SYSTEMS

1.1. Jost Functions. Let O and T be the zero and the identity operator on
C™. We consider the system of ordinary differential equations

2
(1.D) —(%@1);}()()—I—V(x)y(x):kzy(x), x €R,

where V is a compactly supported, smooth (not necessary sign definite)
Hermitian matrix-valued function. Define

Xmin ‘= minsuppV and Xp, = maxsupp V.

Then for any k € C\{0} there exist unique n x 1 matrix-solutions F(x, k)
and G(x, k) of the equations

(1.2) —F! (x,k) + VF(x, k) = K*F(x, k),
(1.3) —G” (x,k) + VG(x, k) = K*G(x, k),
satisfying

(1.4) F(x, k) =e™1 as x> Xma,
(1.5) G(x, k) =e ™1 as x < Xmipn-

If k € C\ {0}, then the pairs of matrices F(x, k), F(x,—k) and G(x, k),
G(x, —k) form full systems of independent solutions of (1.1). Hence the
matrix F(x,k) can be expressed as a linear combination of G(x, k) and

G(X) _k)
(1.6) F(x, k) = G(x,k)B(k) + G(x, —k)A (k)
and vice versa:

(1.7) G(x,k) = F(x,k)B (k) + F(x, —k)a(k) .
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1.2. Basic properties of the matrices A (k), B(k), «(k) and {3 (k) for real
k. Throughout this subsection we assume that k € R\{0}. Consider the
Wronskian type matrix function

WilF, Gl(x, k) = G*(x, k)F,(x, k) — (G, (x, k)" F(x, k).
Then by (1.2) and (1.3) for k € R we find that

d%wm Gl(x, k) = G*(x, K)F"(x, k) — (G (x, k))*F(x, k) = 0.

Note that for x < X, by (1.6) we have
WAIF, Gl(x, k) = [G"(x, k)G, (x, k) — (G (x, k))"G(x, k)] B(k)
+[G"(x, k)G (x, —k) — (G, (x, k))*G(x, —k)] A (k)
= —2ikB(k),
while for x > xpax by (1.7) we find
WilF, Gl(x, k) = B~ (k) [F" (x, k)Fy (x, k) — (F,(x, %)) F(x, k)]
+ o (k) [F* (%, k) F, (x, k) — (F (x, —k))"F(x, k)]

= 2ikp* (k).
This allows us to conclude that
(1.8) B*(k) = —B(k).

Similarly, for the matrix-valued function
W,[F, Gl(x, k) = G*(x, k)F, (x, —k) — (G} (x, k))*F(x, —k)
we have TW;,[F, G](x, k) = 0 and
W,IF, G](x, k) = —2ikA(—k) as X < Xmin
W,[F, Gl(x, k) = —2ike* (k) as X > Xmax -

Thus,
(1.9) A(—k) =« (k).
Inserting (1.6) into (1.7) and making use of (1.8), (1.9) we obtain
(1.10) G(x,k) = G(x, k) [B(k)B(k) + A(—k)x(k)]
+ G(x, —k) [A(k)B (k) + B(—k)a(Kk)] ,
and thus
(1.11) A(—k)A*(—=k) = B(k)B*(k) =1,
(1.12) B(—k)A*(—k) — A(k)B*(k) =0.

In particular, this implies
(1.13) |det A(k)]* = det A(k) det A*(k) = det(1 + B(—k)B*(—k)) > 1
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for all k € R\{0}.

1.3. Associated Volterra equations and auxiliary estimates. Next we
derive estimates for the fundamental solutions of (1.1) for Im k > 0. Note
first that the matrices F(x, k) and G(x, k) are solutions of the integral equa-

tions
(e}

(1.14) F(x, k) = ™1 — J k' sink(x — t)V(t)F(t, k) dt,

X

(1.15) G(x, k) =e ™1 + r k Tsink(x —t)V(t)G(t, k) dt.

Put
H(x, k) = e ™F(x, k) — 1.

Obviously, this matrix-valued function satisfies

(1.16) H(x,k) =0 for x> Xmax
and
(1.17) H(x, k) :J K(x,t, k) dt+J K(x,t,k)H(t, k) dt,
where
e2ik(t—=x) 1
1.18 K(x, t, k) = Vi(t).
(1.18) (Xt k) = V(1)
Note that
(1.19) IIK(x, t,k)|| < Ci(V,m)/(1+ [Kl)

for all k with Im k > 0 and all k with x,;;, < x < t. Here and below || - ||
denotes the norm of a matrix on C™.
Solving the Volterra equation (1.17) we obtain the convergent series

o0

H(x, k) = Z JJ HK(Xkabk) dxy - dxe .
=1

m=1 < <o

From (1.19) we see that [H(x, k)| < C5(V) for all xpin < X < Xpmax. Insert-
ing this estimate back into (1.17), we conclude that the inequality

(1.20) IH(x, k)| < C3(V,n)(1+ k)

holds for all x with x,;, < x < xpax and all k with Im k > 0.
Remark 1.1. If we assume that Imk > O and |k| > 1, then (1.19) and
therefore (1.20) holds true for all x € R.

It is not difficult to observe, that H(x, k) defined by (1.17) is smooth in
(x,k) e Rx {ke C:Imk > 0}.
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In particular, if we differentiate (1.17) with respect to k we find that

i_H(x, k) :J K(x,t,k)i_H(t,k) dt.
ok x ok

Since OH(x, k)/0k satisfies a homogeneous Volterra integral equation with
the kernel (1.18), we obtain 0H(x, k)/0k = 0, and thus all the entries of
the matrix H(x, k) are analytic in k for Im k > 0.

1.4. Further Estimates on A (k) and B(k). If we rewrite (1.14) as follows

_ ikx 7]_ * 7]_ >
(121) F(x,k) = ¢ {1 ZikL V(t) dt ZikL V(t)H(t,k)dt}

—ikx 00 00
+eZik U 2KtV () dt+J 2RV (1)H(t, k) dt],

then the expressions in the brackets in the r.h.s. do not depend on x for
X < Xmin- Comparing (1.21) with (1.6) we see that

1 ~+00 1 ~+00
(122) A(k)=1— —J V(t)dt— —J V(t)H(t, k) dt,

2ik | 2ik )
] oo 2ikt ] e 2ikt
(123) B(k) = 5 JOO etV () dt + ﬂjm 2™V (1) H(t, k) dt.

For sufficiently large |k| > C the smoothness of V and (1.20) imply

1 +00
(124) |[A(k)—1+ EJ V(t)dt‘ < Cq(V,n)k[%, Imk>0,
(1.25) IB(k)|| < Cs(V,n)[k[ %, keR.
In subsection 1.6 we shall see that (1.25) can be improved so that
(1.26) B(k) =0(k™™) forall meN as k— too.

1.5. The matrix A (k) for Im k > 0. First note that all entries of the matrix
A(k) are analytic in k for Im k > 0 and continuous for Im k > 0, k # 0.
This follows from (1.22) and the analyticity of H(x, k). Fixing a sufficiently
small € > 0 and by using (1.22) and (1.20) we obtain

(1.27) IA(K)]| < Cglkl™"  as  |kl<e, Imk>0.

Moreover, all the entries of A (k) and thus the function det A (k) are analytic
for Im k > 0 and continuous for Im k > 0, k # 0. Near the point k = 0 we
find

(1.28) |detA(k) < C/kI™ as k| <e, Imk>0.

Next let us describe the connection between the function det A (k) and
the spectral properties of the self-adjoint problem (1.1) on L?(R, C™). Our
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assumptions on the matrix potential V imply, that the operator on the l.h.s.
of (1.1) has a discrete negative spectrum, which consists of finitely many
negative eigenvalues A, = (izq)?, ¢ > 0 of finite multiplicities m;. Ob-
viously a solution y(x) of (1.1) with k = is¢ belongs to L*(R, C"), if and
only if

G
Y

y(X) = G(X)i}q)e as X < Xpin

U(X) = F(X) i%l)eg as X 2 Xmax »

for some non-trivial vectors eg,er € C". Linear independent so-

lutions yji,...,Ym, define linear independent vectors eg e egml and
el el respectively. In view of (1.6) we conclude that

yir e Cymy
(1.29) dimker A (i»q) = my.

If we select an orthonormal basis in C™, such that the first m; elements
belong to ker A (is), we find that the first my rows of A (k) vanish as k —
is1. Since det A (k) does not depend on the choice of the orthonormal basis

and all entries of A (k) are analytic, the function det A (k) has a zero of the
order

(1.30) my >y

at k = isq, 71, > 0. Moreover, if A = k?,Im k > 0 is not an eigenvalue of
the problem (1.1), then det A (k) # 0.
In the remaining part of this subsection we prove that

(1.31) my=my.

Let g(x,y, k) be the Green function of the problem (1.1). If k* < 0,Im k >
0, and det A (k) # 0 it can be written as

G(x,k)Z (y,k) as y>x

g(x’y’k):{—F(x,k)ZJr(y,k) as y<x

Here Z*(y, k) and Z™ (y, k) are n. x n-matrices, which are chosen such that

lim g(x,y;k) = lim g(x,y;k),
0 x=y+0

x=y—
lim ¢} (x,y;k) = lim g (x,y;k)+1.
x=y—0 x=y+0

These equations turn into
(1.32)
(

Z (y,k)\ _ (O _( Gly,k)  F(yk)
Wiy, k) <z+(y,k))—<1>’ W“””‘(Gg(y,k) F(y, ))'
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Since % detW = 0, the determinant of W is a constant with respect to y.
If y with y < Xpin, Im k > 0, then in view of (1.6) and (1.5) we have

(e B +eMAK
(133)  Wi(y,k)= (—ike”“ﬂ —ike ™VB(k) + ikeA (k) )
Hence

det W = (2ik)™det A (k)

and W is invertible if and only if det A(k) # 0. From (1.33) we see then,
that for y < xpin the entries Xj; of

)

)

(1.34) Wy, k) = (2} 8 B Qﬁﬁ
satisfy

e*"ky Xz] — ikefikyxzz =0 ’
e ™Y (Xy1 — ikX22)B(k) + €™ (Xz1 + ikXa2)A(k) = 1.

This gives X»1(y, k) = ikX22(y, k), and thus
Xa2(y, k) = (2ik) Te AT (k)
In view of (1.32) and (1.34) we obtain Z*(y,k) = X3,(y, k) and finally
conclude that
(1.35)
g(x,uy,k) = —(2ik) TATT(K)eF Y as Yy < Xoin < Ximax < X -

If k is in a sufficiently small neighbourhood of 17, the Green function
g(x,y, k) can be written as

_ () (y)
g(X)y)k) - (k*l%{)(k‘f’l%{) + gl(X)y)k) .

Here g¢i(x,y,k) is locally bounded and {{,};*}; forms an orthonormal
eigenbasis corresponding to the eigenvalue A, = —s<. Hence,

det X5, (y, k) = (2ik) e ™V det A (k)
= (—1)"e ™ detg(x,y,k) = O ([k —isq[ ™)
as k — 1is¢. This implies that det A (k) has a zero of the order
my <y

at k = 1s7. Finally, the last inequality and (1.5) imply (1.31).
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1.6. The matrix function T (x, k). Consider the matrix function

(1.36) T(x,k)=14+H(x,k) =1 —I—J K(x,t,k)T(t, k) dt.
According to subsection 1.3 the matrix-valued function T (x, k) is smooth
and uniformly bounded for

(x,k) eRx{keC:Imk>0 and [kl>1}.

Obviously T(x,k) = 1 for x > xn.. Integrating by parts in (1.36) and
using (1.18) we obtain

dal S qr
(1.37) @T(X, k) = L ezlk(t*")F (V(t)T(t, k))dt
for all 1 € N. Since supp V C [Xmin, Xmax] We find
(1.38) d'T(x,k)/dx' =0 as Xmax <X,
(1.39) Hle(x, k)/dle <Cg as  Xmin < X < Xmax
(140)  [|d'T(x, k)/dx!| < Coe?lx xmnImic 4g X < Xonin

for all k with Im k > 0 and [k| > 1. The constants Cg and Co depend only
upon V, n and 1. If we integrate the r.h.s. of (1.37) by parts, then (1.39)
and (1.40) imply

(14D [T (k) /x| < imk 8 Xmin < X < Ximax
1 1 C] 1 2(x—xXmin)Im k .
(1.42) HdT(x,k)/dxH g] +‘k‘e as X < Xmin ,

for all k with Imk > 0 and |k| > 1. The constants C;o and C;; depend
only upon V,m and 1.

In a similar way integrating by parts in (1.37), we obtain the asymptotical
decompositions

4 k) = — ro 20 9y i 1) at

dx! dtl!

(7])r+1 dr+172
(1.43) = {

x

M=

(2iK)7 dx+b 2 } (V()T(x, k)

e ro p2ik(t—x) qa+1-1

«  (2ik)a dta+i-
(—1)+ g2
(2ik)T dx™+1-2

1

(

—1

+

(V()T(t, k)) dt

el

} (V(x)T(x,k)) + Rqa(x, k)
1
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as |k| > 1,Im k > 0. Here

(1.44) Rqu(x, k) =0 as Xmax < X,

(145)  ||Rqa(x, k)| < Cqz(1+ k)71 as  Xmin < X < Xmax
C13 2(x—xmin)Im k

(146)  ||IRq1(x, k)| < We as X < Xmin -

The constants C;, and C;3 depend upon V,n, l and q.
Since d'H/dx! = d'T/dx! for all | € N, integration by parts in (1.23)
and the inequalities (1.38), (1.41) and (1.42) give (1.26).

1.7. The matrix function o(x, k). By using (1.16), (1.20) and Remark 1.1
for sufficiently large k|, Im k > 0, the matrix T(x,k) = 1 4+ H(x, k) is
invertible for all x € R and

(147) T '(x,k)|[| < Cyy forall xeR, [k >Ci5, Imk>0,

with sufficiently large constants Cy4 = Cy4(V,1) and Ci5 = Ci5(V,n).
Hence, for sufficiently large |k| with Im k > O the matrix function

(1.48) o(x, k) = L%T(x, k)} T '(x, k)

is well defined for all x € R. Liouville’s formula

ix(lndetT(x, k))=tr { [%T(x, k)} T (x, k)}
implies
4 (Indete ™F(x,k)) = tr o(x, k).
dx
Since e ¥ *F(x, k) = T as x > Xmax and
e "F(x, k) = e 2B (k) + A(k) = A(k) 4+ o(1)

as x — —oo,Im k > € > 0, we finally conclude that

+00
(1.49) Indet A (k) = —J tr o(x, k) dx,
k| > Cis, Imk>e€e>0.

Remark 1.2. Formula (1.49) is a matrix version of the corresponding well-
known identity for scalar Schrodinger operators (see e.g. §3 in [9]).
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1.8. The asymptotical decomposition of o(x, k). Next we shall develop
o(x, k) into an asymptotical series with respect to the inverse powers of k.
For the sake of future references we compute the first three terms, although
we only need the second one in this paper.

If we apply (1.43) with g = 2,1 = 1 we find that

1
(1.50) =5 VT Q,  Q=RuT',

while (1.43) with ¢ = 4,1 =1 gives

1 d?v dV d’T
1.51 S S AT Lt kil
(1.51) ° (2ik)3{d2+ Ve }
1 dv 1
W{d +VG}+EV+R4]T]

Inserting (1.50) into (1.51) we obtain

1 1 dv 1 d?v
—V-—— V-
2ik  (2ik)Zdx  (2ik)? { a2 } Q4.
Finally, if we insert in a similar way (1.52) and (1.43) withl =2,q = 3 as
wellas | = 3, q = 2into (1.43) with 1 = 1 and q = 6, we arrive at

(1.52) o=

2
(153) o= (2ik) 'V — (Zik)z% + (2ik) 3 { i vz}

d 2
v _dv?
—_— 7 74 —_— _—
(2ik) { e 2 dx}
o fatv a@vz o oravy?

As well as Ry the terms Q,, Q4 and Qg satisfy the inequalities of the
type (1.44) — (1.46) with q = 2, q = 4, and q = 6, respectively. Then we
conclude that
+o0o
| wQuma=ome,  a=246,
as |k| — oo with Im k > € > 0 and thus,
(1.54)

+00

+00 1 +00 1 5
J tr o(x, k)dx = HJO@ tr Vdx — ij tr V- dx

2
2tr V3 +tr (%) dx 4+ O([k|"®)

] —+00
MPITAE Joo

as |k|] — cowithImk > € > 0.
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1.9. The dispersion formula. Let
A, ={(a) Y, s >0,

be the finite set of the negative eigenvalues of (1.1). Each eigenvalue occurs
in this set only once. Let my be the order of zero of det A (k) at the point
k = 1is7, which by section 1.5 equals the multiplicity of the corresponding
eigenvalue. Then the arguments in section 1.5 imply that the function

N . my
(1.55) M (k) zln{detA(k)H <t+lm> }
—m

1=1

is analytic for Im k > 0 and continuous up to the boundary except k = 0,

where it has at most a logarithmic singularity. Moreover, the inequality
(1.24) gives

IM(K)| < Co(V)[K|™!

for all sufficiently large |k| > C,Im k > 0. Hence, by applying Cauchy’s
formula for large semi-circles in the upper half-plane we obtain

+00 +00
J Mz)dz _ o omik), J Mlz)dz _
oo z—Kk oo Zz—k
for arbitrary k with Im k > 0. This implies
1 [f®ReM
(1.56) M(k) = —_J ReM(z) 4,
mJ) o z—k
which by (1.55) is equivalent to
1 ("™ In|d tA —
(157)  IndetA(k) = —,J n|de Z m ln ”‘1
™ o

for all k with Im k > 0.

1.10. Trace formulae for elliptic systems. Note that

Zmlln k—{—iit = Zm1%1 3 k3 Zmpf

N
(1.58) Z O(Ik[€)

as [k| — oo, Imk > € > 0. On the other hand from (1.13) and (1.26) we
have

In|detA(z)| =27 "In|det(1 + B(—z)B*(—2))| = O(lzZ™), zeR,
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as |z| — oo, for all m € N. Hence, the integral in (1.57) permits the
asymptotical decomposition

T In|det A(z)| dz = et
J LEE Yy Lok,

—00 i—0

400
(1.59) I :J ZIn|detA(z)| dz

as |k|] — oo, Imk > € > 0.
Combining (1.58), (1.59) with m = 5 and (1.54) we obtain

1 I, «

(1.60) ZJtrde:ﬁ—Zmlm,
3 N

(1.61) 1 Jtr VZdx = mel ,

5 5 av? 5L,
1.62 3 - et 4
(1.62) 32JtrV dx+64J (dx) dx =5 lzmml
Finally we remark, that in view of (1.13)
(1.63) >0

for all even, non-negative integers j.

2. SHARP LIEB-THIRRING INEQUALITIES FOR SECOND ORDER
ONE-DIMENSIONAL SCHRODINGER TYPE SYSTEMS

2.1. A Lieb-Thirring estimate for finite systems. Let us first consider the
operator on the Lh.s. of (1.1) in L?(R, C™) for some smooth, compactly sup-
ported Hermitian matrix potential V. Preserving the notation of the previous
section the bounds (1.61) and (1.63) imply

2

3/2
d
Q1) (—ﬁ ® 14+ V(x )) Zmpﬁ < = Jter(x) dx .
By continuity (2.1) extends to all Hermltlan matrix potentials, for which
tr V2 is integrable. Finally, a standard variational argument allows one to
replace V by its negative part V_:

dx2
The constant in the r.h.s. of this inequality is sharp and coincides with the

classical constant I_g]/z ;- In particular, this constant does not depend on the
internal dimension 1 of the system.

42 23
2.2) tr (——®1+V( )) ther( ) dx.
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2.2. Operator-valued differential equations. Let G be a separable
Hilbert space with the scalar product < -,- >g and the norm || - ||g. Let
H'(R, G) and H?(R, G) be the Sobolev spaces of all functions

u-):R— G,
for which the respective norms

—+00
ol = | (I + ) ax

+00
ol = | (Rl + ) ax
are finite. Finally, let Tg be the identity operator on G. Then the operator
—f—; ® 1 defined on H?(R, G) is self-adjoint in L?(R, G). It corresponds
to the closed quadratic form

hiw, ul :J||u’||2G dx

with the form domain H' (R, G).
Let B and X respectively be the spaces of all bounded and compact lin-

ear operators on G. Let || - || denote the corresponding operator norm.
Consider an operator-valued function
W(E):R— B,

for which W(x) = (W(x))*,x € Rand |[W(:)||s € L’(R), 1 < p < oo.
Denote
+00

wlu, ul :J (Wx)u(x),u(x))g dx.

This form is well-defined on H' (R, G) and

+00

1/p
23) |w[u,u]gc16(j ||W(x)||%dx) Tl

—00

The constant Cy4 does not depend upon W or u. Moreover, for all € > 0
there exists a finite constant Cy7(€, W), such that

(2.4) wiu, ull < ehfu,u] + Ci7(e, W) J lullg dx.

Both (2.3) and (2.4) follow immediately from the corresponding inequali-
ties which hold in the scalar case. Hence, the quadratic form

hlu,u] +wlu,u]
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is semi-bounded from below and closed on H'(R, G). It induces a self-
adjoint semi-bounded operator
dZ
(2.5) Q=—5®Tc+W(x)
dx
on L?(R, G).

If in addition W (x) € X for a.e. x € R, then the form w[-, -] is relative
compact with respect to the metric on H'(R, G). In order to prove this
fact we introduce the orthogonal projections Py on the linear span of the
first M elements of some fixed orthonormal basis in G. As a consequence,
the Birman-Schwinger principle implies, that the negative spectrum of the
operator Q is discrete and might accumulate only to zero. In other words,
the operator Q_ is compact on L?(R, G).

2.3. A Lieb-Thirring estimate for operator-valued differential equa-
tions. We shall prove the following Theorem:

Theorem 2.1. Let W (x) be self-adjoint Hilbert-Schmidt operators on G
fora.e.x € Rand lettr W?(-) € L'(R, G). Then we have

2

Cd?

3/2 400
®1G+W(x)> SLEI/ZJJ r W2 dx,

—00

(2.6) tr (

where according to (0.4) it holds Lgl/z‘] = 3/16.

Proof. Assume that (2.6) fails. Then there exists a non-positive operator
family W satisfying tr W2(-) € L'(R) and some sufficiently small € > 0,
such that

+00
2.7 trx2/?(Q) > %J tr W dx.

—00

Here

XG(Q) = _E(foo,fe)(Q)Q y

with E(_s _¢)(Q) being the spectral projection of Q onto the interval
(—o0, —€). Since Q_ is compact, the operator E(_, _¢)(Q) is of a finite
rank n(e).

Fix some orthonormal basis in G and let Py, be the projection on the
linear span of its first M elements. Consider the auxiliary operators

QM €) =E( o, (Q)(T(x) @ PM)Q(1(X) @ PM)E(00,—¢)(Q) .

Obviously we have rank Q(M, €) < n(e) for all M. Since T(x) ® Ppm
turns to the identity operator on L?(R, G) in the strong operator topology



LIEB-THIRRING INEQUALITIES 17

as M — oo, then the operators Q(M, €) converge to X(Q) in the L*(RG)
operator norm, as M — oo and

tr (Q(M,e))? = trx.(Q) as M — oo.

Thus,

+00
2.8) tr (Q(M, e))** > 13—6J tr W2 dx

—00

for some sufficiently large M. On the other hand, a standard variational
argument implies

r (Q(M, ) <t (1(x) @ Pm)Q(1(x) ® Pum))>? .
Observe that the expression on the r.h.s. is nothing else but the Riesz mean

of the order y = 3/2 of the negative eigenvalues of the M x M-system (1.1)
with V(x) = PmW (x)Pm. Thus, from (2.2) we obtain

tr (Q(M, €))* < 13_6 Jtr V3(x) dx < 3 Jtr W2(x) dx ,

which contradicts (2.8). This completes the proof.

2.4. Lieb-Thirring estimates for Riesz means of negative eigenvalues of
the order vy > 3/2. We shall now suppose, that the non-positive operator
family W (x) satisfies

1
(2.9) r w2 (x) e L'(R) forsome v >3/2.

Let dE(_)(Q) be the spectral measure of the operator Q. Repeating the
arguments of Aizenman and Lieb [1], we find

0 00
B (v %%) r QY =tr {J dE(oo,M(Q)J 2 (t+ )Y dt}

0
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I'(x+y) - .
FooT(y) 18 the Beta function. Let —p;(x) < O be the

negative eigenvalues of W(x). Then

where B(x,y) =

00 +00
J dttV§J tr (W(x)+t)2 dx
0

—00

j=1 J—o0 0
3 +oo 0 vl
=B(v— z» dXZHj (x)
—00 =1
3 +oo y+l
:B<y 2 ) tr W2 2 (x) dx
From (0.4) we obtain
o _ Ty+1) 3 Ty+1Dr@) 3 B(v—33)
YNy +3) 16 T(y+3r(3) 16 B(y—13,3)’

and this implies
Theorem 2.2. Let the non-positive operator family W (x) satisfy (2.9).
Then

d? Y oo 41
(2.10) tr (ﬁ ®Tg+ W(x )) < Lf,l_]J tr W2 (x) dx.

—00

It remains to note, that the constant LCI] in (2.10) is approached for po-
tentials W as o« — +o00.

3. LIEB-THIRRING ESTIMATES WITH SHARP CONSTANTS FOR
SCHRODINGER OPERATORS IN HIGHER DIMENSIONS

3.1. Lieb-Thirring estimates for Schrodinger operators. Let G be a
separable Hilbert space. We consider the operator

3.1 A® 16+ V()
in L>(RY, G). If the family

V():R¢ = B
of bounded self-adjoint operators on G satisfies
(3.2) IV()|s € LP(RY), max{1,d/2} <p < o0,

then the quadratic form

viu,u] = Ld (V(x)u(x),u(x))g dx
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is zero-bounded with respect to

This immediately follows from the corresponding scalar result and the argu-
ments given when proving the inequalities (2.3), (2.4). Hence the quadratic
form h[-, ] + v[-, ] is semi-bounded from below, closed on the Sobolev
space H'(R?, G) and thus generates the operator (3.1). As in subsection
3.2 one can show, that if in addition to (3.2) we have V(x) € X for a.e.
x € R4, then the negative spectrum of the operator (3.1) is discrete.

The main result of this paper is

Theorem 3.1. Assume that V (x) < 0 for a.e. x € R and that tr V%+Y(~)
is integrable for somey > 3/2. Then

3.3) tr (—A®1g+ V(x) )1/ < Lg/l‘dj tr V%JFV()Q dx.

Rd
Proof. We use the induction arguments with respect to d. For d = 1,
v > 3/2 the bound (3.3) is identical to (2.10). Assume that we have (3.3)
for d — 1 and all v > 3/2. Consider the operator (3.1) in the (external)

dimension d. We rewrite the quadratic form h[u,u] + v[u,u] for u €
H'(RY, G) as follows

r+oo +00
hlu, u] +vu,ul = h(xa)u,ul dxq + J w(xa)lu,u] dxq,
ou ||?
h(xq)lu,u] = P dxy - -xq-1,
JRA-1 Xa G
N d—1 ou 2
w(xq)lu,ul = Joacs [; 6—x] . +(VIxJu,w)g | dx1---xq 1.

The form w(xq4) is closed on H' (R4 " G) for a.e. x4 € R and it induces
the self-adjoint operator

d—1 2

0
W(xq) = —Zw ®@1g+ Vix1,...,xa-1;%q)
k=1 k

on [2(RY¥' G). The negative spectrum of this (d — 1)—dimensional
Schrodinger system is discrete, hence W_(xq4) is compact on L2(R4! | G)



20 A.LAPTEV AND T. WEIDL

1
and according to our induction hypothesis tr w2 (xq) satisfies the in-
equality

(3.4)

v+ 1 v+s
tr W2 2 (xq) < L$+% 4 J tr V. 2 (xq,...,Xq 1;%q) dxq -+ dxq_1
’ Rd—1

for ae. xa € R. For V € LY"2(R% ), the function tr Wfr%(-) is inte-
grable.

Let w_(xq)[-, -] be the quadratic form corresponding to the opera-
tor W_(xq) on H = [2(R*' G). Then we have w(xq)u,u] >
—w_(xq)[u,ul and

for all u € H'(RY, G). According to section 2.2 the form on the rh.s.
of (3.5) can be closed to H' (R, H) and induces the self-adjoint operator

d2
dx3

on L?(R, H). Then (3.5) implies

400 2

ou

35  hiwul + v, ]ZJ
aXd

—00

H

—(W_(xq)u, u>H] dxq

® Ty — W_(xq)

2 Y
3.6) tr(-A®1g+ V)Y <tr <%®1HW(Xd)> .
d _

We can now apply (2.10) to the r.h.s. of (3.6) and in view of (3.4) we find

d2 Y 1 +o00 Y+l
tr ( ® Ty — W(Xd)) <L, J tr W™ 2 (xq) dxq

_d—xﬁ N
1yl +5
gL@ﬁ;%ﬂ]L@uv”Z(mdx.
The calculation
o Fy+1) Fly+3+1
LvJLerl ) 1 EPY IR =) 1, d1
2 2T (y+5+1) 28 m 2 Ty+5+S5 +1)

2Ty + 44y

completes the proof.

For the special case G = C we obtain the Lieb-Thirring bounds for scalar
Schrodinger operators with the (sharp) classical constant L, 4 = Lf;l‘d for
v > 3/2 in all dimensions d.
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3.2. Lieb-Thirring estimates for magnetic operators. Following a re-
mark by B. Helffer [11] we demonstrate, how Theorem 3.1 can be extended
to Schrodinger operators with magnetic fields. Let

a(x):(m(x),...,ad(x))t, d22>

be a magnetic vector potential with real-valued entries ay € L7,.(R?). Put

H(a) = (iV+ax))?*® 1g.

Its form domain d[h(a)] consists of the closure of all smooth compactly
supported functions with respect to h(a)[-, -]+ || - ||%2(Rd,G) (cf. [26]), where

ii +a|u
an K

Let the operator family V and the corresponding form v be defined as in
the previous subsection. If (3.2) is satisfied, then one can apply Kato’s
inequality [15, 26], and find that the form

d

hla)uu = Y |

k=1 "R

2

dx.
G

d

(3.7) q(a)fu,u] =h(a),ul +vu,u
is closed on d[g(a)] = d[h(a)] and induces the self-adjoint operator
(3.8) Q(a) =H(a)+ V(x)

on L?(RY G). Finally, by applying Kato’s inequality to the higher-
dimensional analog of (2.3) we see, that V(x) € X for ae. x € RY in
conjunction with (3.2) implies that Q(a) has discrete negative spectrum.

Theorem 3.2. Assume that a € 12 (R is a real vector field, and that

loc
the non-positive operator family V (x) satisfies tr Vity e L'(RY) for some
Y > 3/2. Then

d
(3.9) tr (H(a) +V(x))Y < Lf’l‘dj r vz dx.
R4
Proof. In the dimension d = 1, any magnetic field can be removed by gauge
transformation. Thus (2.10) can serve to initiate the induction procedure.
Assume now that (3.9) is known for all v > 3/2 for the dimension d — 1
and consider the operator H(a) in the dimension d. Put

d—1

2
Wixa =) Q% + an(x)) +V(x).
1 n
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(li + (ld> u
Rd aXd

Rd aXd

where for fixed x4 € R the operator W_(x4) is the negative part of W (x4)
on H = [?(R%',G). We now choose a gauge in which a4 vanishes.
Namely, put

We find that
2

q(a)[u,u]:J

dx + J (W (xq)u, u)yy dxq
G R
2

dx — J (W_(xq)u, u)yy dxq,
G R

Xd

d)(xly"')Xd):J ad(X],...,Xd,],T)dT
0

and {i(x) = '™ (x) for all u € d[q(a)]. Then

(3.10)
ot ||? i
q(a)[u,u] > —|| dx—| (W(xa@, @), dxa, uedlq(al,
Rd aXd G R
where
W(Xd) = ei(b(X,de)Wf(Xd)eilub(XI‘Xd) ) X = (Xh s )del) )

acts on H for any fixed x4 € R. Closing the form on the r.h.s. of (3.10) we
see that

d* =\
(3.11) tr (H(a) +V(x))Y <tr <F®1HW(Xd)) ,
Xd o
where the operator on the r.h.s. acts in L?>(R, H). From our induction hy-
pothesis we have
N 1 d
tr WY+ (xa) =tr W 2 (xq) <10, tr VY2 (xxg) X’
Y+3,d-1 Rd-1
Hence (2.10) can be applied to estimate the r.h.s. of (3.11) and we complete
the proof of (3.9) in the same manner as in the proof of Theorem 3.1.

3.3. Lieb-Thirring estimates for the Pauli operator. As an application
of Theorem 3.2 we deduce a Lieb-Thirring type bound for the Pauli opera-
tor. Preserving the notations of the previous subsection we put d = 3 and
G = C2. Let a(x) = (aj(x), ax(x), az(x))* be a twice continuously dif-
ferentiable vector function with real-valued entries. The Pauli operator is
given by the differential expression

a2 —iaz1 +az3
3.12 /= a 1 ) ' ' '
( ) Q( ) @1+ <1a3y1 + azs —a13

) ever
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where 1 is the identity on C2, V = V/(x) is the multiplication by a real-
valued scalar potential and
6a]- 6ak
k=5—— = k,j=1,2,3.
aj K an an ) y) y <y
Let B(x) be the length of the vector B(x) = curl a(x). Then the two
eigenvalues of the perturbation of the term Q(a) ® 1 in (3.12) at some
point x € R3 are given by

V(x) £ B(x).
IfV,Be Ly+3 (R3) for some y > 3/2, then Theorem 3.2 implies

(3.13) tr ¥ < Lgls (J {(v+ B)Z+% +(V— B)P%} dx> .

3.4. Acknowledgements. The authors wish to express their gratitude to
V.S. Buslaev and L.D. Faddeev for the useful discussions concerning
trace formulae and B. Helffer for his valuable comments on magnetic
Schrodinger operators. The first author has been supported by the Swedish
Natural Sciences Research Council, Grant M-AA/MA 09364-320. The sec-
ond author has been supported by the Swedish Natural Science Council dnr
11017-303. Partial financial support from the European Union through the
TMR network FMRX-CT 96-0001 is gratefully acknowledged.

REFERENCES

[1] Aizenmann M. and Lieb EH.: On semi-classical bounds for eigenvalues of
Schrodinger operators. Phys. Lett. 66A, 427-429 (1978)

[2] Berezin F.A.: Covariant and contravariant symbols of operators. [English translation],
Math. USSA Izv. 6, 1117-1151 (1972)

[3] Berezin F.A.: Convex functions of operators. Mat.Sb. 88, 268-276 (1972)

[4] Blanchard Ph. and Stubbe J.: Bound states for Schrodinger Hamiltonians: Phase
Space Methods and Applications. Rev. Math. Phys., 35, 504-547 (1996)

[5] De la Breteche R.: Preuve de la conjecture de Lieb-Thirring dans le cas des poten-
tiels quadratiques strictement convexes. to be published in Ann. Inst. Henri Poincaré
Physique théorique.

[6] Buslaev V.S. and Faddeev L.D: Formulas for traces for a singular Sturm-Liouville
differential operator. [English translation], Dokl. AN SSSR, 132, 451-454(1960)

[7]1 Conlon J.G.: A new proof of the Cwikel-Lieb-Rosenbljum bound. Rocky Mountain
J. Math., 15, 117-122 (1985)

[8] Cwikel M.: Weak type estimates for singular values and the number of bound states
of Schrodinger operators. Trans. AMS, 224, 93-100 (1977)

[9] Faddeev L.D. and Zakharov, V.E.: Korteweg-de Vries equation: A completely inte-
grable hamiltonian system. Func. Anal. Appl., 5, 18-27 (1971)

[10] Glaser V., Grosse H. and Martin A.: Bounds on the number of eigenvalues of the
Schrodinger operator. Commun. Math. Phys., 59, 197-212 (1978)
[11] Helffer B.: private communication



24 A.LAPTEV AND T. WEIDL

[12] Helffer B. and Robert, D.: Riesz means of bounded states and semi-classical limit
connected with a Lieb-Thirring conjecture LII. I - Jour. Asymp. Anal., 3, 91-103
(1990), I - Ann. de I'Inst. H. Poincare, 53 (2), 139-147 (1990)

[13] Hundertmark D., Laptev A. and Weidl T.: New bounds on the Lieb-Thirring con-
stants. Preprint KTH, Sweden.

[14] Hundertmark D., Lieb E.H. and Thomas L.E.: A sharp bound for an eigenvalue mo-
ment of the one-dimensional Schrodinger operator. Adv. Theor. Math. Phys. 2, 719-
731 (1998)

[15] Kato T.: Schrodinger operators with singular potentials. Israel J. Math., 13 135-148
(1973)

[16] Laptev A.: Dirichlet and Neumann Eigenvalue Problems on Domains in Euclidean
Spaces. J. Func. Anal., 151, 531-545 (1997)

[17] Laptev A.: On inequalities for the bound states of Schrodinger operators. Operator
Theory: Advances and Applicatons, Birkhduser Verlag Basel/Switzerland, 78, 221-
225 (1995)

[18] Laptev A. and Safarov Yu.: A generalization of the Berezin-Lieb inequality. Amer.
Math. Soc. Transl (2) 175, 69-79 (1996)

[19] LiP.and Yau S.-T.: On the Schrodinger equation and the eigenvalue problem. Comm.
Math. Phys., 88, 309-318 (1983)

[20] Lieb E.H.: Bounds on the eigenvalues of the Laplace and Schrodinger operators. Bull.
Amer. Math. Soc. 82, 751-753 (1976). See also: The number of bound states of one
body Schrodinger operators and the Weyl problem. Proc. A.M.S. Symp. Pure Math.
36, 241-252 (1980).

[21] Lieb E.H.: The classical limit of quantum spin systems. Comm. Math. Phys. 31, 327-
340 (1973)

[22] Lieb E.H.: On characteristic exponents in turbulence. Comm. Math. Phys., 82, 473-
480 (1984)

[23] Lieb E.H. and Thirring, W.: Inequalities for the moments of the eigenvalues of the
Schrodinger Hamiltonian and their relation to Sobolev inequalities. Studies in Math.
Phys., Essays in Honor of Valentine Bargmann., Princeton, 269-303 (1976)

[24] Polya G.: On the eigenvalues of vibrating membranes. Proc. London Math. Soc. 11,
419-433 (1961)

[25] Rozenblum G.V.: Distribution of the discrete spectrum of singular differential oper-
ators. Dokl. AN SSSR, 202, 1012-1015 (1972), Izv. VUZov, Matematika, 1, 75-86
(1976)

[26] Simon B.: Maximal and minimal Schrodinger Forms. J. Operator Theory 1 37-47
(1979)

[27] Weidl T.: On the Lieb-Thirring constants L., 1 for y > 1/2. Comm. Math. Phys.,
178, 135-146 (1996)

Royal Institute of Technology' Universitit Regensburg?
Department of Mathematics Naturwissenschaftliche Fakultit I
S-10044 Stockholm, Sweden D-93040 Regensburg, Germany

E-mail address: laptev@math.kth.se , weidl@math.kth.se



