ONE-DIMENSIONAL INTERPOLATION
INEQUALITIES, CARLSON-LANDAU INEQUALITIES
AND MAGNETIC SCHRODINGER OPERATORS

ALEXEI ILYIN, ARI LAPTEV, MICHAEL LOSS, SERGEY ZELIK

Abstract. In this paper we prove refined first-order interpolation inequal-
ities for periodic functions and give applications to various refinements of
the Carlson-Landau-type inequalities and to magnetic Schrodinger opera-
tors. We also obtain Lieb-Thirring inequalities for magnetic Schrédinger

operators on multi-dimensional cylinders.

1. INTRODUCTION

The Carlson inequality [3]

(S0) <(54) " (Sea)”

k=1 k=1

~—

has been a source of many improvements, refinements and generaliza-
tions (see [7],[12] and the references therein). The constant = here is
sharp and the inequality is strict unless {ax}32; = 0.

This inequality and its various generalizations are closely connected
with classical one-dimensional interpolation inequalities for Sobolev
spaces:

1 1
2 <( |20 g =1 - — - 1.2
Jull5% < COm)[lul ™ lut™ %, 5 Mm> 5 (L2)
In the case when x € R the sharp constant and the corresponding

extremals were found in [13]:
B 1
~09(1—0)2msin &
In the periodic case « € (0,27) with zero average condition the in-
equality holds with the same constant (without extremal functions) [9].

C(m)
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Furthermore, the first-order inequality with C(1) = 1 is equivalent
(as was first observed in [6]) to (1.1) by going over from {ax}32, to
w(z) = Yz k€™ and using Parseval’'s equality. Here in what
follows || floe = || - ey | Il = I - 120 and Zo := 2\ {0},

For all m > 1/2 inequality admits a negative correction term on the
right-hand side [2], [14], in particular, in the first- and second-order
cases the correction term can be written in closed form

1
[Jul|Z, SHWWN—#MR (1.3)
V2 2
Jull2, < —=lull || = =]ul?, (1.4)
v/ 27 3

where all constants are sharp and no extremals exist. Again, for
w(z) = Y cp €™ this gives the following two improved Carlson
inequalities

ﬂ(i 7 m(i i Tovae as

(%)

Sa) <

k=1 k=1 k=1 k=1

00 2 \/57_( 00 3/4 00 1/4 9 00
(Xa) = (X)) (Xra) -3 dno
k=1 k=1 k=1 k=1

with sharp constants. These inequalities are proved in [2],[14] in the
framework of a rather general theory and we give below in §2 a new
direct self-contained proof of (1.3) and (1.5).

In §3 we consider inequalities of the form

lull%e < K ()| AY2ull]|u] (1.7)

for 2m-periodic functions (no zero average condition), where

2w
du
| AY 20| = / i— —a(z)u
0
is the quadratic form corresponding to the Schrodinger operator

dz
d 2
Au = (z ﬁ - a(a;)u)

with magnetic potential a € L;(0,27). The sharp constant K(«)
depends only on the flux

2

dx

1 2

= o i a(x)dz,
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it is finite if and only if & ¢ Z. In a somewhat similar situation consid-

ered in [10] the introduction of a magnetic field has made it possible

to prove the Hardy inequality in R?. In our periodic case a magnetic

field with non-integral flux removes the condition fozw u(z)dx = 0.
The expression for K («a) is as follows

sin(2ra)| ™, amod(1) € (0,1/4) U (3/4,1);
Ko - { [erel™ T SOAROAD g

In the first case there exists a unique extremal function and for a €
[1/4,3/4] there are no extremals and a negative correction term may
exist. We show in §4 that this is indeed the case and

lullZ, < [AY2ullul] (1 — 2e=*IAlel) "o = 1/4, o = 3/4,
lull2, < | AY2u]|[Jull (1 + 2 cos(2ma)e=2m 14 2ul/lel) o € (1/4,3/4).
(1.9)

In § 5 we consider applications to Carlson-Landau inequalities. The
Landau improvement of (1.1) (see, for instance, [7])

00 2 00 1/2 , oo 1/2
(zak) < W(Zag) <Z(l<; _ 1/2>2ag) (1.10)
k=1 k=1 k=1

has a surprisingly short (and almost elementary) proof in terms of our

interpolation inequalities. We recall the elementary inequality (which
is (1.2) with m = 1)

lullse < lullllll,  w e Hy(0, L), (1.11)

following from

2u(r)? = / (b)Y dt / (ult)?Ydt < 2ull 1]

Given a (non-negative) sequence {ax}52,; we set L = 1 and consider
the function

\/_Z 1) aysin(2k — e, = € [0,1]. (1.12)

We have ||ullo = u(7/2) = v/23 52, ai, and by orthonormality,

Jul” = Zak, l 12 = 723 (2k — 1) —47r2 ~1/2%

k=1
(1.13)
Substituting this into (1.11) we obtain inequality (1.10).
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The refinement of (1.11) obtained in [14]
lullZe < Hullllel| (1 = 2e= VI e Hi(0,L)  (1.14)

or, equivalently, inequality (1.9) in the symmetric case a« = 1/2 give a
sharp correction term to the Carlson-Landau inequality (1.10)

[e'e} 2
(Zak) < llalllalli (1 - 2¢-2elilal) - (115)

k=1

Next, using a second-order inequality in [14] we obtain the following
sharp inequality

00 2 \/§7T
/2
> o) < 2T cothlr/2)alal};
(kl V2T

with unique extremal ay = 1/(2k — 1)* + 4). Here we set for brevity

lali® = ai, llali=)_(k=1/2)%, all3 =) (k- 1/2)%;.
k=1 k=1 k=1

(1.16)
The whole family of Carlson-Landau inequalities

00 2 00 /2 / 1/2
(Zak) < k(a) (Zaz) <Z(k—a)2az) , (1.17)

k=1 k=1

is studied for a € [0,1) in Theorem 5.2. Obviously, k(«a) = 7 for
a € [0,1/2] and, furthermore, for a € [0,1/2) we have a sharp Lo-
type correction term here, see (5.6). In the symmetric case a = 1/2
the correction term is exponentially small, see (1.15). For a € (1/2,1)
we show that k(a) > m, moreover, k(o) ~ (1 —a)™' as a — 17, and
there exists a unique extremal.

Finally, in § 6 we consider applications to the Lieb—Thirring inequal-
ities and first give a new alternative proof of the main result in [4] on
the one-dimensional Sobolev inequalities for orthonormal families of
vector-functions along with generalizations to higher-order derivatives
and 1-D magnetic forms. This gives the Lieb—Thirring estimate for the
negative trace of a 1-D magnetic Schrodinger operator with a matrix-
valued potential. Then we combine this result with the main ideas
and results in [1], [4], [8], and [11] to obtain in Theorem 6.4 esti-
mates for the 1/2- and 1- moments of the negative eigenvalues of the
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Schrodinger-type operator in T x Rf2. For example, for dy = d = 1
and the operator

d? d ?
HY = ——VU  — — v —V U =-\U
e + (z o a(x)) (x,y) A

on the cylinder R, x S. we have the following estimates for its negative
eigenvalues:

1
W< — K(a / V3/2(2, y)dyda,
Z k= 3\/3 ( ) RxSL ( y) Y

X (1.18)
Z Ak < 8—\/§K(a) V2 (2, y)dydz.

RxS?t

For dy = 2, dy = 0 and the operator

- d fo (i d ’
HY = (@ - al(x1)> U+ (z i ag(:z:Q)) U—V(z,y)V =—-A\U

on the torus T? with o; = 5= 0% a(z;)dx ¢ Z, j = 1,2 we have

Z)\k < ;—4K(041)K(0é2)/ V(21 5)dxds. (1.19)
k T2

Note that in the region where K(«) = 1, the constants in (1.18)
coincide with the best-known constants in the corresponding Lieb—
Thirring inequalities for the Schrodinger operator in R?, see [4], [8].
However, the constant in (1.19) contains an extra factor m/+/3, since
when we apply “the lifting argument with respect to dimensions” [11]
in the direction z, we do not have semiclassical estimates for the -
Riesz means with v > 3/2 for the negative eigenvalues in the periodic
case. This factor along with K («;) accumulates with each iteration of
the lifting procedure with respect to the x-variables, see Theorem 6.4.

2. PROOF OF FIRST-ORDER INEQUALITY

We consider the following maximization problem for 2m-periodic
functions with zero average: for D > 1 find V(D) — the solution of the
following extremal problem

V(D) = sup{[u(0)?, [|ul]® =1, ||’ = D}. (220

The next lemma gives an implicit formula for the function V(D).
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Lemma 2.1. The following expression holds for V(D):

(ZkeZo >\+k2 )?

V(D) =
2r > ke (A+k2)

(2.21)

Y

where A = \(D) is a unique solution of the functional equation

2.

M = D (=: D(\)). (2.22)
Zkezo (A+k2)2

Furthermore, A\(1) = —1 and A(c0) = 0.

Proof. Using the Fourier series u(z) = Y, ., uxe’™ and the Parseval

equalities [lul]* = 2w Y7,y [url?, [0']]* = 273, oy K |url?, for every

A > —1 we have by the Cauchy—Schwartz inequality

2ol =(z )

kEZg
2
= <Z lug| (X + E)YV2(O\ + k2)‘1/2) <

u(0)* =

k€Zg
- z . (2.23)
> P+ E) > pu kQ

kEZo keZo

2 _

Ol + ) Y s =
kEZg

= —IIUII A+ 1/ 1ul®) > )\+k2
kE€Zg

Moreover, for (and only for)

Ul = u(’\) := const L
TR A+ k2
the above inequalities turn into equalities. Fixing for definiteness
const := 5= we consider the function G(z) = =3, )\r,; , for

which
k’2
[ClE _ Shen ooty
[ R S——

(We also observe that G solves the equation —%G,\ + MGy =9.)

=: D(A).
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Then we see that for every fixed A > —1 the normalized function
GA(x)/||GA|| is the extremal function in problem (2.20) with D =
D()), and the value of the solution function V(D) is

V(D /\ D(\ =
(D)= 5=+ DO Y =
kEZg
_ i ()\ ZkeZo ()\+k2 ) Z _ (ZkeZo A+k2)2
27T ZKGZO ()\+k2 keZo )\ ‘l‘ ]{:2 27T ZkEZO W

We now have to show that there exists a unique A = A(D) solv-
ing (2.22) for every fixed D > 1. We first observe that D(\) — 1 as
A — —1land D(A\) = o0 as A — oo. It remains to show that D()) is
strictly monotone increasing. We have

d 2 k2<k2 . ZQ)

—~D(A) = .

dA (Zkezo m)z k,%o ()\ + ]{2)3()\ + 12)3
2 : KAk — 1)+ (12— k%)

(ZkEZO ()\—+1]€2)2)2 RIT e ()\ + k2)3<)\ + l2)3

- —— ¥ Ut
(Zkezo (,\+1,€2)2)2 ke Zo ko] ()\ + k2)3()\ + l2)3

The proof is complete. O
We set

G(A Gi( 2.24
(A) =G T o GZ A+ k2 (2:24)
The following variational characterization of V(D) is important.

Theorem 2.1. For a fized D > 1

V(D)= min (A+ D)G(M). (2.25)
A€[—1,00)
Proof. Since G(\) = 400 as A = —1 and G(\) = O(A"Y/?) as A —
~+00, it follows that the minimum is attained for each fixed D > 1 at
some point A, = A,(D). Then
d
o (()\ + D)G()\)) lr=x. =0,

which gives
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In view of (2.24) this equation coincides with (2.22) and therefore
A« (D) coincides with the unique inverse function A(D) constructed in
Lemma 2.1. This gives

(D) + D)D) = —ZODD° _

G
G'(MD))
The proof is complete. U

Of course, it is impossible to find an explicit formula for the inverse
function A = A(D), therefore it is impossible to find an explicit formula
for V(D). However, it is possible to find the asymptotic expansion of
V(D) as D — oo. All that we need to know for this purpose is the
asymptotic expansion of the function G(\) as A — oo. This expansion,
in turn, is found by the Poisson summation formula (or by means of
the explicit formula (2 32)):

=5 Z g k‘2 = % A2 %)\1 + O(e’“m) as A — 00.
(2.26)

Lemma 2.2. [t holds as D — oo
V(D) = DY? — % 2120 124 0(D™). (2.27)

Proof. This is a particular case of the general result of Proposition 2.1
n [14]. In addition to (2.26) we have

1 1
G'(\) = —Z)\‘?’/? + %)\‘2 + O(N%?), (2.28)
and, hence,
G(\ 2 4 B
=Gy A=A NS00 )

The well-defined inverse function A(D) (see (2.22)) has the asymptotic
behaviour

2 2
AD)=D—=D'"*— = 4+ 0(D'?) as D — co. (2.30)

7r T
Substituting this into (2.26), (2.28), we obtain for V(D) = — L&)
the asymptotic expansion (2.27). The proof is complete. O

The third term in (2.27) is negative, hence,

V(D) < DV? — 1 (2.31)

™
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for all sufficiently large D > Dy. Therefore we shall have proved
inequality (1.3) once we have shown that (2.31) holds for all D > 1.
Moreover, Lemma 2.2 implies that both constants in (1.3) are sharp.

Theorem 2.2. Inequality (2.31) holds for all D > 1.

Corollary 2.1. Inequalities (1.3) and (1.5) hold and all the constants
there are sharp.

Proof. By homogeneity and (2.31), for a u € H'

o o) 1
@ < oty (P ) < -l - 2

[ [l

O

Proof of the theorem. The proof is based on the variational represen-
tation (2.25) and the explicit formula for G(\):

1 1 1 7\ coth(mv/ ) — 1
GO\ = o kezz:o pyr it : : (2.32)

We estimate G(\) by a more convenient expression

avVA—1+ eV
2T\

where the above inequality by equivalent transformations reduces to
x < sinh(z), x > 0.
Thus, in view of (2.25) and (2.33), for D > 1

V(D) < (/\ + D)GO()‘>‘)\:(D1/2_1/2)2 = VO(y<D))7
where y = y(D) := D'/?2 —1/2, y > 1/2 and

G < —: Go(N), (2.33)

1 —Tr
Voy) = 5 (my = 1+ e ™) (y* + (y + 1/2)°).
Y
Now
e, 1 1 1
VD)—D"*+—=<Voy)— y+=|+-=-=
T 2 T
. / (2.34)
= — (8P +4y+1)e ™ —(4—m)y—1) = W (y).
o ((8y° +4y +1)e (4—my—1) - (v)
Next,

W'(y) = (=8my? + (16 — dn)y + 4 —m)e ™ — 4+ =
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and the coefficient of e~ is negative for y > 1/2. Therefore W' (y) < 0
and W (y) is decreasing for y > 1/2 and

W(y) <W(1/2) =5 ™2 —3+7/2= 03808 <0,  (2.35)
which completes the proof of (2.31). O

Remark 2.1. The proof of inequality (2.31) in the last theorem is
in the spirit of Hardy’s first proof [6] of the original Carlson inequal-
ity (1.1) and is, in fact, self-contained and formally independent of the
previous argument. It follows from (2.23) that

V(D) < (A+D)G(),

where A\ > —1 is an arbitrary free parameter. Therefore inequal-
ity (2.31) will be proved if we succeed in finding such a substitution
A = A(D) for which

(MD) + D)G(\(D)) < DY? — % for all D > 1.

Now estimates (2.34) and (2.35) in the proof of Theorem 2.2 are saying
that the substitution A(D) = D — DY2? + 1/4 will do the job. This
substitution agrees in the leading term with (2.30). The lower order
terms are ‘experimental’. Also, without knowing (2.30) finding this
substitution becomes much more difficult.

On the other hand, the proof of sharpness is contained in Lemma 2.2.
Alternatively, we can verify sharpness of (1.3) (and (1.5)) at the test

function ), ., /\Z—I; by letting A — oo.

3. MAGNETIC INEQUALITY

We are interested in the inequality
o 2 1/2 o 1/2
Jul, < K(e) ( / dx) ([ )
0 0
(3.1)

where u is a 2m-periodic function (which may be a constant so no zero-
mean condition is assumed), and a € L'(0,27). Here K () denotes a
sharp constant and we show below that it depends only on the flux

du
i a(x)u

1 2

and K(a) < oo if and only if o ¢ Z.

a(z)dz, (3.2)

o
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Constant magnetic potential. We first consider the case when
a(z) =a € (0,1). Setting

d 2
A= (z pi a)
we consider the positive-definite self-adjoint operator
A\) = A+ )\, A > —min(a?, (1 — a)?)
and its Green’s function G (z, §):
ANGA(2,€) = d(z — &),
which is found in terms of the Fourier series

1 pin(z—¢)

Gi(z,§) = %;Zm,
so that . .
GA(,6) = or ;Z TS =:G(A), (3.3)

The series can be summed explicitly (for instance, by the Poisson
summation formula)

1 sinh(27v/\)
G(\) = : .
2v/ A cosh(2mV/\) — cos(27a)
By Theorem 2.2 in [14] with 6 = 1/2 (see also Remark 3.1)

(3.4)

1
K(a)=———— supNG(\) = 2sup VAG(\) = sup F ,
(a) gy 5D (A) Sup (A) Sup ()
(3.5)
where
sinh ¢
F =
() cosh p — cos(2mar)
and ¢ = 2mv/\. Next, the derivative
d 1 — cosh ¢ cos(2ma)

— = >0
dy ?) (cosh ¢ — cos(2ma))?
if cos(2ma) < 0, that is, if @ € [1/4,3/4], so that in this case F is
increasing and the supremum is ‘attained’ at infinity, which gives
1 3

<a<

K(a)=1 for 1S "
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Otherwise, for v € (0,1/4)U(3/4, 1) the function F'(¢) attains a global

maximum at
1
) = hi—7m—1,
v« () = arccos (008(271'&))

which gives
1

- |sin(2ra)|

K(a) = F(pu ()

Finally, it is clear from the argument as well as from the result that
it is amod(1) that really matters.

Non-constant magnetic potential. Now

d 2
and for the flux a defined in (3.2) let

1 ei (n—i—a)m—fow a(y)dy) .

Spn(m) = \/ﬂ

Then {p,}r° . is an orthonormal system in Lo(0,27). Note that
since n € 7Z, these functions are periodic and also satisfy the equation

d
(i~ ) ) 0 = ~(0+ )
and therefore we also have

Ap, = (n+ a)?p,.
In addition, the system {(p,}°° ___is complete (since ¢, () = c(z)e"™®
with |c(z)| = 1/v/2m). Then the Green’s function for the operator
A+ A equals

on(z — €) 1 o (n+a)(w—§)—f§ a(y)dy)
G)\(xag)zzz(n_f_a)g_f_)\:%nez (n+a)2+)\

ne

and the expression for G(&,&) is exactly the same as in (3.3) and
therefore everything after (3.3) is the same as in the case of a constant
magnetic potential.

Thus, we have proved the following result.
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Theorem 3.1. Inequality (3.1) holds for o ¢ 7 and the sharp constant
K(a) is given by (1.8). Furthermore, for amod(1) € (0,1/4)U(3/4,1)
there exists a unique extremal function

z n—l—a)a: Iy a(y)dy)

. @n()
u’\(x)_;(njLa)jL)\ \/_Z mrapss BT

where

1 1 2
A= MNa) = |— h| ———— .
(a) {2# areeos (cos(Zwoz))}
There are no extremals for amod(1) € [1/4,3/4].

Remark 3.1. In our one-dimensional case and operators with explic-
itly known spectrum and eigenfunctions it makes sense to give a direct
proof of (3.5). In fact, using the Fourier series u(z) = >, ., urgr(x)
and without loss of generality assuming that u(x) attains its maximum
at x = 0 we have for an arbitrary A > 0 the following inequality

2

1
2 _
[u(O)F = 5 > | =
kEZ
2
= > ur((k+ ) + V)2 ((k+a)* + 272 <
k€EZ
1 1

< o mkezz(|Uk|2(<k+a>2+)\)> =

keZ
= GO(IAY2u]]” + Xlul®),

which turns into equality for u(z) as in (3.7). For A, = ||AY?ul|?/||ul|?
we see that

A2l Al = 22 A
and therefore

[ull2 < 2sup AV2GA)[[AY2ul|[[u]),
A>0

which shows that K(a) < 2supy.oAY2G(A). To see that we have
equality here, we first assume that the supremum is attained at a
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finite point A, < co. Then

1 1

kez ez (k+a)? + /\*)2

1 (k + «)?
2 Grarn lL [= 2042,

keZ keZ ((k +a)? + )‘*)2

2}’
2}7

where the first equality is (\Y2G()))}_,. = 0, and the validity of the
second follows from the fact that the sum of the two equalities is a
valid identity. Since the left-hand side is equal to v/27||uy, |l and

A = ||AY2uy, ||2/|Juy, ||?, recalling (3.3) we obtain
2
hon 2 = = [ | = 2A PG00 =
=202 G )N s [P = 2 (A2GOW)) 1A 2 . -

This proves that K (a) = 2supy., A\/2G()) if A, < oco. Now we look at
the case when A, = co. Let 2limy_,oo A\'/2G()\) = K’ > K(a). Setting
Hy(A) = 20250y m we see that there exists a sequence
N(j) — oo and a sequence A(j) — oo such that Hy)(A(j)) — K.
Since Hy(0) = Hy(oo) = 0, it follows that Hy(;)(A) attains a maxi-
mum at a A\.(j) < oo. The previous argument shows that Hyj)(A.(5))

is the sharp constant in our inequality restricted to Span {(pn}g:u_) NG)-

Therefore
K(a) > limsup Hy(j)(A(j)) > lim Hyg)(A(j)) = K.

j—00 J—r0o0

As we have seen both cases are possible depending on whether a €
[1/4,3/4] or av € (0,1/4) U (3/4,1).

4. CORRECTION TERM

In the region o € [1/4,3/4] no extremals exist and therefore the
might be a correction term in (1.7). By symmetry the cases a and
1—o are identical, therefore we can and shall assume that o € (0,1/2].
We now show that the correction term indeed exists. We consider the
maximization problem

V(D) = sup{[u(0)*: [lul® =1, [[A2|* =D}, D>a®  (4.1)
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Similarly to Theorem 2.1 (see also the general result in Theorem 2.3
in [14]) we have

V(D) = min G(\)(A+ D). (4.2)

A>—a
We first consider the cases o = 1/2 and o = 1/4. We recall the
elementary inequality (1.11) and its refinement (1.14) obtained in [14]

and show that the case & = 1/2 or 1/4 essentially reduces to the proof
of (1.14) in [14]. In fact, for a = 1/4 the key function (3.4) becomes

G(\) = % tanh(2mV\), a = i,

and therefore

V(D) = min G(A)(A+ D) < min :

A>—1/16 A>0

! S tanh(27VA)(A + D).

Up to a constant factor in the argument of tanh the minimum on
the right-hand side was estimated in [14] (see (3.103), (3.104) there),
where it was shown that

. 1 )\1/2 _Jb
min Vol tanh 5 (A\+D) < VD (1—2e7VP) (4.3)
Setting here p = 1672\ we obtain for V(D) in (4.1) with o = 1/4
V(D) < VD(1 — 2¢47VP), (4.4)
The case a = 1/2 is similar. Now in (3.4) we have
1 1
G(\) = tanhﬂ\/x, a=—,
) = 55 tanh(rVR), o=
and in a totally similar way we find
1
< : _ —27r\/5
V(D) < min Wi tanh(7vVA)(A + D) < VD (1 2e ) :

Thus, we have proved the following inequalities
lulZ < [|A2ul|flull (1 — 26~ A=) o = 1/4,3/4,(4.5)
lulZ < [|A2ul|fluf| (1 — 2e7> A5 =172 (4.6)

The case a € (1/4,3/4) can be treated using the general method
of [14]. Our goal is to prove the inequality

lullZe < A ullJull (1 + 2 cos(2ma)e >4l 14 < o < (3/43
4.7
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which is equivalent to
V(D) < VD(1+ 2cos(27r04)e_2“‘/5), D > o’ (4.8)

In view of (4.2), to prove this inequality it suffices to find such a
substitutiuvon A = A, (D) for which

G(A(D))(A(D)+D) < VD(1+2cos(2ma)e D), D > o (4.9)

The exact solution A = A(D) for the minimizer, that is,

A(D) = argmin{G(\)(A+ D)} (4.10)
is the inverse function to the function D = D(\)
G\
n=-20
G'()

It is impossible to find A(D) explicitly. However, using (3.4) we can
find the asymptotic expansion

D(A) = A — 4mad¥?e > 4 O0(e™ ™) as A — o0,

where

a = 2cos(2ma).
Therefore the inverse function A(D) (see (4.10)) has the asymptotic
behavior

A(D) = D+ 4raD*?e72™P 1 0(e™™P)  as D — o,
truncating which we set
A(D) = D(1 4 4rav/De~>™P).
Returning to (4.8) we find that
G(A(D))(A(D) + D) = VD ®(y),
—2mVD and
B(y) = 1 —aylogy ‘ 1—y2\/% .
VT=2aylogy 1+ Vi owies — qismmes
Therefore inequality (4.9) is equivalent to
P(y) <1+ay (4.11)

for y € [0,e72™]. The function ®(y) has the asymptotic expansion

D(y) = 1 +ay + (—a*(logy)?/2 — 2+ a®)y* + O(y’) asy — 07,

in which the coefficient of the quadratic term is negative for all suf-
ficiently small y. Therefore inequality (4.11) holds for all sufficiently

where y :=¢
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small y € [0,y0]. The graphs of the function ®(y) — (1 4+ ay) on the
whole intervals y € [0,e72™] for a = 1/3, 3/8, and 1/2 are shown in
Fig. 1. This ‘proves’ that inequality (4.11) holds for all y € [0, e~2™]

“““““ —————
AN\Z 31 o Smo3n Tn om 91 St to3t o St 3n Tn

256 128 256 64 256 128 256
y

-0.044
-0.06

-0.084

-0.10

FIGURE 1. Graphs of ®(y) — (1 + ay) on y € [0, e~
for « =1/3, a =3/8, and a = 1/2; a = 2 cos(2mav)

and we obtain, as a result, that the following theorem holds.
Theorem 4.1. For a =1/4 and o = 3/4
e < A2l fluf (1 — 2e= 1A/,
while for a € (1/4,3/4)
lull2, < JAY2ullflull (1 + 2 cos(2ma)e 24wl

All constants are sharp.

5. CARLSON—LANDAU INEQUALITIES

One-dimensional inequalities of L..-Lo-Lo-type with various bound-
ary conditions are closely connected with Carlson-Landau inequalities
and their various improvements.

Carlson—Landau inequality with correction term. In the next
theorem we show that both inequality (1.7) in the symmetric case
a = 1/2, and inequality (1.11) are equivalent to (1.10), while their
refined forms (1.14) and (4.6) are, in fact, equivalent and provide a
sharp exponential correction term to Landau’s improvement of Carl-
son’s inequality. A sharp second-order Carlson-type inequality in the
flavor of (1.10) is also given. The notation introduced in (1.16) is used
in the following theorem.
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Theorem 5.1. The following inequality holds

0 2
<Z“k> < rlalllall, (1 — 2e=2rlilh el (5.1)

k=1
where all constants are sharp and no extremals exist.
In the second-order case it holds

= 2 \/§ 3/2 1/2
(o) = a7 cothlr/2 ol 52)

k=1

Inequality (5.2) saturates at a unique extremal
1

2k —1)*+4" (5:3)

ap —

Proof. Given a non-negative sequence {ay}3>, we construct the se-
quence {by}> __ by setting for k =0,1,...,
b() = b_1 = a, b1 = b_g = Aag,... 7bk = b—(k+l) = Qg1 -
Then for a periodic function
r) = Z bre™”
kEZ

we have

)]0 = Zbk = QZak, |u||* = 27er2 = 47rZak,

kEZ kEZ

and

|AY2u)|? = 20 "(k + 1/2)°b; + 27 Z (k+1/2)% =
k=0 k=-1

:27r§:(k—1/2 +27TZ —1/2)% —47r§:(k:—1/2)2a§.

Substituting this into the second inequality in (4.6) gives (5.1).

An alternative and a simpler proof was given in § 1 by using (1.11)
and its refinement (1.14).

As for the second-order inequality, for v € H*(0, L) N H(0, L) we
have the sharp inequality [14, Theorem 3.9]

lull <

\/i 3/21(,,/1/2
N T (m/2)[Ju 1= ™%, (5.4)
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saturating at a unique extremal function (for L = 1)

2 (=D)L sin(2k — D7z
us(z) = Z ( )(Zk — 1(>4 i ) . (5.5)

Setting L = 1, substituting u(z) from (1.12) into (5.4) and taking into
account that [[u”||? = 167*> 7, (k — 1/2)*a} we obtain inequality
(5.1), while the unique extremal (5.3) is produced by (5.5).

We finally observe that unlike all the previous Carlson-type inequal-
ities (namely, (1.1), (1.5), (1.6), (1.10), (5.1)) inequality (5.2) has a
unique extremal (5.3). O

Intermediate Carlson—Landau inequalities. In conclusion we con-
sider the family of intermediate Carlson-Landau-type inequalities (1.17)
in the whole range a € [0, 1). In the case a = 1/2 the Carlson-Landau
inequality was supplemented with an exponentially small remainder
term in Theorem 5.1.

We now consider the region o € [0,1/2). Obviously, k(«) = 7 and
we show below that there exists a (sharp) correction term:

o 2 ~ 12 /o 1/2 o
<Z ak> < (Z ai) (Z(k - a)2ai> - (1-2a) Zaz.
k=1 k=1 k=1 k=1
(5.6)
For a« = 0 it is the classical Carlson inequality supplemented with a
lower order term in (1.5).
To prove (5.6) we apply our method directly to sequences without
going over to functions. We consider the variational problem: for
D > (1 —«)? find

o0 2 o0 o0
V(D, «) := sup (Z ak> : Zai =1, Z(k —a)ai =D
k=1 k=1 k=1
(5.7)
In complete analogy with (2.23) and Theorem 2.1 we find that
V(D,«a) = >n(1}n )2(/\ + D)G(N), (5.8)
where

G(\) = Z m (5.9)

k=1
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Using the Euler ¢-function ¢(z) = di logI'(2) and its representation

z

—( 1 1
vz) = _74_“2:0 <n—|—1 a n+z>
we factorize the denominator in (5.9) and find

_iwi—a—ivD - g0 —a+ivh) 1

G(A =: Fla,\).
») 2V/A 2@
(5.10)
Using the Stirling expansion for the -function
1 1
=lnz— — — —3
W) =Tz - — s+ 0()
we get as A — 00
1
G\ = gx—lﬂ —5(1=20)A7 + O(A).
For the unique point of a minimum A(D) in (5.8) we have the equation
G(\) 2(1 —2a) 4(1 — 2a)? _
= A=A+ A2 T L o2
G'()N) * T * 2 +O( )
giving
2(1 -2
AD)=D — =29 pus 2(1 —2a)2+O0(D7Y?).  (5.11)
T
Substituting this into V(D, o) = —g(,i‘igj)gj we obtain the expansion
(2a

_ 2
V(D,a) = 7DY? — (1 — 2a) — 2—1)01/2 +0O(D™).
m

The third term here is negative, hence
V(D,a) < 7DY* — (1 — 2a) (5.12)
for all sufficiently large D. To see that this inequality holds for all D
we truncate the expansion (5.11) by setting
2(1 — 2a)
™
and consider the explicitly given function

V.(D,a) := (A(D) + D)G(\.(D)).

Since by definition V(D,a) < V. (D, a), to establish (5.12) for all D
it suffices to show that the following function is negative

R(D,a) :=V.(D,a) — 7D"? 4 (1 — 2a)

A\(D) =D — D'?,
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for all D > (1 — a)?%. We have the asymptotic expansion
R(D,a) = —(1—-20)?2D" Y2+ 0O(D™)

giving that R(D,a) < 0 for all sufficiently large D. The graphs of
R(D, «) for different o are shown in Fig. 2, where one can see a very

rapid convergence to 0 for o = 1/2.

N / -0101 / | /

FIGURE 2. Graphs of R(D,«a) for a =0, a = 1/4,
a=1/3,and a =1/2.

The case when a € (1/2, 1) is qualitatively different and very similar
to the ‘magnetic’ inequalities in Theorem 3.1. Namely, k(a) > 7 and
there exists a (unique) extremal in (1.17). In fact, repeating word
for word the argument in Remark 3.1 (replacing ), ., by >, .y) we
obtain that

k(a) = 2sup VAG(A) = sup F(a, A),
A>0 A>0

where F is defined in (5.10). Since limy_,o, F'(a, A) = m, it follows that
k() > m. The supremum is, in fact, a maximum, that is attained at a
(unique) point A, («), for which A\, () ~ (1—a)? and k(a) ~ 1/(1—a)
as @ — 17 (this easily follows from the asymptotic behavior of ¢ (z)
near 0: 1(z) = —y — 1/2 + O(z?)), see Fig. 3.

Thus, with the help of reliable computer calculations we obtain the

following result.

Theorem 5.2. Inequality (5.6) holds for a € [0,1/2). The constants

are sharp, no extremals exist.
For a € (1/2,1) the sharp constant in (1.17) is

k(a) = rilgéw(@/)(l —a—iVN) —y(1—a+ Z\/X))
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3
o a = o

23

000005 000010 0.00015 000020 0005 0010 0015 0020 05 i I's
L n A
FIGURE 3. Global maximums of F'(«, \) for a = 0.99,
a=09, a=0.6.

The maximum is attained at a (unique) point A\.(«) and there exists a

unique extremal
1

(k—a)?+ M(a)

A —

6. LIEB—THIRRING ESTIMATES FOR MAGNETIC SCHRODINGER
OPERATORS

One-dimensional Sobolev inequalities for matrices. In this sec-

tion we give an alternative proof of the main result in [4] along with

its generalization to higher order derivatives and magnetic operators.
Let {¢,}Y_, be an orthonormal family of vector-functions

(bn(x) = <¢n(x> 1)a e 7¢n(xa M)>T

and
(¢n7¢m) = Z/D¢n(x7])¢m(xaj)dx = /ngn(x)ngﬁm(x)dx = Onm-

Here D = R or D = S!. In the latter case we assume that for all n
and j

27
/ ¢n(x, j)dz = 0.
0
We consider the M x M matrix U(z,y)

Ua,y) = éu(@)daly) (6.1)
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so that [U(z,y)];5 = S0, ¢nlx, ) on(y, k). Clearly,
Uz, y)" = Uly, )
and by orthonormality

/DU(x,y)U(y7Z)dy— /d)n an ) gbn( >¢n<) -

n,n'=1
—Z% n Uz, z2).
In addition, U(z,x) is positive seml—deﬁmte, since (U(x,x)a,a) =
>t o du(@)? > 0.
Theorem 6.1. Let m > 1/2. Then

/Tr[U(a: z)*"Hdx < C(m QWZZ/ o™ (z, ) [Pdz,  (6.2)

n=1 j=1
where C(m) is defined in (1.2). In particular, for m = 1,2

/Tr[ x,T) dx<22/\¢ (z,§)2dz,

n=1 j=1

/DTr[U( d$§§22/\¢"x3|da¢

n=1 j=1

Proof. We first consider the periodic case. We write

N 2m e~ tyn
Ona)= [ S=Ulw. )iy
0

2T
so that ‘
V)= 3 ik, )
y,x y L
k€Zo 2m
We have
27
S Ul Uk ) = [ Ul Ulyeldy = Ule). (63
k€Zo 0

where Zy = Z \ {0}, and we further have

2
> P U (k, 2) U (k, x) :/0 [T (y, )" 0™ U (y, x)dy

k€Zg
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so that by orthonormality

/ SO kPR (8, )70, 2)ds | =
0 ez i
2w 2w 1
/ / Z O () ow () Gn(2)0" ()dfcdy =
nn/=1 _
2w
| [Ty dy] >3 [N o
n=1 j=1
(6.4)
Now consider
Tr[U(z, 2)*™ ) keZZOTr z, )0 (k, x)]j; =

Z Tr {Hk!ZmI + A(z)?™) V20U (2, 2)*™U (k, x) x

ick

e
Vor
where A(z) is an arbitrary positive definite matrix. Using below the
Cauchy—Schwarz inequality for matrices we get the upper bounds
TH{U (&, 2)2 ) <
F > T ([P + Al)*™] 72U (2, 2)*™ %

k€Zo

[|k|2ml + A(ZE)2m]1/2

O (k) [T + )72 | <

Z (Te [U ()™ [[K[™] + A(2)>"] 71U (2, 2)2"]) 7

ﬁ\

1/2

(Tr [[|/<:|2m1 + A(x)2™) 0 (k,

(ZTr Uz, z)*™[|k*™ 1 + A(x)*™ 1U:1:a:2m)

k€Zg

(Z Tr [[|k|2m1+A<x)2m]U })

k€Zg
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For the first factor we have

Z Tr [U(z, )™ [|k[*™] + A(z)*™]7'U (2, x)*"] =

kEZg

Tr | Uz, 2)*™ > [k + Ax)*™] 7' U (2, 2)™ | <
keZg

2mwc(m) Tr [U(a: )2 A ()~ @m- UU(a:,x)Qm} ,

where we have used the matrix inequality

1
2m 2m1—1 —(2m—1) —
E [|E["™T 4+ A(x)*™] " < 2meo(m)A(z) ,  co(m) D ——
kE€Zg 2m
(6.5)

In fact, the action of the matrix on the left-hand side on each eigen-
vector e = e(x) of A(x) with eigenvalue A = A(x) > 0 from the
orthonormal basis {e;(z), A;(z)}}L; results in multiplication of it by
the number ), ;- m for which we have

Z |k|2m >\2m =\~ )\ZW<

k€Zo k€Zo

< d
/\7(2m71) 2/ _ X _ )\7(2m71)2ﬂ.00<m>7
0 M 4 ].

since the function 1/(z*™ 4 1) is monotone decreasing on [0, 00).
For the second factor we simply have

ST [[|k|2m1 + A2)2™ 0 (k, 2) O (k, x)] -

kE€Zo

S T [|k|2mU(k © ] 3 Tr[ 220 (k, x)* U(k,x)] .

k€Zo k€Zo

If we now chose A(z) = B(U(x,x) 4+ €l) and let ¢ — 0 we obtain
(observing that A™ /(X + &)?™~! — A\2m+1 as ¢ — 0 for A > 0; this is
required in case when U(z, x) is not invertible)

Tl“[U(J?, x)2m+1] < Co(m)1/2ﬂ_(2m_1)/2 Tr[U(x, I)2m+1]1/2><

(Z Tr [|k5|2m0(ka ) Uk, :L")] + B2 Tr[U (, x)QmH]) ,

kEZg
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where we have also used (6.3), or
Te[U(x, 2)" ] <
co(m) (ﬁ@m“ > T | K0k, 2) Tk, )| + BTR(U(x, $>2m+1]).
k€Zg

If we optimize over 3, we obtain

1
07(1— )0

<Tr[U(x,x)2m+1})0 <Z Tr [|k|2m17(1<;, x)*U(k:,x)Dl_a

k€Zo

Tr[U (2, )*™ ] < co(m)

or

Te[U (2, 2)”"] < O(m)™™ Y T [[k|2m(7(k,:c)*(7(k, x)} .

keZo

If we integrate with respect to = and use (6.4), we obtain (6.2).
In the case of x € R the proof is similar. We use the Fourier
transform instead of the Fourier series and the matrix equality

/oo [1pI2™ ] + A(z)>™]~tdp = 2meo(m)A(z) "™

—00

instead of (6.5). O

The one-dimensional periodic magnetic case is treated similarly.
Suppose that as before we have a family of orthonormal periodic
vector-functions (no zero average condition is assumed). As before
we construct the matrix U (6.1).

Theorem 6.2. The following inequality holds

/OWTr[U(:L‘,x)S]da: < K(a)zzZ/o ’ (10, — a(x))pu(z, j)|*dz,

n=1 j=1

(6.6)
where K(a) is defined in (1.8).

Proof. We define the matrix Fourier coefficients for all n € Z. We now
have
_ _ 2
ZU(k,a:)*U(k,:c) = Uly,z)"U(y,z)dy = U(z,z) ,

kcZ 0
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and

Z(/{:—Fa)QU(k,I)*fJ(l{:,x) :/0”[(“9 —a)U(y, x)]"(i0, —a)U(y, z)dy

keZ
so that instead of (6.4) we now have
N M

/ > (k+a)’U(k,x U(k,x)da::ZZ/o W|(i8x—a)¢n(x,j)|2dx.

keZ n=1 j=1
(6.7)
As in the proof of Theorem 6.1 we have

Tr[U(z, z)*] <

1/2
Nir (Z Tr [U [(k + )T + A(z)?] U (, :13)2}> X

kEZ

1/2
(Z Tr [[(k +a)T + A(z)2)U (k, z)* U (k, :c)} > :

keZ

Now as a matrix inequality
D [k + )T+ Ax)? ™ < 7K (a)Ax) ™,
keZ

since the action of the matrix on the left-hand side on an eigenvector
e = e(x) of A(x) with eigenvalue A = A\(x) is a multiplication of it by
the number , , m and in view of (3.5)

1 1
< 71K(a)~.
é (k+ )2+ 2 )

If we again set A(z) = S(U(z,z) + el) and let € — 0 we obtain

Tr[U(z, 2)%] <
< S5 (5 S+ P O Uk 0)] 4 AU o))

If we optimize over 3, we get

Tr[U(z, z)*] <

= K (Z(’“ + ) [0 (k, 2) Uk, w)J) - (Tr[m, @31) :

kEZ
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and hence

Te[U(z,2)°] < K(0)* ) (k+ )* Te[U(k, 2)"U(k, 7)]

keZ

from which our inequality follows by integration in x and using (6.7).

0
Remark 6.1. In the scalar case M = 1 inequality (6.6) becomes
o s N 3 N o por
[ (Sl do < @@ S [ 160, ) onfo) do
"~ = (6.8)

and follows from (3.1) by the method of [5].

Theorem 6.2 is equivalent to the estimate of the negative trace of
the magnetic Schrodinger operator

H—G%—a@f—v (6.9)

in Ly(S') with matrix-valued potential V.

Theorem 6.3. Let V > 0 be a M x M Hermitian matrix such that
TrV3/2 € Li(R). Then the spectrum of operator (6.9) is discrete and
the negative eigenvalues —\, < 0 satisfy the estimate

Z/\n < %K(a)/o ﬂTr[V(a:)gﬂ]dx. (6.10)

n

Proof. (See [4].) Let {¢,}Y_, be the orthonormal eigen-vector func-
tions corresponding to {—\, }2_;:

d 2
(@% — a(x)) On — Vo, ==\ Op.

Then, using (6.6) and Hoélder’s inequality for traces

Te[AB] < (Te([(A"A)*) P (Te((B*B)"/2)
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and setting below X := fozﬂ Tr[U(z, z)3]dx we obtain

N
D An=
n=1
N M 2T 2T
> Z/ (10, — a(x))on(z, §)|?da +/ Te[V (2)U(z, x)]dz <
n=1 j=1 "0 0
2 2/3
< ( / Tr[V(x)3/2]dx) XV? - K(a)72X.
0
Calculating the maximum with respect to X we obtain (6.10). O
Let

L= Goap L (1 16PLE = gy

(6.11)

By using the Aizenmann-Lieb argument [1] we immediately obtain the
following statement for the Riesz means of the eigenvalues for magnetic
Schrodinger operators with matrix-valued potentials.

Corollary 6.1. Let V > 0 be a smooth M x M Hermitian matriz,
such that Tr V12 € L,(0,27). Then for any v > 1 the negative
eigenvalues of the operator (6.9) satisfy the inequalities

27
SN <L [ V()
0
where

2 LCll ™
L, < —K(a)-22 = —K(a)L%,.

Proof. 1t is enough to prove this result for smooth matrix-valued po-
tentials. Note that Theorem 6.3 is equivalent to

Son < ot [ [ (e - v ] 5

Scaling gives the simple identity for all s € R

s =0, / O (s+t)dt, O =B(y—1,2),
0
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where B is the Beta function. Let {u;(z)}}L, be eigenvalues of the
matrix-function V(z). Then

%}w=ca§;£mﬂ*«an+wﬂt
g2K“f§1/m/%/mﬂ”ﬂ{wF—wm+ﬂ]f%@ﬁ
M w [ [l onen ] g
-z / | [ler - vy S

2 7,1 12497 .
=3ﬁK< >L§{1/0 TV (2) /2] d

U

Magnetic Schrodinger operator in T" x R™. Let us consider the
eigenvalue problem for the Schrodinger operator H in Lo(T% x R92):

HU = —AU + (iV, — A2))* ¥ — V(z,y)¥ = -V,
(z,y) € T x R®, (6.12)

where T% = S x S! is the standard torus of dimension d; and
——

di—times

A(z) = (a1(z1), - - aa, (Ta))
is the magnetic vector potential in the “diagonal” case a;(x) = a;(z;).
Assume that
1 2

% aj(a:j) d.’l?j ¢ Z, 1 S j S dl'

a; =

Then we have

Theorem 6.4. Suppose that the potential V(z,y) > 0 in (6.12) and
V' € Lyi(dytdp)2(T? x R®2). If v > 1/2, then the following bound
holds for the negative eigenvalues:

SN S Lo [ VIO dady. (613

dy do
n Te1 xR
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Here, if dy,ds > 1 and 1/2 <~ < 1, then

2 dy+d
L’Y,d1+d2 < R’Y,d1+d2 =2 (3\/§) gclﬁ_ - HK a] =

=2 (\/—) Lzldﬁ-dzHK CY]

and, if dy > 1, do > 0 and v > 1, then

1
Lyaird; < 5 Rydivds:

Proof. As in Corollary 6.1 it is enough to prove this result for smooth
compactly supported potentials. We shall use the so-called “lifting
argument with respect to dimensions”, see [11].

Let x = (z1,2') and y = (y1,9'), where 2/ € R4~! and 3 € R%=!
and let A(x) = (a1(z1), A'(2')) . Denote

—A = (V)% —Au=(iV,—A@)®, —Auy =GV, —A))?.
By applying the result in [8] on the 1/2-moments we have

Z)\yz Z)\l/Q . A — V)

<Z)\1/2 (A — A =V) )

< 2[/1/21 /R Tr[—Ay — A"=V]_dy

= 2L1/2 . Z /R A (10, — ar(x1))? — A — N =V (z,y, y)) dy
<2185, 3 [ (00— ar0)? — (-8 = & = Vie ) ) din

Then Theorem 6.3 implies

2
M2 ) < oL, LY —— K(«
Zn: W (M) 1/2,1 1,13\/51.&.171 (a1)

27
X / / Tr[—Ay — A — V(:zc,yl,y’)]g_/2 dzdy;.
R JO

Now we first repeat this argument d; —1 times “splitting” the operator
(iV' — A'(z))* and using Corollary 6.1. Then repeat it again dy — 1
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times “splitting” the operator A’ and using the semiclassical estimates
for the 7-Riesz means with 7y > 3/2 for the negative eigenvalues of the
Schrodinger operators with matrix-valued potentials [11]. Finally we
obtain

di+da—1 9 di gy
1/2
Z/\n/( < H L7+l/2 1> (m) HK(Ozj)

j=1
X / V)2 (4 ) dady.
Td1 xR%2

In order to prove (6.13) for the case dy,dy > 1 and 1/2 < v < 1, it
remains to notice that (see (6.11))

di+do—1
H LS 121 = LS ity

For the proof of the case d; > 1, dy > 0 and v > 1 we argue similarly,
but we omit the first step in the previous argument starting directly
with 1-moments. O

For the special cases d; = dy = 1 and d; = 2, dy = 0 we state the
following corollary of Theorem 6.4:

Corollary 6.2. Suppose that the potential V(z,y) > 0 in (6.12).

Then for di = dy = 1 the following bounds hold for the 1/2- and
1-moments of the negative eigenvalues:

Z)\l/Q < —K( )/ V32 (x,y)dydz,

RxS?!

Z)\k < 8—\/§K(oz) V2 (2, y)dydz.

RxS?t

For d, =2, dy =0 we have
Z)\k < 1 K(al)K(&g)/ V321, 2o)dr1ds.
k 24 2
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