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On Inequalities for the Bound States
of Schrodinger Operators

A. Laptev

Abstract
We improve the Lieb constant in the Cwikel-Lieb-Rozenblum inequality for
the number of bound states of Schrédinger operators whose potential equals
the characteristic function of a measurable set. Similar idea also gives better
constants in the Lieb-Thirring inequalities for the respective moments of
eigenvalues.

1. Let H be a Schrodinger operator in R™
H=-A-V. (1)

In what follows we can assume without loss of generality that the potential V'
is non-negative, V' > 0. Let A; < Ay < ... < A; < ... <0 be the non-positive
eigenvalues of H. We shall study the quantities

Syn(V) =D, 7 >0, @)

J

It is known (see [8]) that there exist universal constants L., such that
Syn(V) < Lym / Vi de, ‘ (3)

where ¥y >1/2 (n=1), y>0(n=2) and v >0 (n > 3).

Let N(u,V) be the number of bound states (non-positive eigenvalues) of the
operator (1) not exceeding —u, u > 0. It is clear that Sy (V) = N(0,V). Lieb
and Thirring [10] proved the inequality (3) under the condition y > max(0,1 —
n/2) and obtained some estimates on the constants L, , (see also [8], [12], [4] for
related papers). In the case v = 0, n > 3 the inequality (3) was first obtained
by Rozenblum [14]. Then independently of Rozenblum and of each other it was
proved by Cwikel [3] and Lieb [6]. Later it was reproved again in [11]. All these
proofs are different and give different estimates for the constants Lo ,. The best
estimate is due to Lieb and all the attempts to improve it were unsuccessful.

2. In this paper we give a simple proof of the Cwikel-Lieb-Rozenblum and Lieb-
Thirring inequalities for Schrédinger operators whose potentials equal the charac-
teristic function of sets of the finite Lebesgue measure. Thus we study the eigen-
value problem for the Schrédinger operator in R™

H=-A- AXQ, A>0, (4)
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where xgq is the characteristic function of a measurable set 2 C R™. Denote by
v, the volume of the unit ball B".

Theorem 1. Let Q@ C R™, n > 3, be a finite measure set, || < co. Then
N(OAV) < Mo \"2|0,

where
n" /2

MO,n = (27T)_ Un_lm.

Remark 1. If 7 = 3 we have 0.0780 < Moz = gL;4233/2 = &3 ~ 0.0877 < 0.1156
which gives a better upper bound compared with [6].

Remark 2. Let Lﬁfn = (27)"v, be the constant appearing in the classical Weyl
asymptotic formula for the number of negative eigenvalues of the operator (4)
when A — oco. Then

lim (L§,) 'Mon = e

n— 00
Denote by )\kD the eigenvalues of the Dirichlet boundary value problem
—Au=Au, u€ Ly(),

ul|aq = 0.

Let NP()\) now equal the number of eigenvalues AP not exceeding A. Applying
Theorem 1 combined with the well-known variational principle (see [13]) we im-
mediately obtain the following statement.

Corollary 2. If |2} < oo and n > 3 then

NE ) < My, A™2)Q. (5)

Remark 3. Li and Yau [11] proved that for n > 1

n+2

al D n N—=
z)‘k Z n+2(Lg Q)2
k=1 o,n

Since NAR > 5"V | AP this implies that
NE () < CuA™?|, (6)

277./2
where C, = Lg, "t

limy oo Mo nCpl = 1.

. The last estimate is sharper than (5). However
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Proof of Theorem 1. Let n(a), @ > 0, be the number of eigenvalues of the operator
K = Xxa(-A)"'xa

which are greater or equal than «. Applying the Birman-Schwinger principle [1],
[15] we obtain that N(0,AV) = n(1), and this therefore reduces the proof of
Theorem 1 to the estimate of n(1).

Now let () = (t —a)y, 0 <a <1, t € Rl be a convex function such
that p,(t) =t —a if t > a and ¢,(t) = 0 if ¢ < a. Using the Berezin - Lieb
trace inequality (see [2], [7] and also [5]) we have

n(1) < %ma(m( A)xq) < 1%@% (xaeaA=2)"x0). ()

This implies that

n(l) < % [ -, ae

n/2 1-n/2
_ A |Q|/ / — "1y dr d6
]. - a gn—1

n/2 al n/2|Q| v
(1-a)@2m)n " (n -2)

The minimum value of the function u(a) = (1 — a)~'a'~"/? is reached at the

point @ =1 —2/n, and so we finally obtain
(L-2/m)=r20] 2

(1—(—2/m)m" "(n-2)
n/2

_n
(n —2)n/2

N()\0) n(1) < XV/?

= (2m)™" v AV2(Q).

The proof is complete.

3. Using a similar approach we can find an upper bound on the quantity S, ,(V),
v > 0, introduced in (2) when V = Axq.

Theorem 3. If |2 < oo and n/2+~v—1>0, v > 0, then
Sy n(AV) < M, ,AV2H7|Q)

where

n/2+~ )n/2+7 (% +1)F('y+1)

My = (2m) " (
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Proof. It is clear that
Syn(AV) = 7/000 p" N (g xa) dp.
Therefore by analogy with (7) we obtain for any 0 < a <1 that
S,nW) £ 1 [0V (xapa (-0 + 1) xa) i ®)

The trace in the right hand side of (8) can be calculated explicitly and we have

Q
S1a0) £ s [ [0 + 7! - g d

n(l—a)
)‘n/2+’y|Q| 1-n/2— 'YU (n/2+1) (7+1)
@ (1—a) "(y+n/2=1)T(n/2+7)

Minimizing a!~/277(1 — a)~! we obtain that a = 1 — (n/2 4+ )~ and this
completes the proof of the theorem.

Remark 4. If n =3 and v = 1 then M; 3 =~ 0.02422, which is better than 0.04030
obtained in [8]. However this still does not prove the conjecture (see [8], page 476)
that L3 < Lg 6.3 = 0.01689. The inequality M;, < LO » becomes true only
begining from n > 5.

Remark 5. By analogy with Remark 2 we obtain that

lim (Ld )M, =e,

n—oo

where Ldn is the constant appearing in the classical Weyl asymptotic formula for
the value S, ,(Axq) when X — oo.

Acknowledgement. I am grateful to D.Vassiliev who pointed out that the estimate
(6) following from [11] is sharper than (5).
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