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On Inequalities for the Bound States 
of Schrodinger Operators 

A. Laptev 

Abstract 
We improve the Lieb constant in the Cwikel-Lieb-Rozenblum inequality for 
the number of bound states of Schrodinger operators whose potential equals 
the characteristic function of a measurable set. Similar idea also gives better 
constants in the Lieb-Thirring inequalities for the respective moments of 
eigenvalues. 

1. Let H be a Schrodinger operator in lR.n 

(1) 

In what follows we can assume without loss of generality that the potential V 
is non-negative, V O. Let Al ::; A2 ::; ... ::; Aj ::; ... ::; 0 be the non-positive 
eigenvalues of H. We shall study the quantities 

S"!,n(V) = L IAjl"!, 
j 

'Y o. 

It is known (see [8]) that there exist universal constants L"!,n such that 

(2) 

S"!,n(V) ::; L"!,n J (3) 

where'Y> 1/2 (n = 1), 'Y > 0 (n = 2) and 'Y 0 (n 3). 
Let N(J.L,v) be the number of bound states (non-positive eigenvalues) of the 

operator (1) not exceeding -J.L, J.L o. It is clear that SO,n(V) = N(O,V). Lieb 
and Thirring [IOJ proved the inequality (3) under the condition 'Y > max(O,I -
n/2) and obtained some estimates on the constants L"!,n (see also [8], [12], [4J for 
related papers). In the case 'Y = 0, n 3 the inequality (3) was first obtained 
by Rozenblum [I4J. Then independently of Rozenblum and of each other it was 
proved by Cwikel [3J and Lieb [6J. Later it was reproved again in [l1J. All these 
proofs are different and give different estimates for the constants Lo,n. The best 
estimate is due to Lieb and all the attempts to improve it were unsuccessful. 

2. In this paper we give a simple proof of the Cwikel-Lieb-Rozenblum and Lieb-
Thirring inequalities for Schrodinger operators whose potentials equal the charac-
teristic function of sets of the finite Lebesgue measure. Thus we study the eigen-
value problem for the Schrodinger operator in lR.n 

H = AXn, A> 0, (4) 
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where Xn is the characteristic function of a measurable set n c IRn. Denote by 
Vn the volume of the unit ball En. 

Theorem 1. Let n c IRn, n 3, be a finite measure set, Inl ::; 00. Then 

where 

Remark 1. If n = 3 we have 0.0780 < M O,3 = 8;3 4; 33 / 2 = R:j 0.0877 < 0.1156 
which gives a better upper bound compared with [6]. 

Remark 2. Let L81n = (27r)-nvn be the constant appearing in the classical Weyl 
asymptotic for the number of negative eigenvalues of the operator (4) 
when A -+ 00. Then 

Denote by Ai? the eigenvalues of the Dirichlet boundary value problem 

-L'.lu = AU, U E L 2(n), 

ulan = O. 

Let N/1(A) now equal the number of eigenvalues Ai? not exceeding A. Applying 
Theorem 1 combined with the well-known variational principle (see [13]) we im-
mediately obtain the following statement. 

Corollary 2. If Inl < 00 and n 3 then 

NP(A) < M An/2Inl. n - O,n (5) 

Remark 3. Li and Yau [11] proved that for n 1 

D n 
Ak -n -+-2 -:--(L-cl;-:-I n"""l )-=--2/;-n . 

k=l 

Since Ai? this implies that 

(6) 

I (n+2)n/2 ( ) where Cn = L8 n n/2 The last estimate is sharper than 5. However 
. -1' n 

hmn--->oo Mo,nCn = 1. 
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Proof of Theorem 1. Let n( ct), ct > 0, be the number of eigenvalues of the operator 

which are greater or equal than ct. Applying the Birman-Schwinger principle [1], 
[15] we obtain that N(O,>.V) = n(l), and this therefore reduces the proof of 
Theorem 1 to the estimate of n(l). 

Now let 'Pa(t) = (t - a)+, ° < a < 1, t E JR.!, be a convex function such 
that 'Pa(t) = t - a if t > a and 'Pa(t) = ° if t :::; a. Using the Berezin - Lieb 
trace inequality (see [2], [7] and also [5]) we have 

(7) 

This implies that 

n(l) < 

The minimum value of the function u(a) = (1 - a)-la1- n / 2 is reached at the 
point a = 1 - 2/n, and so we finally obtain 

The proof is complete. 

3. Using a similar approach we can find an upper bound on the quantity S"n(V), 
, > 0, introduced in (2) when V = >'Xn. 

Theorem 3. If Inl < 00 and n/2 +, - 1> 0, ,> 0, then 

S"n(>'V) :::; M"n>.n/2+'lnl, 

where 

( )-n ( n/2 +, )n/2+, + l)r(, + 1) M = 27r V . 
"n n n/2 +, _ 1 fb + + 1) 
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Proof. It is clear that 

Therefore by analogy with (7) we obtain for any 0 ::; a ::; 1 that 

The trace in the right hand side of (8) can be calculated explicitly and we have 

S-y,n(AV) < a) 100 J + fL)-l - a)+ dfL 

An/2+-Ylnl a 1- n/2--y f(n/2 + l)fb + 1) 
(27r)n (1 - a) Vn b + n/2 - 1)f(n/2 + 1')' 

Minimizing a1- n / 2--Y(1 - a)-l we obtain that a = 1 - (n/2 + 1')-1 and this 
completes the proof of the theorem. 

Remark 4. If n = 3 and I' = 1 then M 1 ,3 0.02422, which is better than 0.04030 
obtained in [8]. However this still does not prove the conjecture (see [8], page 476) 
that L 1,3 < = 0.01689. The inequality M 1,n < becomes true only 
begining from n ;:::: 5. 

Remark 5. By analogy with Remark 2 we obtain that 

lim n)-l M-y,n = e, 
" 

where is the constant appearing in the classical Weyl asymptotic formula for 
the value S-y,n(AXn) when A ----+ 00. 

Acknowledgement. I am grateful to D.Vassilicv who pointed out that the estimate 
(6) following from [11] is sharper than (5). 
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