SZEGO TYPE LIMIT THEOREMS

BY
A.LAPTEV AND YU. SAFAROV

0. INTRODUCTION

Let S! be a unit circle with the standard measure, P}, be the orthogonal projec-
tion in Lo(S') on the subspace spanned by %%, j = 0,+£1,...,+k, and B be the
operator of multiplication by a smooth function b in Ly(S'). The classical Szego
limit theorem states that under some assumptions on b

k 27
Tr log(PBPy) = _/ logb(z)dz+O0(1), k- +oo.  (0.1)
0

™

The operators P, coincide with the spectral projections Py of the selfadjoint
operator (—d?/dxz?)'/? in Ly(S') corresponding to the intervals [0, \) with k <
A < k+ 1. Following V. Guillemin [G], we obtain a generalization of this theorem
for P\ being the spectral projections of an elliptic selfadjoint (pseudo)differential
operator A on a manifold without boundary. We also study the case where A is
the operator of an elliptic boundary value problem.

Moreover, we consider an arbitrary sufficiently smooth function ¢ instead of the
logarithm. In other words, we obtain asymptotics of the functional

pA(h) = TrPxp(PABP)Py = > h(pi(N)), (0.2)
k

where () are the eigenvalues of the operator PyBPy. The functional p) is the
sum of d-functions located at the eigenvalues of the operator Py BP,. Obviously,
px contains full information about the spectrum of Py\BP,. This means that we
study the asymptotic behaviour of the spectra of operators Py BPy.

This idea is not new, and similar results have been obtained for various classes of
differential and pseudodifferential operators [G], [H], [R], [Z]. However, in these pa-
pers the asymptotic formulae were proved without any remainder estimates. More
precise results have been obtained only in some special cases [Wil], [Wi2], [J], [Ok].

In this paper we suggest a new method, which is applicable to a wide class of
operators and allows one to obtain asymptotics with the same remainder estimate as
in the classical spectral asymptotic formulae (in many cases this estimate proves to
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be precise). The method is based on some results from the abstract operator theory.
Namely, we use the combination of the Berezin-Lieb inequality (see Appendix)
and the technique of double operator integrals developed by M. Birman and M.
Solomyak (see Section 1).

Further on we often assume the function ¢ in (0.2) to be from the Sobolev class
W2, and then we always mean that 1 is continuous.

1. SOME RESULTS FROM THE ABSTRACT OPERATOR THEORY

1. In this subsection we recall some results from the theory of double operator
integrals developed in [BS1] (see also [Yal]).

Let H be a Hilbert space and I be the identity operator in H. The class of
Hilbert—Schmidt operators in H is denoted by G5. The class &4 itself is a Hilbert
space with the inner product

(Tl,T2)62 = TI‘(Tl TQ*), T1,T2 c 62.

Let E; and E5 be spectral measures on R'. This means that the measures F; and
E, are defined on the Borel subsets of R!, their values are orthogonal projections
in H, and E1(R') = E5(R') = I. We consider integrals of the form

//f(t, §)dEy(t) T dEs(s) (1.1)

where f is a measurable complex-valued function on R? and T is a bounded operator
in H. The integral (1.1) is said to be a double operator integral. Under suitable
assumptions it is well-defined and determines an operator in H.

To justify the integral (1.1) one needs certain restrictions on f and T. We shall
use the simplest version of the theory, assuming T' € &5. Then for any measurable
sets wi,wy € RY, the map

62 5T — El(wl)TEg(wz) € 62

is an orthogonal projection in G,. Let £ be the spectral measure on R? with values
in the space of projections in G5 such that

5(w1 X LUQ)T = El(wl)TEz(WQ), VT € G,.

For measurable functions f on R? we now define

[[ 19 apeyrape) = [ 15T,
where the right hand side is understood as an integral with respect to the spectral
measure £ in the Hilbert space &2 (see, for example, [BS2, Ch.5]). From the

previous definition it follows that the double operator integral (1.1) linearly depends
on f and T, and that

| [[ 151 aB) T dEx(s) s, < supl [T, (1.2

We need the following obvious result.
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Proposition 1.1. Let g1 and g» be bounded measurable functions on R, and let

Gy = / nBdE(E), Gy = / g5(5) dBs(s)

be the corresponding normal operators. Then for all T € Sy and all measurable
functions f on R?> we have

// g1 (t) f(t, S) gz(S) dEl(t) T dEQ(S) = // f(t, S) dEl(t) Gl T G2 dEz(S) .

2. Let B be a selfadjoint operator and P be an orthogonal projection in H. We
shall now consider the operator PBP. The operator B is allowed to be unbounded,
and then we must assume that PBP is well-defined. Moreover, we shall assume
that the operator PB is from the Hilbert-Schmidt class G5. Denote

_ 1
K= U to(B)CR. (1.3)

where o(B) is the spectrum of B. Then the spectra of operators B and PBP lie
in K.

Let &1 C G5 be the trace class. From the Berezin-Lieb inequality one can deduce
the following result.

Theorem 1.2. Let PB € Gy. Then for any function 1 € W2 (K)
Py(B)P — Py(PBP)P € &,
and

1
| Te(PYB)P = PU(PBPIP)| < 5 4" i IPBU=P)E, . (14)
Proof. See Appendix.

3. Let A be a selfadjoint, semibounded from below operator in H with a domain
D(A), and let E be its spectral measure. We denote

Py = E((-20N),  Pux = PA—Pu = E(n)). p<A.

We shall now obtain an estimate of the Hilbert—Schmidt norm appearing in the
right hand side of (1.4) with P = Py and I — P = I — P\ = Py . Without loss
of generality we shall assume that A > 0; this can be always achieved by adding a
sufficiently large positive constant to A.

Theorem 1.3. Let A > 0 and P\BA € &5. Then for all r > 0 we have

IPABPysolls, < [[Pa—raBProolls, + (A= X)T"Par[A, BlProolls, - (1.5)
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Remark 1.4. Generally speaking, the commutator [A, B] = AB — BA is not always
well-defined. However, since A~! is bounded, PyBA € G5 implies PAB € G,.
Therefore

PA_T-[A,B] = (A—)\)PA_T-B - PA_T-B(A—A) e G, Vr>0.

Proof of Theorem 1.3. Obviously,
IPABPyo|ls, = [IPx-raBPrcclls, + [Pa-rBPrll,

and we only need to estimate the second term in the right hand side.
Let x and x, be the characteristic functions of the intervals (—oo, A) and
(—o0, A — 1) respectively. By Proposition 1.1 (with £y = Ey = E) we have

Py BPyo — / / 2o (1) (1= x(5)) dE(£) Py_y BPs. oo dE(s)

_ // o (8) (1= x(5)) (t = N (t = )" dE(t) (A= \) " Pr_y[A, B] Py oo dE(s).
Since
0 < x,(W)(L=x(s)Et=Nt—s"" <1, Vt,s € R,

(1.2) implies that the Hilbert—Schmidt norm of this integral is estimated by the
second term in the right hand side of (1.5). O

Combining Theorems 1.2 and 1.3 we immediately obtain

Theorem 1.5. Let conditions of Theorem 1.3 be fulfilled. Then for all ) € W2 (K)
we have

| TI“(PM/)(B)P/\ - P,\ll)(PABPA)P,\) |

1 _
< S i) (1PA-raBllS, + 1(A=N""Par (4, B, ). (16)

4. Assume now that rank Py, < oo. This obviously implies that the operator A is
semibounded from below. Let

N()\) = rank Py, N,(A) = sgli (N(p) — N(p—r)), r>0.

Theorem 1.6. Let A > 0 and rank Py < co. Then for all ) € W2 (K) and for all
A>0,7r>0, >0 we have

| TI“(PM/)(B)P/\ - P,\ll)(PABPA)P,\) |

1 " 2 7T2 )‘2% —x 2
< S 1"y Ne ) (1P aBIP + = S5 AP A B ) . (1)

Proof. The operator P\BA € G, is of finite rank, so we can apply Theorem 1.5.
Since

|1Pr—rnBll&, < [I1Px=rall&, [Pr—r2 Bl
= (N(A) = NA—=7)) |P=raB|I> < Ny(A\)[|Pr—r2BJ?,
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it is sufficient to prove that

2 )\2%

1A =X P[4, B]E, < N (M) [[A=*Pr—[A, B]|I*. (1.8)

T A
6 r2
Obviously,

1A= NP, (4, B3,
= (A= N P ATAT<P, (A, B3,
< (A= NP AT, AP A, B,

and
L ) )\2% A—r /,112%
1A - NPy A, = o - | W
D Vv el S T
where A; > 0, j = 1,2,..., are the eigenvalues of the operator A. Let J = [Ar~!]

be the integer part of Ar~!. Then the right hand side is estimated as follows

A—r 2 A—r J A—rj
N J N
/ 1% 5 dN(,U,) < )\2%/ d (:u’)z — )\2% / d (/’L)z
o (B=2A) o (B=2A) o arGry (= A)
) S )\2% 0 o 7.‘.2 )\2%
< AN ) r%? < — N (V) it = < = N0 (1)
7=1 j=1

This implies (1.8). O

2. APPLICATIONS

In this section we apply Theorems 1.5 and 1.6 to some particular classes of
operators A and B and obtain the corresponding Szego type theorems.

In the following A will be a selfadjoint (pseudo)differential operator. We shall
denote by e(x,y,A) the spectral function of A, i.e., the Schwartz kernel of the
spectral projection Py. If the spectrum of A is discrete then

e(z,y;0) = Y wi(z)wi(y),

)\j<A

where 0 < A; < A < ... < Aj... are the eigenvalues of A and w; € Ly are the
corresponding orthonormed eigenfunctions. In this case e(z,x, A) belongs to the
corresponding space L; for each fixed .

1. Differential operators with constant coefficients.
Let A be a differential operator in R” with constant coefficients,

3&

A(D) = o D* DY = el ——
(D) Y. aa D", T e

lal<2m
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and let

a€) = Y aal™, @) = D anl”

|la|<2m |a|=2m

be its full and principal symbols respectively. We assume that a is real, and that
aom (&) > 0 for all £ # 0. Then A is elliptic and defines a selfadjoint operator in
Ly(R™). The spectral projections and spectral function of A are given by

Pyu = (2m)7™ | e a(€)de, g, A) = (27 [ et g
= o [ eade, oo = o7 [t
where Oy = {£ : a(€) < A}.

Theorem 2.1. Let B be the multiplication by a real function b € CZ™(R™) in
Lo(R™), and let v € W2 (RY). If 4(0) = O then

Tr P\ (PABP\) Py = /1!)(1)(3:)) e(x,x,\) de + O\P—D/2m)
= (2m) 7" AnEm / dg / ¥ (b(z)) dv + OA™=D/2m) (2.1)

as A\ — +oo.

Proof. We assume that a > 0 and, consequently, A > 0 (otherwise we add to A a
sufficiently large positive constant).
Let Oy = {£ : a2m(§) < A}. It is obvious that

a2m < a + const (a(Zm—l)/Zm +1), a < a9, + const (agi;n_l)/zm +1)
with a sufficiently large positive constant. Thus it follows that
O, C Oy C Ou,  px=ps()=A+CAEmD/2m 4 q) (2.2)

with some constant C' > 0.
Denote

N(A\) = vol Oy, N,(\) = sgl/)\ [N(p) — N(pp—1)].

Since volOy = [, d§= A/ 2m Jo, <1, (2.2) implies
N(\) = ,\"/zm/ dé + OAm=D/2my N 1o, (2.3)
a'2m<1

The commutator [A, B] is a differential operator of order 2m — 1 which can be
written in the form

[4,Blu(x) = ) D*(calr)u(z))

la|<2m—1
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with ¢, € C$a|(R”). Then
P\BAu(z) = Py(AB—[A, B])u(z) = / K(z,y)u

where

K(ay) = (20 [

Ox

e (@) bly) — D Eealy)) de.

la|<2m—1

Since I € Ly(R™ x R™), we obtain P\BA € G5 and can therefore apply Theorem
1.5. We shall take r = A(2m=1)/2m then by (2.3)

N,(A) = OAP=D/2my X 4o

Now we have

IPr—raBll&, = /~ ~ df/b2(a:)da;
O\\Ox

< Nr()\)/bz(a:) de = O\m=D/2m)

I(A =X Pa_r[A, B] ||62

//o Ca(7) 5")2 (a(€) — N2 dédw

A-r |a|<2m 1

2m—1 -2 pEm=h/m
< const / aPm=D/m (4 — X)7? d¢ = const / ——————5 AN (n) .
Orer Orr (=)

Applying (1.9) with sr = (2m — 1)/2m we obtain
I(A=XN""P[A Blls, = Oa=D/2m),
Now from (1.6) it follows that
T&“(P,\w(B)P,\ —P,\@b(PABPA)P,\) = O(A(—D/2my

If 4 (0) = 0 then Pyx¢)(B)Py € G4, and by (2.3)

Tr Pyip(B /¢ e(z,z,\)dx = (2m)~ /w /Adg

= (2m)” "A"/2m/ dg/w ) dz + OAP~D/2my
a'2m<1

This implies (2.1). O
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2. Operators on closed manifolds.

Let M be a smooth compact manifold without boundary, dim M = n. Let A and
B be selfadjoint pseudodifferential operators (PDOs) acting in the space Lo(M) of
half-densities on M. We assume that A is a positive elliptic PDO of order m > 1
and that B is a PDO of order 0.

Theorem 2.2. For any function v € C°(R!) we have
Tr PAIZJ(PABPA)P)\

= nwin [ g )drds £ 000, (.

where a(x, &) and b(x, £) are the principal symbols of the PDOs A and B respectively,
and dz d¢ is the invariant measure on the cotangent bundle T* M.

This theorem has been announced in [LS1]. Its proof is based on the following
well-known result (see, for example, [S]).

Lemma 2.3. For an arbitrary PDO () of order zero
BRQ = [ QD) el V), do
M

= G [ g dedg + 0N, (25)
a(z,£)<1

where q is the principal symbol of the PDO Q).

Proof of Theorem 2.2. The spectrum of the operator A consists of isolated positive
eigenvalues tending to +o0o. Therefore for each fixed A the rank of the projection
P, is finite.

For all s € R! the operator PyA® is bounded and ||PyA®|| < A*. The operator
A7*BA is a PDO of order (1 — s)m. If s is sufficiently large then this operator is
from G4. Therefore P\BA = (P\A®)(A~*BA) € G5. Thus, the operators A and B
satisfy the conditions of Theorem 1.6.

We apply the estimate (1.7) with 3¢ = (m — 1)/m and r = A*. From (2.5) with
Q = I it follows that Nyx(\) = O(A(»~1/™)_ The operators B and A~*[A, B] are
PDOs of order zero, so they are bounded in Ly(M). Now (1.7) yields

Te(PAp(B)Py — Pyg(PABPy)P)) = O(A~D/m), (2.6)

The operator ¢(B) is a PDO of order zero with the principal symbol 1 (b) (see,
for example, [T, Section 12.1]). Therefore (2.4) follows from (2.5) with Q = ¢ (B)
and (2.6). O

Remark 2.4. Theorem 2.2 remains valid if we only assume that a(x,&) > 0 as £ # 0.
Then the operator A is semibounded from below, and we can consider the positive
operator A + Aol instead of A.

Remark 2.5. We have proved Theorem 2.2 assuming that ¢ € C*®°(R!), whereas
Theorem 1.6 is valid for all ¢v € W2 (K). This stronger condition is needed in order
for 1(B) to be a PDO. If B is the operator of multiplication by a smooth function
then Theorem 2.2 remains valid for all ¢ € W2 (K).
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3. Boundary value problems for second order differential operators.

Let 2 C R™ be an open bounded domain, C'*°(2) be the space of functions from
C>°(R™) restricted to €2, and p € L1(2) be a non-negative density. Then

CX(Q) ¢ @) C Ly(Q, pda)

and C§° () is dense in Ly (2, pdz).
In this subsection we deal with the differential operator

A, 05) = =Y ij(2) 00, 0n, — > ai(2) 0z, + ao(x)
Y] i
in Q, where a;;, a; and ag are real functions from Lo (€2, pdz) such that

(1) {a;;} is a real symmetric non-negative n x n-matrix-function;
(2) Z]azvj(az]p) = aip, Zzlavn,
(3) ap > const > 0.

Obviously, A : C®(Q) — L2(Q2, pdx) and

(AuvU)L2(Q,pdm) = /Q Z Aij Ug,; Vg, pdx +/Q apuvpdx (2.7)
ij
for all u,v € C§° ().

We fix a linear subspace Dg such that C5°(2) C Dy C C*(£2), and denote by
[u, v], the sesquilinear form (2.7) extended to Dy. Let D, be the completion of Dy
with respect to [-,-]q, and let A be the corresponding Friedrichs extension of the
differential operator A(z,d;). Then A is a positive operator in Ly (2, pdz) and

(A1/2U,7A1/2/U)L2(Q7pd$) = [u,v]q, Yu,v € D, = D(AI/Z) )

The domain D(A) is a dense subset of the Hilbert space D, with the inner product
[, ]a- By definition D(A) consists of u € Lo(£2, pdx) such that

[u,v]a = (f,0)Lo(0,pda) » YveD,, (2.8)
for some f € Ly(2, pdz), and then Au = f. In particular, integrating by parts we
obtain C§°(2) € D(A).

Let b € Lo (£2) be a real function such that 03b € L1 1oc(€2) for all |a| < 2, and
B be the operator of multiplication by b in Ly (2, pdz). Obviously, B is bounded
and selfadjoint. We assume that

ag | D @ijbage, + ) aibs, |* € Loo(, pda) (2.9)
i,j i
and
> aijba, bs, € Loo(, pda). (2.10)
(]

Then A(z,0,)(bu) € L2(Q2, pdx) and, consequently, bu € D(A) for all u € C§°(Q).
Moreover,

[A, Blu = —22 i be; Uy, — Zaii boo; U — Zai by, U (2.11)
t,J i,j i

for all u € C§°(€2), and
([A, Blu, v) 1,(0,pdz) = — (1, [A, B]v) 1,0, pda) » Vu,ve C5o(Q). (2.12)

Clearly, the operator [A, B] can be extended to Dy, and then (2.11) and (2.12)
remain valid for all u € Dy and v € C§° ().
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Proposition 2.6. Under the conditions (2.9) and (2.10) the operator A~Y/?[A, B]
is bounded in L2(S2, pdz).

Proof. The inclusions (2.9) and (2.10) imply

||[A7 B]“H%g(ﬁmdm) < const [U’v U’]a = const ||A1/2U’||%2(Q,pdm) ) Vue DO .

Therefore for all u € AY2Dy and v € C$°(Q) we have
| (ua A_1/2[Aa B]U)Lz(ﬂ,pdm) | - | ([Aa B]A_l/zua U)LQ(Q,pdm) |
< const [[ul| L, (@ pd) V] L2 (@,pdz) - (2:13)

Since Dy is dense in D, with respect to [-, |4, the set A/2Dy is dense in Ly (£, pdx).
Thus, the estimate (2.13) holds uniformly on a dense set in Lo (€2, pdz) X Lo (2, pdx),
which implies that A~1/2[A, B] is bounded. [

Let us now assume that the spectrum of A is discrete and that
NA+AY2) — N = 0\, A= +oo, (2.14)
or
NA+A2) — N = oMY, A= 4oc0. (2.15)
The estimates (2.14) and (2.15) follow from the asymptotic formulae
N = X + 0(\), = +o0,
and
N(A) = co X’ + o)), A — 400,

respectively. Here ¢y is some constant and 0 < p < 6 + 1/2. The asymptotic
formulae of these types have been obtained under various additional assumptions
on the operator A (see, for example, [BS3], [RShS]). For non-degenerate problems ¢
is the standard Weyl coefficient and p = n/2, and in the “regular” case § = (n—1)/2
(see [Iv2], [V]).

Theorem 2.7. For all ¢y € W2 (K)
O\, if (2.14),

LRGRERIR = [ 60 e terar + {0000

Proof. If ¢ € Loo(£2) and @ is the corresponding multiplication operator then
Tr PAQP\, = / q(z)e(z,z, ) p(x) dzx . (2.16)

Q

Therefore the theorem immediately follows from (1.7) with s = 1/2 and r = \1/2
and Proposition 2.6. [

Thus, the study of Tr Px1)(PyBPy)Py is reduced to the computation of asymp-
totics of (2.16) with ¢ = ¢(b). Clearly, the latter is a much simpler object. However,
it has not been studied so actively as the counting function

N(\) = /Qe(ar,a:,)\)p(;c)da:,

and we are unaware of any general results concerning the asymptotic behavior of
(2.16) for non-regular problems.
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4. Boundary value problems — the regular case.
If p =1, A is uniformly elliptic, and 0€2, b and the coefficients of A are infinitely
smooth, then

/w e(z,z, N\ de = (2r)""A"/2 // z)) drdé + OAn=D/2)
(m,£)<1

where a(z,&) = Z” a;j(x) & & is the principal symbol of A (see, for example,
[Ivl]). Therefore by Theorem 2.7

Tr PAIZJ(PABPA)P

= (2m)""A"/2 //( €)<1 z)) dedé + O™/ (2.17)

Remark 2.8. Using the results from [Iv2], [V] one can easily extend (2.17) to do-
mains (or smooth manifolds) with a piecewise smooth boundary.

APPENDIX

In the early seventies F. Berezin [B] and E. Lieb [L] (see also [Si]) independently
obtained a Jensen type inequality for convex functions of selfadjoint operators. It
has been generalized in [LS2], where we have extended this inequality to wider
classes of functions and operators. For the sake of completeness we give here the
version of the Berezin—Lieb inequality which is needed in this paper, and then prove
Theorem 1.2.

Let B be a selfadjoint operator, P be an orthogonal projection in the Hilbert
space H and K be the set defined by (1.3).

Theorem A.1 (Berezin—Lieb inequality). Let ¢ be a convex function on K.
Assume that PB is a compact operator and that

Po(B)P — Pp(PBP)P € &.

Then
Tr(Pgo(B)P - P@(PBP)P) > 0. (A1)

Proof. Let {{x} be an orthonormal basis in PH formed by the eigenfunctions §j, of
the compact selfadjoint operator PBP. We denote by Ep the spectral measure of
the operator B. If v, are the positive measures with dvy(t) = (dEp(t)&k, &) then

(Po(PBP)P&, &) = (¢p(PBP)&k, &) = o((PBPE;, &)

= o((B&, &) = W(/t(dEB(t)ﬁk,fk)) = ‘P(/td’/k(t))' (A.2)

Clearly, vi(R!) = 1. By applying the Jensen inequality for convex functions, we
obtain from (A.2)

(Po(B)P&, &) — (Po(PBP)P&, &) = (p(B)ék, k) — (@(PBP)E, &)

_ /gp(t)duk(t) - <p(/tdyk(t)) > 0.
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This implies (A.1). O

Proof of Theorem 1.2. Since the operator Py(B)P — Py (PBP)P does not change
when we add a linear function to i, we can assume without loss of generality that

/2
YOI < 5 1"l (A-3)
Let ¢(t) = t2/2. In view of (A.3) we have

| (PY(B) PG, Ci) | < ||| no (i) (Po(B) PG, C), (A.4)
| (P(PBP)P(, G) | < |[¥"]|L. (k) (Pe(PBP)P(, k), (A.5)

for any orthonormal basis {(x} in H. Since PB € G5, we also have
Pp(B)P = %PBZP € &, and Py(PBP)P = %PBPBP € &1 (A6)
From (A.4), (A.5) and (A.6) it follows that
Py(B)P € &, and Py(PBP)P € &,

(see, for example, [RS, Ch. VI, Problem 26]). Now applying Theorem A.1 to convex
functions

tZ tZ
oy (t) = §||7>[}N||LOO(K) + () and @_(t) = §||7>[}N||LOO(K) — P(t)
and taking into account the equality
1
Te(Pe(B)P — Po(PBP)P) = - |PB(I - P)|,,
we obtain (1.4). O
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