M1GLA Geometry and Linear Algebra, Solutions to Sheet 2
L (i) L={(1,2) + AM(-3,3): A€ R} (ii)n=(1,1) (ii)a=-3 (iv) (3, 3)

2. (i) The line is {a + A(b — a) : A € R}, which has direction vector b — a = (-2, 1),
hence normal (1,2). Hence its equation is (z —a).(1,2) = 0, which is z; + 222 —5 = 0.

(ii) The line has the form z1+2z2+r = 0 and contains (0, 7), so it is x1 +2x5—14 =
0.

(iii) Line is (z — ¢).(2,—1) = 0, which is 221 — x5 + 7 = 0.
(iv) Intersection is (—9/5,17/5).
(v) The perpendicular distance is the distance between ¢ and (—9/5,17/5), which

is 9/v/5.

(vi) If the angle in question is €, then (b—a).(c—a) = ||b—a|| - ||c — al| - 8, giving

0 = cos™}(

).
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3. (i) Since b — ¢ is a normal to this altitude and a is a point on the altitude, its
equation is z.(b — ¢) = a.(b — ¢).

(ii) The three altitudes have equations

(1) z.(b—c)=a.(b—2c)
(2) z.(c—a)=b.(c—a)
(3) z.(a—b)=c(a—0)

Adding (1) and (2) gives (3). Hence the point of intersection of lines (1) and (2) lies
on (3), i.e. the three altitudes meet in a common point.

(iii) For a, b, c as given, two altitudes are z.(2, —4) = (1,2).(2, —4) and z.(1, -3) =
(0,3).(1,—3). These meet at (9,6).

4. Let the two lines be Ly = {a+Au: A € R} and Ly = {b+pv : p € R}. If x is a point
of intersection then there are real numbers Ag, pg such that © = a + Agu = b + pgv.
This gives two linear equations for Ag, po:

(1) )\Oul — MoU1 = b1 — a
(2)  Aouz — pov2 = by — az

Then ((1) x v2) — ((2) x v1) gives
Ao(ugvg —ugvy) = ¢

(where ¢ = va(by — a1) —v1(b2 — a3)). As Ly, Lo are non-parallel, u, v are not scalar
multiples of each other, so ujve — usv; # 0. Hence A\g = m Similarly
Ho = yosSuzer Where ¢ = us(bi—a1)—u1(b2—a2). So equations (1), (2) have a unique
solution for Ay, pp and so there is a unique point of intersection x = a+ Agu = b+ pgv.

Note: it is also fine to do this question starting with linear equations for the two

lines

5. The first line is z.(p,q) = —r, so it has normal (p, ¢), hence has direction vector
(—q,p). Similarly the second line has direction vector (—¢’,p’). So if the lines are
perpendicular then (—g¢,p).(—¢',p’) =0, i.e. ¢¢' +pp’ = 0.



