M2P4 Rings and Fields
Answers Sheet 5.

1. If p = 2 +2y* then p { y so yz = 1 mod p for some z ; hence (z2)* = —2
mod p and p =1 or 3 mod 8.

Assume that p = 1 or 3 mod 8. Work in the PID Z[y/—2]. For some
integer x we have p | (22 +2) = (z++v=2)(z —v/~-2). But pt (x ++/—2) and
p 1 (x—+/=2). Therefore, p is not irreducible. Say p = (a+bv/—2)(c+dv/—2).
Then p? = (a® + 2b%)(c® + 2d?), so p = a® + 20°.

2. (1) 2°41 is irreducible in Zs[z]. Therefore, I is a maximal ideal and

R/I is a field. The elements of R/I have the form I+ a+ bz where a,b € Z3,
so R/I has 9 elements.

(2) The order of an element in F* divides 8. Now, (I +1+z)* = T+1+
2z +x? =I+2x and (I +1 —|—m)4 = I + 2% Hence I + 1+ z has order 8, and
F* is cyclic.

3. (1) Let ¢(a+1ib) = a* +b*. Since p(3+ 2i) = 13, we deduce that 3+ 2i
is irreducible. Also, 3 is irreducible, since ¢(3) =9 and ¢(a + ib) is never 3.
Therefore, 3R and (3 4 2i¢) R are maximal ideals of the PID R.

(2) If I = 3R then every element of R/I can be written uniquely in the
form I +a+ b with 0 <a <2 and 0 < b <2, so R/I has 9 elements.

If I = (3+ 2i)R then 13 € I since 13 = (3 + 2i)(3 — 2¢). Moreover,
(8414)—7(342i) = 13(—1—14) € I so 8+i € I. Hence I+ (a+bi) = I+ (a—8b),
and the elements of R/I have the form I + ¢ where 0 < ¢ < 12. Therefore,
R/I has 13 elements.

4. M 14+a+23 1+22+2° (2) 1+ 22, 2+ 2+ 22, 2+ 22 + 22
These are the polynomials of the relevant degree without a root in the

field.

(1) If rs € pZ thenp | rssop|rorp|sandr € pZor s € pZ. Also,
7.

) R/I is an integral domain< (I +7)(I + s) = I implies that [ +r =1
orI+s=1<1+rs=1impliesthat I+r=Torl+s=1<rsel
implies that I+r =T or [+s =1 < rs € I implies that r € [ or s € [ < the
ideal I is a prime ideal. (We should note, also, that I +0# I +1 < I # R.)
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