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Lecture 29. 18.3.2010.

f(z) = 27te~* (The origin is a branch-point). Take 0 < t < 1, z = Re™.
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On vy, e =e"" ~1(r—0). Soby ML,

= R —(1—-e™ — 0 (R — o0)

/74 f‘ <O .0 =0(") =0 (r—0) (t>0).

Now [, f— [¢Pa' e™®dx =T(t), and on 73, z = iy = /2

f— —/0 (iy)' e idy = —eit”/Z/O Y (cosy — isiny)dy.
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Cauchy’s Theorem: [ f =0. So

Y, SO

'(t) = emﬂ/ Y (cosy—isiny) dy : / ' Hcos z—isinz) dx = e/*T(t).
0 0
Hence we can take the real and imaginary parts:
o0 1 oo 1
/ 27! cosz dr = cos ith(t), / 2" sinz dr = sin ith(t).
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Mellin Transforms. If f : Ry — R, f(s) := JoZx*7 f(z) dx is called the
Mellin transform of f.

Ezxamples.
f f
e " [(s)
cos T cos 17sI'(s)
sin x sin 5msI(s)
1/(14+2z) =w/sinms =T(s)I'(1 —s)
1/(e" = 1) I'(s)¢(s)



Proof.
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= Z/ 2*~te=( 2 gz (OK by monotone convergence)
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Note. Mellin transforms < (R, x) (multiplacative group of positive reals)
as Fourier/Laplace transforms < (R, +) (additive group of reals.)

6. Integrals involving many-valued functions
Ezample.

—/ = 0<a<1l).

1+93 sina

Take f(z) := 2*7'/(1 + 2), v the contour consisting of: 7;: r < z < R,
arg z = 0, upper edge of the cut; vy: circle, radius R, +ve sense; v3: lower
edge of cut, -ve sense; ~v4: circle, radius r, -ve sense.

f—=1 (r—0, R— 00).
!

On ye: 1/(1+2) ~1/2=0(1/R). By ML, as on 75 1/(1 + z) = O(1/R),
207t = O(R*1), and the length L(7;) = O(R),

f‘ O(1/R).O(R").0(R) = O(R* ) -0  (R—o0) (a<1).

On 7y3: argz = 2w, z = xe?™, 2271 = ga~1 2] So

0 xa—1€2ﬂ'ai oo Ia—l ]
f— / —dx = —62”‘“/ dr = —e*™].
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On vy f(2) ~ 247 = O(r*~1). By ML,

/74 f‘ =0 H.0r) =00 -0 (r—0) (a>0),



