M2PM3 SOLUTIONS 3, 4.2.2010

Q1.
n n n
S sl (8 sl = LS, - LS,

say, where

LHSl = Zizjzi,fi’ijj = Zk + Zi<j + Zj<i’

say (writing k for i = j),

LHSQ = [lelwl] [ijjwj] = Zi,j = Zk + Zi<j + E:j<i7

say (again with k for ¢ = j). Subtracting, the first terms cancel, giving

LHSl — LHSQ = Z ‘[ziiiijj — ziwiijzfzj] —+ Zj<i[zi2iijj — ziwiijzfzj].

1<J

The right-hand side is

RHS = E Z_<j[Ziw]’—iji][EiIUj—iji]: E i<j[ziiiijj—ziijwiwj—zjiiwju?i+zj2jwiu?i].

The first two terms match the sum ; above. The other two terms match
the Zj<i term above on interchanging ¢ and j. //

The RHS in Lagrange’s identity is non-negative, giving LHSs < LHS,.
This gives the Cauchy-Schwarz inequality on taking square roots. //

1
Q2. Ast =tan 50,

1 1 1 1 1 2dt
dt = —sec’~0 = (1 +tan’~0)d0 = ~ (1 + t*)d0 : do = ——.
gsec 3l = gt tan’a0)dd = {1+ 1+
By the double-angle formula,
2t 2t
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So
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Then
tan 0 sin 6 2t
anf = =
cosf 1 —t2

For —1 < ¢ < 1 and

1-—/ﬂ d
" Jo 1+ccosf’

cosf =

1 —¢2
1+¢27



use the t-substitution. The limits 0 and 7 for 6 correspond to 0 and oo for
t. Substituting for df and cosf as above and multiplying top and bottom by

(1 +t2) gives
e dt
I1=2
/0 (14+¢)+ (1 —c)t?

Substituting = = t4/(1 — ¢)/(1 + ¢) gives

1+c

= 2 /oodm 1—c
71+C 0 1—‘1-1‘2 ’

or

2 e 2
= [tan 133]0

\/1+c\/lfc/ 1+x2_\/1702' T Viie e
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Q3. The LHS is

1 1 4 oo ZJ ]t J oo Zi+j(_)jti—j
exp{§zt} exp{iz(—)t } - Zz =0 9°, Z' Z 23 ]' - Zi,jZO 21+]Zl]| '
In the double sum on RHS, we put n:=i—j; theni=n+j and i +j = n+2j.
The limits on the summation are now n unrestricted and j non-negative as
before. This gives the RHS as

n+2]( )]tn
Z—oo<n<oo ,0<j<0 on+2j ] (n+])'

Summing first on j on the RHS gives formally as

()

Summing then on n gives the result formally. All the rearrangements of infi-
nite series here are justified by absolute convergence. We are dealing here with
power series; recall that

(i) absolutely convergent series may be rearranged in any order;

(ii) power series are absolutely and uniformly convergent on any closed set inside
their circle of convergence. Given any non-zero t, choose € > 0, M < oo with
e < [t| < M; all the operations above are justified on this set. //
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