M2PM3 SOLUTIONS 8, 25.3.2010
QL.

I, = /sin"m de = — /sin"ilx dcosx = —sin" 'z cos x—i—/ cos z.(n—1)sin™ %z cos x dx

= —sin" 'z cosx + (n — 1)/5111”72:6(1 — cos’z) dx :
nl, = —sin" 'z cosz + (n—1)1,_s.
Passing to the definite integral J,, := foﬂ/ *sin"z dx gives
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So as foﬂ/z dr = /2, f07T/2 sinz dr = [~ cosa]p/? =1,
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Dividing,
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But as 0 < sinz < 1 in [0,7/2], sin?™ Tz < sin?™z < sin®™ " lz; integrating
gives Jom—1 < Jom < Jom—1. So
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As 2m/(2m + 1) — 1, this gives
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Take square roots and multiply top and bottom by 2.4..... (2m — 2).2m.v/2m.
In the numerator 22.42. . ... (2m — 2)%(2m)? = 22™(m!)?, giving
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Note. See I11.10 for a proof by Complex Analysis. This method is nearer to
Wallis” in 1656 (see Dramatis Personae): Wallis evaluated fol(l —22)"dx — pre-
calculus (Newton’ Principia appeared in 1687, and was influenced by Wallis).

(m — 00).



Q2. Putting z = €% as in IIL.1, cos § = (z + 271)/2, df = dz/(iz), so with
the unit circle,
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By the Fundamental Integral (or directly now, by CRT), only the & = n term
on the RHS contributes; [ 4dz/z = 2mi, whence the result.
The reduction formula is proved by the same method as in Q1.

Q3. Put f(2) = (wmcotmz)/(1 + 2 + 22). Since 22 — 1 = (z — 1)(22 + 2 + 1),
the roots of 22 + z 4 1 are e>™/3 = —1/2 +iy/3/2 and e*™/? = —1/2 —i/3/2,
the complex cube roots of unity other than 1. Integrating f round the square
contour I';, with vertices (n +1/2)(£1 +4) gives

1
/ f= 27TZ m + Res oriss f + R68€47ri/3f) .

/r f=0(1/n%).0(n) =0(1/n) =0 (n — o0) (by ML).

Combining,
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By the Cover-Up Rule, the RHS is
47”'/3) i T im/3 T im/3
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Since tan(a + 7/2) = —cota, cot(a — 7/2) = —tana, the RHS is
im imV/3 imV/3,, 2w imV/3
[tan(— 5 ) — tan( 5 )] = %tan(—T).
As itanif = tanh 6, this is (2i7/v/3).(—i). tanh(7v/3/2). So
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Q4. For m > 0, put u := mz. Since dz/x = du/u, this reduces the problem to
the case m = 1, which gives I = m/2 (Lectures). For m < 0, we get I = —m/2,
since the integrand is odd in m. For m = 0, we get 0 since the integrand is 0.
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