
SQUARE CONTOURS FOR SUMMATION OF SERIES

For information only – not examinable.

LEMMA. For CN the square contours with vertices (N + 1
2 )(±1± i), the func-

tions cosec πz, cot πz are uniformly bounded (in z and N) on the CN .

Proof. On the horizontal sides, z = x + iy, |y| ≥ 1/2. Then

|cosec πz| = 1/(
1
2
|eiπz − e−iπz|).

Now |eiπz| = |eiπx.e−πy| = e−πy, |e−iπz| = eπy, and as |z1 − z2| ≥ ||z1| − |z2||,
1/|z1 − z2| ≤ 1/||z1| − |z2||. So

|cosec πz| ≤ 1/(
1
2
|e−πy − eπy|).

The RHS is 1/( 1
2 |eπy − e−πy|) if y ≥ 0, 1/( 1

2 |e−πy − eπy|) if y ≤ 0. So RHS
= 1/sh|πy|. But |y| ≥ 1/2, sh′ = ch > 0, so sh ↑. So 1/sh ↓, so RHS
≤ 1/sh(π/2).

Similarly, cot = cos/sin = cos cosec,

| cos πz| = 1
2
|eiπz = e−iπz| ≤ 1

2
(|eiπz + |e−iπz| = 1

2
(e−πy + eπy) = ch πy.

So

|cot πz| = | cosπz||cosec πz| ≤ ch πy/sh π|y| = coth π|y| ≤ coth(π/2),

as |y ≥ 1/2, and coth ↓ (check!).
On the vertical sides, z = ±(N + 1

2 ) = iy (|y| ≤ N + 1
2 ), so

|cosec πz| = 1/| sin πz| = 1/| sin(±π(N +
1
2
) + iπy)|

= 1/| cos(iπy)| (trig addition formulae)
= 1/ch|πy|
≤ 1,

as ch ↑ on R. Similarly, the trig addition formulae used again give

|cot πz| = | ± sin iπy|
| ± cos iπy| = | tan iπy| = |1− e−2πy|/|1 + e2πy| ≤ 1.

Combining gives the result. //

Cor. cosec z, cot z are uniformly bounded on the squares ΓN with vertices
(N + 1

2 )π(±1± i).
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