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3. Infinite Integrals. We handle these by by a limiting operation.
Ezample.
B / COS T _
(14 22)? 2¢’
We prove: [ cosz dx/(1+ x*)? = 2I = 7/e. Take v the union of 7, :=
[—R, R] and -y, the closed semi-circle of radius R in the upper half-plane.
Take f(z) = €#/(1+ 2?)* = ¢*/((z — 1)*(2 + 1)?) — double pole inside v at

z = +i. In the upper half-plane y > 0, f(2) = e®e v/(1 + 2%)?, |f(2)| <
1/](1 4 2%)?| = O(1/R*). So by ML,

/.

/ f—>/oo cosz dz/(1+ 2%)* = 2I (R — o0)
" —o0

=O(1/RYHY7R=0(1/R*) -0 (R — ).

(as [ sinz dz/(1+ 2?)* = 0, odd integrand, symmetrical limits).
By CRT: [, =27 Res;f. Near it 2 =1+ (, ¢ small.

—1 ¢ —1 i 1
1) =3 (_1€+ ;iCJrCZ)] (622)6@ (1+ C) = — g (G ) (i)
:—41622(1%—22{4—....) : Resif:—llle 2z——2i€
By CRT:

/f:27ri<—2ie):7€r, [r=[ 4] roorro=21:  20=n/e

In the example above, f(z) = €#/[(z —i)*(z +1)?] = g(2)/(z —i)?, where
g(z) := e”*(z 4+ i) 2. By the Derivative Rule with m = 2, a = i
g (z) =ie”(z+i) 2+ e*(=2)(z +14) 7%,
ie! 2¢ ! 1 1 1 1

gl(i)zw—wz—Q—@z—%: Res:g’(i):—%,

//



Ezample (Problems 2 Q2).

00 1 T
[= / dz = b>0).
—oo (2% + a?)(x? + b?) v ab(a + b) (a:6>0)
1 1

fz) = (z+a)(22+6) (2 —ia)(z +ia) (22 + b2)’

Take v a semicircle in the upper half-plane, as above: poles inside v at b
and ia.

1 Lo 1
ReSiaf = m, and Slmllarly ReSibf = —m
f‘ O(1/RY).0(R) = O(1/R*) — 0, fol  (R— o).
7
By CRT:
, 2mi 1 1 1 7 (b—a) 7T
mi ) Res 2i b2 —a? <a b) ab (0> —a?)  ab(a+10)

What if a = b? We then have one double pole at ia inside . Evaluate Res;, f
by either series expansion or derivative rule (left as an exercise).

0 Sin x s
/ de = —.
0 T 2

Take f(z) = €*/z. This has a pole at the origin, which we must exclude
from the semi-circular contour we would use as above by a semi-circular
indentation round the origin. Take ~ the union of 7, the semi-circle centre 0
and radius € > 0 in the upper half-plane (clockwise), 72 := [¢, R], 3 the semi-
circle radius R in the upper half-plane (anticlockwise) and 4 := [-R, —¢].
By Cauchy’s Theorem, [, = 0. So for 4 > 0,

4. Indentation. E.g.

RCOSO—HRSlnG) ] T ] 5 —35 T
f‘ -iRe"” d g/ e*Rm@de:/ +/ +/
Ret® 0 0 5 )
<040+ e Bsino(r —24) lim sup f' < 2.
R—o

So as d > 0 is arbitrarily small: RHS = 0. So [, f = 0 (R — o).

i=[ ictemorimn €7 gy [ 1400 do = im+0(e) — in (e 0).
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