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Q1.
Zl ‘Zi|221 |U.)j|2 - ‘Zl ziwi|2 = LHSl - LHSQ,

say, where

LHSl = Zizjziéiijj = Zk + Zi<j + Zj<i,

say (writing k for i = j),

LHS; = [ZZZHUZ] [ijjwj] = Zm- - Zk + Zi<j + Zj<i7

say (again with k for ¢ = j). Subtracting, the first terms cancel, giving

LHS, —LHS; = Z ,[ziiiijj — Zi’wifjlﬁj] + Zj<i[zi2iijj — Ziwifj’d}j].

1<J
The right-hand side is
RHS = g i<j[ziwj—zjwi][ziwj—zjwi] = E i (23 2w W5 — 2 2 Wi W — 25 Z;W Wi+ 25 2 Wi W5 ).

The first two terms match the sum ), above. The other two terms match
the qu term above on interchanging ¢ and j. //

The RHS in Lagrange’s identity is non-negative, giving LHSy; < LHJS;.
This gives the Cauchy-Schwarz inequality on taking square roots. //

Q2. Ast =tan %9,

1,1 1 1 1 2dt
dt = —sec?—0 = —(1+tan®=0)df = = (1 + t*)d6 : do =
pec 50 = gL+ tan"560)d0 = 5(1 417 142
By the double-angle formula,
2t 2t

1 1 1 1
sinf = 2sin —f cos =6 = 2tan -6 /sec’>~ = — = .
2 2 2 2 l+tan®30  1+12

So
4¢2 1422 4+ t4 — 42 1—-282 + ¢4 1—1t%)2 1—¢?
cos?0 = 1—sin’0 = 1— = + + = + = ( ) : cosf = .
(1+1¢2)2 (1+1¢2)? (1+1¢2)? (1+1¢2)? 1+1¢2
Then
tan 0 sin 6 2t
né = =
& cosf 1 —t2

For -1 <e¢<1and

/” de
I:= —_
o 1+ ccost




use the t-substitution. The limits 0 and 7 for 6 correspond to 0 and oo for
t. Substituting for df and cosf as above and multiplying top and bottom by

(1 +t2) gives
e dt
I1=2 .
/0 I+e)+ (1 —c)t?

Substituting z = ¢4/(1 — ¢)/(1 + ¢) gives

14+c

;o2 /wdf =
S l4ce)y 1422’

or

d 2 2
R [tantz]5e =

2 o 0

1= = =

\/1—&—0\/1—0/0 1+ 22 1—¢2 vV1—¢? 2
I=n/vV1-¢c%//

Q3. d(cot 2)/dz = cosec®z. So as the unit circle is closed,

d
/ cosec?zdz = / — cotzdz = / dcot z = [cot z]¢(0,1) = O,
c(0,1) c,) dz C(0,1)

by the Fundamental Theorem of Calculus. Cauchy’s Theorem does not apply,
as cosec?z has a singularity at 0 (a double pole). [Cauchy’s Residue Theorem
does apply (the residue is 0 as the pole is double rather than single) — but this
comes later.|

Q4. Parametrize C(0,1) by €, 0 < 6 < 2r. For f(z) = (Im 2)?, z = €,
f(z) = sin?#0, so the integral is

2T 27 2T
I = / sin? 0.ie'?df = —/ sin® 0df + z/ cosOsin? 0dt = I + ils,
0 0 0

say.

2 1

L = / (1 —cos®@)dcosd = [cos ) — 3 cos® O3 = 0,

0

by periodicity of cos. Similarly,
2m 1
I, = / sin® fd sin = g[sin2 02" = 0.
0

Cauchy’s theorem does not apply, as z — Im z is not holomorphic.
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