SQUARES LEMMA

For information only — not examinable.

SQUARES LEMMA. For Cy the square contours with vertices (N +1)(+1+
i), the functions cosec wz, cot 7z are uniformly bounded (in z and N) on the Cy.

Proof. On the horizontal sides, z =  + iy, |y| > 1/2. Then

1 . )
|cosec mz| = 1/(§|e”z _emimE)),

Now |ei™?| = [ei™@.e~™| = e~™, |e7"*| = ™, and as |z1 — 22| > ||21| — | 22|,
/|z1 = 22| < 1/|[21] = [22]]- So

1
|cosec mz| < 1/(§|e*”y —e™)).

The RHS is 1/(%]e™ — e~ ™) if y > 0, 1/(%]e™™ — e™|) if y < 0. So RHS
= 1/shlmy|. But |y| > 1/2, sk’ = ch > 0, so sh 1. So 1/sh |, so RHS
< 1/sh(w/2).
Similarly, cot = cos/sin = cos cosec,
1 iTZ —imz 1 iz —iTz 1 - s
|cosmz| = —|e™* =e | < =(le"™* + e | ==(e™™ 4+ ¢e™) = ch my.
2 2 2
So
|cot wz| = | cosmz||cosec mz| < ch my/sh w|y| = coth w|y| < coth(n/2),

as |y > 1/2, and coth | (check!).
On the vertical sides, 2 = £(N + 1) =iy (jy| < N + 1), so

1
|cosec mz| = 1/|sinmz| = 1/|sin(£n(N + 5) + imy)|

= 1/|cos(imy)| (trig addition formulae)
1/ch|myl

<1

as ch 1 on R. Similarly, the trig addition formulae used again give

| & sinimy|

|cot 72| = = |tanimy| = |1 — e 2™Y|/|1 + €2™Y| < 1.

| + cosimy|

Combining gives the result. //

Cor. cosec z, cot z are uniformly bounded on the squares I'y with vertices
(N + H)m(£1 £4).
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