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SOLUTIONS TO ASSESSED COURSEWORK 2012

Q1 (L, §155 p. 588-590).
Th. ψ(x) ∼ x (i.e. PNT) ⇒ N(x) :=

∑
n≤x µ(n) log n = o(x log x).

Proof. Consider the Dirichlet series of −ζ ′(s)/ζ2(s) in two ways:
(i)

1

ζ(s)
.
−ζ ′(s)
ζ(s)

= (
∑

µ(n)/ns)(
∑

Λ(n)/ns) =
∑

(µ ∗ Λ)(n)/ns,

(µ ∗ Λ)(n) =
∑
d|n

Λ(d)µ(n/d).

(ii)

d

ds

( 1

ζ(s)

)
= − ζ ′(s)

ζ2(s)
: − ζ ′(s)

ζ2(s)
=

d

ds
(
∑

µ(n)/ns) = −
∑

µ(n) log n/ns.

Equating coefficients,

µ(n) log n = −
∑
d|n

Λ(d)µ(n/d). [4]

So

N(x) :=
∑
n≤x

µ(n) log n = −
∑
n≤x

∑
d|n

Λ(d)µ(n/d) = −
∑
jk≤x

Λ(j)µ(k)

= −
∑
k≤x

∑
j≤x/k

Λ(j) = −
∑
k≤x

µ(k)ψ(x/k).

As ψ(x) ∼ x, given, for all ϵ > 0 there exists m = m(ϵ) s.t.

|ψ(x)− x| < ϵx (x ≥ m). (1)

Split the sum for N(x) into sums for k ≤ x/m and x/m < k ≤ x: |N(x)| ≤
|∑ ...|+ |∑ ...| = ∑

1 +
∑

2, say.
By II.5, Prop.,

|
∑
n≤y

µ(n)/n| ≤ 1 for all y. (2)

1



So∑
1

= |
∑

k≤x/m

µ(k)ψ(x/k) ≤ |
∑

{ψ(x/k)− x/k}µ(k)|+ |
∑

(x/k)µ(k)|

< ϵ
∑

k≤x/m

x/k + x (by (1) and (2))

< ϵx(log(x/m) + 1) + x (by I.4)

< ϵx log x+ x. [3]

As |µ(.)| ≤ 1, ψ(.) ≥ 0 and ψ(.) is increasing,∑
2
= |

∑
x/m<k≤x

µ(k)ψ(x/k)| ≤
∑

x/m<k≤x

ψ(x/k) ≤ ψ(m)
∑

x/m<k≤x

1 ≤ ψ(m).x.

Combining, N(x)| ≤ ϵx log x+ x+ xψ(m), giving N(x) = o(x log x). // [3]

Q2 (L, §155, p.588-590).
Th. ψ(x) ∼ x (i.e. PNT) ⇒M(x) :=

∑
n≤x µ(n) = o(x).

Proof. We use Q1. As N(x) =
∑

n≤x µ(n) log n, µ(n) log n = N(n)−N(n−1),
µ(n) = (N(n)−N(n− 1))/ log n. So

M(x) =
∑
n≤x

µ(n) = 1 +
∑

2≤n≤x

N(n)−N(n− 1)

log n

= 1 +
∑

2≤n≤x

N(x)
( 1

log n
− 1

log(n+ 1)

)
+

N([x])

log([x] + 1)
, [4]

by partial summation. But( 1

log n
− 1

log(n+ 1)

)
=

log(1 + 1/n)

log n log(n+ 1)
<

1

n
.

1

log n log(n+ 1)
<

1

nlog2n
. [2]

So by Q1,

M(x) = 1+o
( ∑
2≤n≤x

n log n

nlog2n

)
+ o

(x log x
log x

)
= 1+o(

∑
2≤n≤x

1/ log n)+ o(x). [2]

By I.4, the sum here is of order
∫ x
2 dt/ log t = li(x) ∼ x/ log x, giving

M(x) = o(x). // [2]
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