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Mobius Inversion

Corollary 1.
b(n) = >, ali), ie. b=axu,s a(n) =3, u(i)b (%), ie. a=0bxpu.

Proof. 1t b = axwu, then bxp = a*xuxpu=ax*(u*p) =ax*xe; = a. Similarly,
ifa=bxpu, thenaxu=bxpuxu=>bxe =b. //

Note. The Mobius Inversion Formula is very important in Combinatorics.
See e.g. Ch. 12 of
P.J Cameron: Combinatorics: Topics, Techniques, Algorithms, CUP 1999.

Corollary 2. If F’ vanishes near O, and G(z) := >7° F'(x/n) for z > 0, then
Fr) =37 w(n)G(z/n).
Proof. As F is 0 near O, the sum for G is finite. Then

F(z) = e1(§)F(x/7) (e1(j) =dyj,=1lasj>1)

>
- ilo:F(fE/j) Sp)  (uru=e)
>

u(n) S Fla/kn) = if:um)G(x/n). //

Note. Since 1/((s) = >3° u(n)/n® for ¢ > 1, and (o) — oo as ¢ — 1, one
would expect that 1/¢(1) = >7° u(n)/n = 0. This is true, but equivalent to
PNT (see 111.10.4). The sum function M (z) := ¥,,<, p(n) is also important.
We shall see later that PNT implies that M(z) = o(z). Indeed, PNT is also
equivalent to it (I11.10.4). Meanwhile, we estimate the partial sums.

Prop. | >N | p,/n| <1 for all N.

Proof. As p*u = ey and u, = 1, writing {.} for the fractional part,

N

1= (wsu)(n) = ;/Ln

1
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> 1= ;Mn[N/n] = tin((N/n)—{N/n}) = N;#n/n—TN,



where ry = SN p {N/n}. As {N/1} = {N} =0, |rn| = | Y un{N/n} <
5 lpn| < N —1. Combining, N| S pi/n| <14 (N =1)=N. //

6. MORE SPECIAL DIRICHLET SERIES

Squares. Write S for the set of squares n?:, Is(n) :=1if n € S, 0 otherwise.

((2s) =) 1/n* =3 1/(n*)* = Is(n)/n’. (Zs)
1 1 1
If a is Completely multiplicative with Y |a,| < oo, write S; := >{°ay,
Sy = . Then
1 1 1 —a,?
Sl/SQZ / = P — (1—|—(I)
1;[1_% 1;[1—%2 l;ll—ap 1;[ P

Expanding the RHS, we get a sum over a, with n square-free (only dis-

tinct prime factors occur). So S1/Sy = X, |u(n)|an = ¥, pw(n)’a, (|pu(n)| =
p(n)? = 1if n is square-free, 0 otherwise). Taking in particular a, = 1/n:

(@/C(2s) = S lnmlfnt =S u*/m' (Fes>1. ()

Cor. For s=o0 +1t, 0 > 1:
‘ < S() 1< ¢(s)
C(s)! — C(2U) ¢(20)
Proof. ll/C(S)l = | 2207 pan /07| < 307 Iu(n)/n | < X |pn)l/n” = ((0)/¢(20)
(above) < ((0) (¢(20) < 1). Similarly for the second, subtracting the 1
(n=1) term. //

< ((o); \

—1<(¢(o) - L.

Euler’s totient function, ¢(n) := #{r: 1 <r <mn, (r,n) =1}.
See Problems 4 Q1(iv): ¢(n) = n>y,u(k)/k. In convolution form, this
says ¢ = p* I, where I(n) = n. Taking Dirichlet series, this gives

21:¢ (s = 1)/C(s), (¢)

as p(n), n have Dirichlet series 1/{(s) = >3 u(n)/n®, ((s—1) = X n/n® =
S 1/nsh



