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M3PM16/M4PM16 SOLUTIONS 1. 26.1.2012

Q1 ([L], 12-13).

li(x) :=
∫ x
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du

log u
=
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log u

]x
2
− 2
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2
d
( 1
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)
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log x
− 2

log 2
+
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2

du

log2u
.

For x ≥ 4,
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2
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=

∫ √
x

2
+
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√
x
<

∫ √
x

2

2

log22
+

∫ x

√
x

du

log2x
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√
x− 2

log22
+
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√
x

1
4
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<

√
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4x

log2x
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)
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The LH inequality gives

lim inf li(x)/
x

log x
≥ 1.

The RH inequality gives

lim sup li(x)/
x

log x
≤ 1.

Combining,

li(x)/
x

log x
→ 1 : li(x) ∼ x

log x
.

Q2 ([L], 13-14). Integrating by parts m+ 1 times,

li(x) =
x

log x
+

1!x

log2x
+ . . .+

m!x

logm+1x
+ const+ (m+ 1)!

∫ x

2

du

logm+2u
.

For x ≥ 4, as before,

0 <
∫ x

2
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=

∫ √
x

2
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√
x
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√
x

du
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√
x)

<

√
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So

li(x)−
( x

log x
+

1!x

log2x
+ . . .+

(m− 1)!x

logmx

)
=

m!x

logm+1x
(1 + o(1)),

giving the result. //

Q3 ([L], 214-5). Taking x = pn in π(x) :=
∑

p≤x 1 gives

π(pn) =
∑
p≤pn

1 = n.

By PNT, π(x) ∼ x/ log x, so n ∼ pn/ log pn:

n log pn
pn

→ 1. (i)

Taking logs of (i), log n+ log log pn − log pn → 0. Dividing this by log pn,

log n

log pn
+

log log pn
log pn

− 1 → 0.

But log x = o(x), so log log pn = o(log pn), so this says

log n

log pn
→ 1. (ii)

Multiply (i) and (ii): n log n/ log pn → 1, i.e. pn ∼ n log n. //

Q4 ([L], 214-5). By PNT and Q2, π(x) = x/ log x + O(x/log2x). So taking
x = pn,

n =
pn

log pn
+O(

pn

log2pn
), =

pn
log pn

+O(
n log n

log2n
),

using Q3 and pn ≥ n. So

pn = n(1 +O(1/ log n)) log pn. (iii)

By Q2,
log pn = log n+ log log n+ o(1). (iv)

Substituting (iv) in (iii) gives the result. //
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