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Proof, Wiener-Ikehara Theorem, additive form, continued
For —b < v < b, as e'o(t) 1,

o(u—v/\) < ePo(u4b/A) < e Pa(u+b/N).
So

b b
linlinfo(u+b/)\)62b/’\/ K(v)dv > liminf/ o(u—v/N)K(v)dv

0 —b [
= (lim/ —limsup/ —limsup/ )...
o —oo b

> A—2M/ (1/v*)dv = A — 2M/b.
b

For A and b large (e.g. take A\ = b — 00), this gives

liminfo(u) > A.

U—00

Combining,
o(u) — A (u — 00). //

For applications (to Number Theory), we pass to the multiplicative form.
All that we need is that the extension to the closed half-plane is continuous
(continuous functions are locally integrable). So the following is the special
case we need of the multiplicative form of what we have proved:

Theorem (Wiener-Ikehara Theorem, multiplicative form). If A(u) =
0 (u < 1), is non-decreasing and right-continuous, and the MST

a(s) = / u *dA(u)
1
converges for all s = o + it with ¢ > 1, and

a(s)—c/(s—1)

extends (can be continued analytically) to a continuous function in the closed
half-plane ¢ > 1 — then

A(z) = cx + o(z) (x — 00).



7. Proof of PNT
We actually only need the special case of the Wiener-Ikehara Theorem
for Dirichlet series:

Cor. (Wiener-Ikehara Theorem for Dirichlet series). If a,, > 0, and

o0

o(s):= Z a,/n’

1

converges for ¢ > 1, and «a(s) — ¢/(s — 1) extends to a continuous function

ino >1-then
Zan = cx + o(x).

n<x

This yields
Prime Number Theorem (PNT). n(x) ~ z/logx, ¥(x) ~ x.
Proof. These are equivalent forms of PNT, by III.1. We apply the result

above to the case a, = A, of the von Mangoldt function. By I1.6 L12 and
I11.3 L.19,

C/(S> - s __ 1 2
) :;A(n)/n —8_1—7+aa(s—1)+a2(3—1) +.o.0 (%)

Because o does not vanish on the 1-line (I11.4), —¢’/¢ is well-behaved (con-
tinuous, indeed holomorohic) on the 1-line, except for the simple pole at 1 of
residue 1. If we subtract off the pole by considering

_ds) 1

C(s) s—1

we have good behaviour (continuity, holomorphy) throughout the 1-line. The
Wiener-Ikehara Theorem for Dirichlet series gives ¢ (z) ~ x, which is PNT.
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