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M3PM16/M4PM16 PROBLEMS 4. 7.2.2013

Q1 (Euler totient function ¢). Recall that ¢(n) is defined to be the number
of positive integers < n coprime to n. Show that:

(i)
> ¢(d) =n;

dln
(ii) ¢ is multiplicative;
(iii)

¢(n) = nll, (1 - ;);
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Q2 (Principle of Inclusion and Exclusion). (i) Let A be a finite set of N
elements (|A| = N), Ay, ..., A, be subsets of Ny,..., N, elements (so |A4;| =
Nl) Write ]\/'ZJ = |A7, N A]|; NZ]k‘ = |A1 N AJ N Ak|, etC.,
Sl = Z Ni, SQ = ZNU7 Sg = ZNijka etc.
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(iv)

Show that the number of elements of A not in any of Ay,..., A, is
5251—52+Sg+
(ii) Deduce that (as in Q1(iii))

o(n) = nﬂp‘n(l — ;)

Q3 (Euler’s formula ¢(2) = n%/6 by Fourier rather than Complex Analysis).
Find the Fourier series of = on [0, 7] as
7w  4cos(2n —1)x
T=—————"
2 7w (2n—1)2

By taking = = 0, deduce Euler’s formula (see e.g. M2PM3 II1.7 L31)

¢(2) := ilo: 1/n? = 7% /6.
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