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Q2 (J 93-4, Prop. 2.6.5). Write ¢ := p" for a generic prime power, and for
primes p with p* < z, let r, be the largest ‘relevant power’ (largest r with
p" < x). Then

A=Y 1/g=> 1/p= > il/pr.

q<z p<z p<yx =2
But >5°1/p, = 1/(p(p — 1)), summing the GP, so
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(above). Write
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< 2/Vz.
As p'rtt > g
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So

So—A= > > 1/p <n(Vx)2/x <2/Vx
p<VT T>Tp
(m(x) ==Y )<r 1 < ¥,<, 1 < ). Combining, S — A <4/\/x =0O(1/logx).
So the difference A in the sums here and in Mertens’ Second Theorem is
S+ O(1/logz), and the result follows from Mertens’ Second Theorem. //



Q2 (Tom M. Apostol: A proof that Euler missed: Evaluating ((2) the easy
way. Mathematical Intelligencer 8 no. 1 (1983), 59-60;

W. J. LeVeque, Topics in number theory, Vol. 1, Addison-Wesley, 1956,
p.122 Ex.6).
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:i;mm 1)? = fj 1/n* = ((2).

The change of variable has Jacobian 1, and takes the bounding lines of the
unit square to those of S, and 1 —zy = 1 — (u? — v?)/2 = (2 — u® +v?) /2.
So symmetry between +u reduces [ to

I:4/ /7d 4/ ————)du =1, + I,
0 (0 2—u2+02> v 1/\/§<2—u2+02)u 1k

say. Evaluating the inner integrals,

vz u du V2 V22— du
11:4/0 tan 1(\/2—u2)\/2—u2’ I, =4 1/\/itam 1(\/2—u2>\/2—u2‘
In I, v = v/2sinf, du = v/2cos0df = /2 —u2df, tand = u/v/2 — u2,
tan!(u/v/2 — u?) = 6; the limits areu = 0,0 = Oand u = 1/+/2,sin = 1/2,
0 =m/6. So I =4 [T/°0d6 = 2(r/6)>.
In I, u = v/2cos 20, du = —2+/2sin 20d0 = —2+/2+/1 — cos220db
= —2v/2\/1 —u2/2df = —2/2 — u2df: du/\/2 —u® = —2d6.

V2—u  V2(1—cos20)  (1—cos26) 1 —cos26

V2—u? /2= 2c0s220  /1—cos?20 \/(1 — c0s 26)(1 + cos 26)

1 — cos 20 | 2sin*0 2—
= (1 = cos 20) =2 tang tan™! (\/_u) =0.
1 + cos 20) 2cos%0 V2 — u?
The limits are u = 1/v/2, cos20 = 1/2, 20 = 7/3, 0 = 7/6 and u = /2,

cos20 = 1, 0 = 0. So I = 4[00(~2d0) = 8 [7/°0d0 = 4(r/6)%. So
I=1+1I,=(2+4)(r/6)* =7°/6. //
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