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Handout (I.3): The Convergence Tests of Abel and Dirichlet

Dirichlet Test for Convergence: If an have bounded partial sums An =∑n
1 ar, and vn → 0, then

∑
anvn converges.

Proof: If |An| ≤ K, |Anvn| ≤ Kvn → 0.
In

∑n−1
0 Ar(vr−vr−1), |Ar(vr−vr−1)| ≤ K(vr−vr−1). As vn → 0,

∑
vr−vr−1

is a convergent telescoping series, so
∑

Ar(vr − vr−1) is convergent by the
Comparison Test.
Combining,

∑
anvn is convergent by Abel’s Lemma. //

Abel’s Test for Convergence. If
∑

an convergent and vn is real, mono-
tonic and convergent, then

∑
anvn converges.

Proof: An is convergent, vn is convergent, so Anvn is convergent. An is also
bounded, An ≤ K.

∑
(vr−vr−1) is a convergent telescoping series. As above,∑

Ar(vr − vr−1) converges by the Comparison Test. Combining,
∑

anvn con-
verges by Abel’s Lemma. //

We include for reference some corollaries to Abel’s Summation Formula.
See [J] for details of proofs.

Corollary 1. (i)
∑

r≤x arfr = A(x)f(x)−
x∫
1
A(t)f ′(t)dt.

(ii)
∑

r≤x ar(f(x)− f(r)) =
∞∫
1
A(t)f ′(t)dt.

Corollary 2. If f ∈ C1[2, x] and a(1) = 0, then
∑

2≤r≤x
arfr = A(x)f(x) −

x∫
2
A(t)f ′(t)dt.

Proof: Take y = 2 and use A(2) = a1 + a2 = a2. //

Corollary 3. If f ∈ C1[1,∞], and A(x)f(x) → 0 as x → ∞, then∑∞
1 arfr = −

∫∞
1 A(t)f ′(t)dt, and then∑

r>q arfr = −A(x)f(x)−
∫∞
x A(t)f ′(t)dt.
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Proof: Take y = 1 and let x → ∞. //
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