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Lecture 16. 18.2.2014
§2. Chebyshev’s Theorems

Defn. (CHEBYSHEV, 1850). θ(x) :=
∑

p≤x log p.
So if p1, . . . , pn are the primes ≤ x, θ(x) = log p1+. . .+log pn = log(p1 . . . pn).

Propn. θ(x) ≤ π(x) log x.

Proof. Above: n = π(x) and each log pj ≤ log x. //

The sum-functions θ(x) :=
∑

p≤x log p and π(x) :=
∑

x≤p 1 are linked via
Stieltjes integrals:

dθ(x) = log xdπ(x).

For, both sides are 0 except at primes x = p, where dθ is log p and dπ is 1.
So integrating by parts,

θ(x) =

∫ x

1

dθ(u) =

∫ x

1

log udπ(u) = π(x) log x−
∫ x

2

π(y)

t
dt, (θ − π)

and conversely

π(x) =

∫ x

2

dπ(u) =

∫ x

2

dθ(u)/ log u =
θ(x)

log x
− 1 +

∫ x

2

θ(t)

tlog2t
dt (x ≥ 2)

(π − θ)
(log 1 = 0, so in the first we can have 1 or 2 as lower limit; in the second we
need 2 to avoid dividing by 0). Write

li(x) :=

∫ x

2

dt

log t

for the logarithmic integral (li(x) := 0 for x ≤ 2). Then by Problems 1,

li(x) ∼ x/ log x (x→ ∞),

and it turns out that

π(x) ∼ li(x) (x→ ∞) (PNT )

is a more accurate form of PNT than π(x) ∼ x/ log x.

1



Theorem 1 (Chebyshev). (i) If c0 ≤ θ(x) ≤ C0x (x ≥ 2), then for α :=
2/ log 2,

co(li(x) + α) ≤ π(x) ≤ C0(li(x) + α) (x ≥ 2).

(ii) If ϵ > 0 and cx ≤ θ(x) ≤ Cx (x ≥ x0), then there exists x1 such that

(c− ϵ)li(x) ≤ π(x) ≤ (C + ϵ)li(x) (x ≥ x1).

Proof. As in Problems 1: integrating by parts,

li(x) :=

∫ x

2

dt

log t
=

x

log x
− α+

∫ x

2

dt

log2t
.

Then (π− θ) gives (i). For (ii), split
∫ x

2
in (π− θ) into

∫ x0

2
+
∫ x

x0
and use the

upper bound given (li(x) → ∞, so it ’swallows constants’). Similarly for the
lower bound. //

Recall (II.6): ψ(x) :=
∑

n≤x Λ(n) =
∑

pm≤x log p =
∑

p≤x[log x/ log p] log p
(Chebyshev’s notation for ψ,Λ the von Mangoldt function),

−ζ ′(s)/ζ(s) =
∞∑
1

Λ(n)/ns = s

∫ ∞

1

ψ(x)

xs+1
dx (Re s > 1).

As Λ(n) = log n if n = pm, 0 otherwise, if p1, ..., pn are the primes ≤ x, and
kj for the largest k with pkj ≤ x, then each pkj (1 ≤ k ≤ kj) contributes log pj
to ψ(x), so ψ(x) = k1 log p1 + ...+ kn log pn. So:

Proposition 1. ψ(x) ≤ π(x) log x.

Proof. n = π(x) into the above, and then kj log pj ≤ log x as p
kj
j ≤ x. //

Recall: ENT1. If p|ab, then p|a or p|b.
ENT2. If m,n are coprime, and both divide a, then mn|a.

Theorem 2 (Chebyshev’s Upper Estimates).
(i) θ(x) ≤ (log 4)x.
(ii) π(x) ≤ (log 4)li(x) + 4.

Proof. Fix n, and write N :=
(
2n+1
n

)
= (2n + 1)(2n)...(n + 2)/n! Now,

N =
(
2n+1
n

)
=

(
2n+1
n+1

)
, two terms from the binomial expansion of (1+1)2n+1 =

22n+1. So 2N ≤ 22n+1 : N < 4n, giving logN < n log 4.
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