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§5. INFINITE PRODUCTS

For a formal infinite product [[ 7, u,, write

n
Dn = H U
k=1

for the nth partial product.

Defn. (i) If no factor w, is 0, we say [[;° u, converges to p # 0 if the sequence
pn converges to p # 0.

(ii) If finitely many u, are 0, say wu, # 0 for n > N,
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(convergent or divergent as in (i)).
(iii) If infinitely many w, = 0, say [[}° diverges to 0.
(iv) TI7° un diverges if it does not converge as in (i) or (ii).

Cauchy criterion for products. As for sums: [[}° u, converges iff
Ve > 03N st. Vn > NVp >0, |upiq.. ... Unip — 1] <€

Theorem. If each a, > 0, [[(1 + a,) converges iff )" a,, converges.

Proof. Write s, == a1+ ...+ an, pp:= (1 +ay)...(1+ a,). Multiply out:
Pn = 14a1+.. . +ap+aias+... > 14+a1+.. . +a, = 1+s, > s, : Dn > Sp.

But 1 4+ x < e” for x > 0, so taking x = a; and multiplying, p, < e®.
Combining, p, bounded iff s,, bounded; each is increasing (as a,, > 0), so (as
sequences) they converge or diverge together. As p, > 1, if p, — p, then
p > 1, so the sequence p,, cannot converge to 0. //

Defn. T](1 4 a,) converges absolutely if [](1 + |a,|) converges.
As with sequences: absolute convergence implies convergence.



§6. THE RIEMANN-LEBESGUE LEMMA.
For ¢ : R — C integrable, meaning

/OO 16(8)|dt < 0o

(notation: f € Li(R), or f € Ly — L for Lebesgue), define the Fourier
transform ¢ by

6= [ eottar
This exists, as [e™¢(t)| < |4(¢)] and [|¢] < oco.

Th. (Riemann-Lebesgue Lemma). If [ |¢| < oo and ¢ has continuous
derivative (¢ € C'), then

S(A) =0 (]Al = o0).

Proof. Choose € > 0, and then take T" so large that [ [¢] < €, f__oz 6] < e.

Then also | [ e™o(t)dt| < e, |f eMp(t)dt| <e(as| [ .| < [|..]). As ¢/
is continuous on [—T, 71, it is bounded there, by M say. Write

br()) = / M o (t)dt

-T

Integrating by parts,

br) = oty — 5 [ el an

A

So
2TM

[or(N)] < IAI(Iﬁb( )|+|¢(—T)|)+W =0 (Al = 00).

So [¢r(N)] < € for |A| large enough. So |¢p(N)| < 3e for |\| large enough. //

Note. 1. We use here the Riemann integral. This suffices for this course, and
you know it. The result is also true for the Lebesgue integral (more general,
and easier to handle, so better, but harder to set up) — which not all of you
know. With Lebesgue integrals, we do not need to assume ¢’ exists (or is
continuous).

2. The Lebesgue integral is closely linked to Lebesgue measure (length, area,
volume etc.). The general area is Measure Theory.



