M3PM16/M4PM16 MASTERY QUESTION SOLUTION 2014

Theorem (Dirichlet’s Hyperbola identity, DHI). For A(z) := >, <, an,
B(z) =Y ,<,bp,1 <y <,

> (axb)(n) =) a(j)B(z/j)+ Y. bk)A(z/k) — Aly)B(z/y). [2]

n<z 1<y k<z/y

With v(n) := u(d) if n = d?, 0 otherwise, given |u| = v * u.

In DHI (I1.9 L14), take a = u, sum-function A = [.], b = v, sum-function
Bx) =) v(n)= > pd) = > pu(d)=MHVz).
n<o &<z N

So DHI gives, for 1 <y < =,

Qz) = > |ul(n) = Z(u *v)(z)

= S Mo+ X vk)e/k - WM (/x/y)
i<y k<z/y
=2 M\z/i)+ > pld)lx/d] - yIM(yz/y). (4) [5]
J<y d<+/z/y
Writing [.] = .+ {.} = .+ O(1), the second term in (i) is
S uld)(w/@+01) =2 3 p(d)/d*+O0(/x/y)
d<y/z/y d<+/z/y
:x(leu(d)/dtb%/y...)m(ﬁ - —x x/\/T ) [P +O( [z /y).
(i) [5]
But as M(x) = o(x),
/Z M (u)/u 2)/z +2/ wdu/u? = o(1/z) +/ o(1/u?).du = o(1/2).

So the second term in (ii) is x.o(M) = o(\/zy) = oy(y/x). Similarly,
Yi<y M(y/2/j) = 0y(\/x). Combining,

Q) = Sy +0,(x) + O fy). 4
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Take the first (z-) term on the right to the left, divide by v/z, and let 2 — oc.
The right becomes o,(1) + O(1/,/y). We can then let y — oo, to get

limsup |Q(r) ~ el /VE=0: Q)= S to(va). /[ 4

[Seen — Problems] NHB



