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CONSTANTS LEMMA

LEMMA (CONSTANTS LEMMA: HW Th. 428, 351-3). In Mertens’
Second Theorem,

1. 1
Ci=~v+ log(l— =)+ —-),=v+2%, )
L= Ep(og( p) p) gl say

Proof. First, the sum defining ¥ converges. For, —log(l —x) = = + %ZEQ +
1.3 S
327+ ... DO

1 1 1 1
0<—log(l—1/p)—1/p= — 4 —— 4 ... < — + ——+ ...
og(l1—1/p)—1/p T 27 T T

summing the GP. Also >, 1/(p(p — 1)) < 32, 1/(n(n — 1)) < co. So by the
Comparison Test,

1 1
S (log(1 — =) + - .
3 <0g( p) p) converges

Note that >°,1/p diverges (Euler, I1.4), which with the above shows that
> pi—log(1l —1/p)} diverges also, i.e. I[,(1 —1/p) diverges to 0 (L5).
For 0 > 0, as above,
1 ) 1 - 1 < 1
pitot ptte T 2ptHi(plt — 1) T 2p(p — 1)’

0 < —log(l—
uniformly in 6 > 0. So

1 1
F(6) =" (log(1 - )+ W)

p

converges, uniformly in § > 0. So F(5) — F(0) (640). (a)
Take 6 > 0. By the Euler product (I1.4),

F(8) = g(8) —log¢(1 +4),  g(6):=> 1/p"*.

With E(z)(= O(1/logz)) the error term in Mertens’ Second Theorem, ¢, :=
1/p if p is prime, 0 otherwise, Mertens’ Second Theorem is

C(z):=> c, =Y 1/p=loglogz + C; + E(z).

n<x p<lzx



By Abel summation with f(z) := 279,

Sp ' =27Cx) +o /x t=170C () dt.
p<z 2

Letting x — oo, this becomes

g(0) = 5/00 t7170C (t)dt = 5/00 t~'"(loglogt + C,)dt + 5/00 t~ 10 B(t)dt.
2 2 2
(*)
Now 0 [{°t ' loglogtdt = [7°e *log(u/d)du (t = e*/?) = —y —logé (as
Joe e *logudu = —v by 1.8 and [;° e “du = 1), and § [° ¢ 17%dt = 1. Sub-
stituting in (),

o) 2
g(8) +logd— O+ = 6 /2 B () dE— 6 /1 =179 (log log t + Cy)dt. (%)

For the first term on RHS in (xx*): write A for a generic constant (rather than
using O-notation as we usually do), and recall E(t) = O(1/logt). Then with

T = exp(1/V9),

< E(t) Tdt A5 [~ dt
dt A/ “@ & ASlog T+A/10g T < A .
|5/2 s il < A8 [T | i < ADlog T A/ log T < Vo0 (6 0)

For the second term on RHS of (sx):
2 2
|/ 1% (log log ¢ + Oy )dt| < / (| loglogt] + |C1])dt = A
1 1
(although loglogt is unbounded at 1, the integral converges — check). Com-
bining, (**) gives
g(6) +logd — Cy — v (6 —0).
But because ¢ has a simple pole at 1 of residue 1,
C(s)=1/(s—1)4+0(1), log ((s) =log(1/(s—1))+0O(s—1) (s —>1):
log ((1+9)+logé — 0 (0 —0).

So
F(o)—=Cy—~ (6 —0) (b)

from the definition of F'(¢), g(d) above. By (a) and (b),

Ci=y+FO) =7+ X (log1- ) +). /]



