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Lecture 30. 19.3.2015.

Zero-free region (ZFR): Proof (concluded).
So we can find C' > 0 so large that

3 4
- > —C'log .
c—1 o—p8" Clogy
Solving for 3, this says
1_g> 1—(0—1)C’log7.
3/(c — 1)+ Clogy

Here 0 > 1 is free. Choose 0 —1 = 3/(C'log~):

1
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3Clogvy/5 +Clogy logvy

c:=14C. //

Error terms and zero-free regions of (.
Landau (Handbuch, §42) shows that from de la Vallée Poussin’s 1896
zero-free region o > 1 — a/logt (t > ty) follows

m(x) — li(x) = O(x exp{—ar/logz}),

for all & < y/a. In the other direction, P4l TURAN (1910-76) (1950; book
of 1984) showed that an error term

O(x exp(—a(log x)"))
implies a zero-free region
o >1—c(log(2+ |t])~V/°,

J. PINTZ obtained similar results in 1983; see Heath-Brown’s notes to Ch.
3 (p.67) in Titchmarsh [T]. Taking b = 2/3, ¢ = 1/3 corresponds to the
best results known (I. M. VINOGRADOV (1891-1983), N. M. KOROBOV
in 1958):

Y(x) — = Oz exp{—C(log z)*°/ (log log 2)/*}  (C > 0),

> 1 ¢ (t > to)
o — )
- (log t)2/3(loglog t)1/3 =0
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4. Logarithmic bound for —('/(.
We follow Titchmarsh [T], III, 3.11, [MV] 6.1.

Theorem. In the zero-free region (ZFR) |t| >3, 0 > 1—¢/logl|t|,

—('(s)/¢(s) << logt].
Proof. W.lo.g., take t > 0. By (ZFR (IV.3 L29), there exists ¢ > 0 (w.l.o.g.,
¢ < 1/16) such that for all non-trivial zeros

p=p0+1iy
of ¢(s),
< 1—28c/(logvy+2).
We show ] ]
Re( - > 0.
6<p+ 3—p> B (*>
First, take |s — p| > 3|p|. Then 1/[p[* > 1/(4|s — p|?), so
11 1 1 B o—p
Re( -+ = —Re — + . =t
(p s—p> <ﬂ+w (J—B%H@—pQ p[> s —pl?
1 o— %5 a—%

1

> ——((38+ (0 ) = > .
EE A A Py R P

But t > 3,s0 0 > 1 —c¢/log3. By reducing ¢ > 0 if necessary, we can take

¢/log3 < 1,0 0 > 2 giving (x). Next, take [s — p| < 3|p|. Then

. 1 1
[t=al<ls=pl= (o= B) +ilt =Nl = Flol = 5B+ ) =
as 0 < < 1. So

([ +1),

N —

1 1 1
M=ltlsft=al<g(hl+D: Shist+g: <241

Soin (ZFR), as w.l.o.g. v >0,
B<1 8¢ 8¢ 4c

— <l <1
logy + 2 log(2t + 3)
as t > 3: logt > Llog(2t + 3), with equality at t = 3
2
<o

(from (ZFR)). So >0, 0 — 3 > 0, giving (*) holds in this case also.

B logt



